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La preocupacion por el hombre y su destino
siempre debe ser el interés primordial de todo
esfuerzo técnico. Nunca olvides esto entre tus
diagramas y ecuaciones.

...Albert Einstein
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Here below, the formal definitions of the most relevant terms and variables used in this project are

presented.

Term Definition Units

P, Resistance to compression stress of a reinforced concrete ele- Ton/Kg
ment

P, Resistance to tension stress of a reinforced concrete element Ton/Kg

fy Creep strength of steel reinforcing bars of grade 42 Kg/cm?

flc Resistance to simple compression stress of a concrete prism Kg/cm?

A Reinforcing steel area over a concrete element cross section cm?

c Neutral stress axis position along a structural element cross cm
section

& Plane strain of concrete to reach creep limit —

Bi Resistance reduction factor of simple compression stress —

Optimizing of reinforcing steel for the design of concrete columns



Term Definition Units

Pr Maximum normal load over the element cross section acting at ~ Ton/Kg
eccentricities ey y ey.

a Reduced position of neutral axis for the transformation of real cm
stresses to the equivalent rectangular block of compression
stress

b Width of a rectangular concrete column cross section cm

C Net resistant force to compression of concrete at a certain posi- Ton/Kg
tion of the neutral axis

P Normal max load acting at a eccentricity e, Ton/Kg

Py Normal max load acting at a eccentricity e, Ton/Kg

h Height of rectangular concrete element cross section cm

t Width of idealized steel profile embedded in a concrete element  cm

d Distance from the uppermost cross section edge of a rectangular cm
concrete element to the middle of the steel profile upper horizon-
tal width

d Distance from the uppermost edge of the rectangular concrete cm
element cross section to the middle of the steel profile lower
horizontal width

rec Concrete covering width for reinforcing steel against weathering cm

M,  Bending resistant moment over the reinforced concrete element Kg-cm/Ton -
cross section respect to the axis x

M,,  Bending resistant moment over the reinforced concrete element  Kg-cm/Ton -
cross section respect to the axis 'y

M,  Acting bending moment over the reinforced concrete element Kg-cm/Ton -
cross section respect to the axis x

M,,  Acting bending moment over the reinforced concrete element Kg-cm/Ton -
cross section respect to the axis y

Eqc Modulus of elasticity of the reinforcing steel grade 42 Kg/cm?

F, Resistant force of the horizontal upper part of the idealized steel Ton/Kg
profile

F Resistant force of the horizontal lower part of the idealized steel Ton/Kg
profile

dna Diameter of circular column cm




Efficiency: Ratio between the acting load and the resistance force of the
column. Must be always less than 100%. Efficiencies between
80% and 90% are the most commonly required.

Steel optimization: Numerical calculation through which the most economical and
structural arrangement of steel bars is found.

Optimizing of reinforcing steel for the design of concrete columns
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It is often required in projects of design and structural analysis for concrete elements of
numerical calculations and processes that may evoke several iterations in order to get a
structural as well as a economical efficient result; with the usage of numerical methods
and algorithms, solutions might be encountered more rapidly.

The usage of numerical methods and programming has become a totally necessary
tool for the automation and optimization of precesses regarding time and resources for the
design of civil infrastructure. It is, thus, essential, as an engineer, in any area that might be
implied, to have knowledge as well as skills in computing and programming, either in one
or various platforms and programming languages interfaces.

The present work is oriented precisely to use programming and numerical methods as
an example of the application of such for the design and analysis of civil infrastructure.
In this case, the necessary reinforcing steel for concrete columns will be determined to
withstand certain load conditions.

In common practice, the determination of this such necessary reinforcing steel in
concrete columns is realized through empirical approximations based on mere experiences;
the design process becomes thus, overwhelming and tiring.

Hereby, the design of software will be exposed, whose main function is to determine the
reinforcing steel bars arrangement for a concrete column that may be the most structurally
and economically efficient undergoing bending-compression. The designer, therefore, will
have to define solely the geometrical dimensions of the concrete elements cross sections
in function of the structural and/or spacial requirements. These elements could be short
and/or long columns, beams, pillars, or even foundation dies.

Optimizing of reinforcing steel for the design of concrete columns



1.1

22 Chapter 1. Introduction

The program has the capacity to analyse concrete structural elements of both rectangu-
lar and circular cross section geometries. Due to constructive means, these two geometries
are most usually required, because of their uniformity forms.

As part of the results of this program, proposals as well as recommendations of steel
reinforcing bars arrangements are obtained, that is, not only the options of number of
reinforcing bars are encountered with their respective diameter, but also the arrangement
and position over the cross sections of each bar, indicating as well the critical structural
efficiency for each arrangement. The program selects either the most structurally efficient
arrangement or the cheapest (according to the constructor preferences) for each column,
to then calculate the volumes of the required materials (steel, concrete and form-work)
for the integration of the construction project quote. Going from the project design stage
to the work budget in a matter of seconds. Several commercial software are not able to
calculate this, only results of analysis with the initially given cross section geometries and
arrangement of steel bars are obtained.

The applications and scope in general for this project and focus of analysis are of
great range in the design of concrete structures, due to its possibility of adaptation to any
geometry.

Objetive

To design a program with the capacity to determine all the possible arrangements of
reinforcing steel bars over any number of concrete columns, select the most efficient/cheap
option for each column, and integrate the whole project work budget.

Optimizing of reinforcing steel for the design of concrete columns
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2.1

2.2

Classification of concrete columns
1

Reinforced concrete columns may be classified as short columns, middle columns
and long columns. It is essential to take this on account in order to understand better how
the program functions, because the mere analysis for each type of column precedes from
its failure mechanism.

Short columns: Their bearing load capacity it’s governed by their cross section dimen-
sions and by the material by which its made.

Middle columns: Their failure it’s due to a mixture of crushing and buckling.

Long columns: Their bearing axial load capacity it’s reduced by the secondary bending
moments as result from the same bending deformation of the column.

Types of concrete columns
2

The type of column depends on the shape of its cross section, as well as reinforcing
type. There are concrete columns with longitudinal reinforcing steel bars, either with spiral
lateral restriction or with closed stirrups.

Columns with closed stirrups have generally a rectangular cross section, while on the
other hand, columns with spiral lateral restriction are used to be of circular cross section,

ITack C. McCormac, Rusell H. Brown, “Disefio de concreto reforzado”, 14va edicién, Alfaomega(2015), p.257.
2Jack C. McCormac, Rusell H. Brown, “Disefio de concreto reforzado”, 14th edition, Alfaomega (2015), p. 258.
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24 Chapter 2. Background and generalities

although octagonal cross sectioned columns might be prefabricated as well, among other
geometries. Spiral reinforcement in comparison with stirrups increase the resistance on
a major rate due the effect of confinement , even though in some cases, increasing also
construction costs.

General basic concepts

It is absolutely necessary to comprehend the following hypothesis for reinforced concrete
design, as they are where the employed factors for the analysis come from.

Axial load
3

Let us say, a simple concrete prism of rate height width equal to two is subjected to an
axial compression load, then the maximum load will take place at a unit strain of 0.002.
Arbitrarily, a 100% of resistance is considered for a prism of a slenderness ratio of two.

For slenderness ratios more than two, the resistance decreases to reach a 85 percent,
approximately. Hence, the resistance of a simple concrete element subjected axial compres-
sion may be estimated as the product of the 85 % of the measured stress for the cylinder
with f’. tested under the same conditions, multiplied by the element cross section area.
This reduction factor of 0.85 is just an average of different results taken from tests of
concrete prisms cast vertically.

When reinforcing steel bars are added to a simple concrete specimen as well as the
necessary transversal reinforcement to keep the longitudinal bars on place during casting,
then the maximum load will be obtained at a unit strain fo 0.0021. Failure, on the other
hand, will take place a unit strain between 0.003 and 0.004, if the test is of short duration.

The additional resistance over a simple concrete prism due to the addition of longitudi-
nal reinforcing steel in compression may be estimated as the product of the net steel area
by the creep stress factor f,

Therefore, the resistance or maximum compression load that a reinforced concrete
prism might withstand will be given by the following expression:

Poe = (0.85)f(Ac — As) + f;(Ay) .1)

It is worth stressing that the contribution of the steel area over the compression concrete
resistance is not being considered (first term of the Equation 2.1), as this might have great
influence over the calculation results.

On the other hand, the maximum bearable tension load for the concrete element may
be given by:

3Gonzilez Cuevas, Fco. Robles Ferndndez, “Aspectos bdsicos del Concreto Reforzado”, 4* edicién, Limusa
(2005). Capitulo 5, p. 83-87.
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2.3 General basic concepts 25

For = (/,(As)) 2.2

In which only the steel intervenes, as the concrete cracks and does not contributes to
the resistance.

2.3.2 Bending

General hypothesis for bending design
4

a. Deformation of concrete at a given point over the element cross section is propor-
tional to the distance of such point with respect to the neutral axis.

b. Reinforcing steel has a perfect elastic plastic behaviour on compression and
identical to tension.

b.1 Unit creep strain is considered as 0.0021

c. Real concrete compression stress distribution over a given cross section may be
transformed to a equivalent stress block. Figure 2.1

d. There is not relative sliding between the reinforcing steel and the surrendering
concrete. It is supposed that the unit strain is the same on the reinforcing steel as
well as on the concrete, considering the same position level over the cross section.

e. Concrete does not bear up tension stresses.

f. The element reaches its resistance at maximum concrete unit strain of 0.003.

b 53()("?)
-« »> “+—p
C= 31F3d’(f‘c)
—
. . . — |’

Figure 2.1: Equivalent compression stress block for concrete (Adapted from: [2])

4Gonzilez Cuevas, Fco. Robles Ferndndez, “Aspectos bdsicos del Concreto Reforzado”, 4* edicién, Limusa
(2005). Capitulo 5, p. 83-87.
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26 Chapter 2. Background and generalities

Determination of pure bending resistance

In order to calculate the pure bending resistance of a concrete element there must be an
equilibrium of forces with respect to the centroid axis of the element, pretending to obtain
the location of the neutral axis ¢ > , and from there on, to determine the equivalent stress
block for concrete, the forces produced by the longitudinal reinforcing steel as well as their
acting position over the cross section, and finally the bending moments produced by such
forces around the cross section centroid axis of the element. Figure 2.2

eje centroidal de seccién |

-+ 0.0021 |«

Figure 2.2: Stress distribution over a concrete cross section subjected to bending. (Own made drawing).

The bending moments sign convention will be:

(+) counter clockwise

(-) clockwise

STransversal cross section axis over which space there are not stresses, being this such linear space the transition
between tension and compression over the given cross section.

Optimizing of reinforcing steel for the design of concrete columns



2.3 General basic concepts 27

2.3.3 Bending-compression

General considerations for the analysis
6

a. The analysis is addressed through proposals of cross section geometries that
will remain constant, being the steel reinforcing area the only variant.

b. An element might reach its resistance under several axial-bending load com-
binations. This combinations go from an axial maximum load (P,.) with no

bending moment to a maximum bending moment (#,) with no axial force.
c. The geometrical space that depicts all possible combinations of axial-bending loads with

which an element may reach its resistance is represented by a "Interaction diagram”
Figure 2.3.

d. When increasing the external load, the axial and bending loads increase as well with the
same proportion, therefore the load history is depicted by a straight line going from the
origin, with a slope equal to the quotient P/M = 1/e. Figure 2.3.

e. There are only two main failure types for concrete elements undergoing bending- com-
pression: compression failure and tension failure:

1. Compression failure: 1t’s produced by crashing of concrete. The most
compressed steel area creeps in compression, while the opposite side
does not creep in tension.

2. Tension failure: 1t’s produced when the steel area in tension at one side
creeps before crushing of concrete at the opposite side occurs.

f. The interaction diagram of an element may be obtained from the described hy-
pothesis for the calculated resistance of elements subjected to pure bending,
considering now that the sum of resistant forces must be equal to the applied load
P.

NOTE: The previous considerations apply for any geometry.

Bresler formula

Bresler developed a very simple expression for rectangular columns to calculate the
maximum values of the compression load acting at eccentricities e, and ey, on rectangular
cross sections with symetrical reinforcement. Equation 2.3. Such solution arose before
the necessity of avoiding certain overwhelming calculations to determine an interaction
surface’ , reducing the problem to a more simple combination of solutions; two bending-
compression loads in one symmetry plane and one axial compression force.

5Gonzilez Cuevas, Fco. Robles Ferndndez, “Aspectos bdsicos del Concreto Reforzado”, 4* edicién, Limusa
(2005). Capitulo 6, p. 127-155.

7It’s the geometrical space of an element cross section in which all the values of resistance bending- forces in
every existing plane are depicted
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28 Chapter 2. Background and generalities

Falla en tension

2
Falla en coinpresion

Fuerza axial (P)

Momentos de flexion (M)

Figure 2.3: Typical interaction diagram (Own made drawing.)

1

1

_.|_

1 1
_ _ 2.3
Pr Prx Pry P()c ( )

Where:

Pr=Normal resistant load over the element cross section acting at eccentricities e, and e,.
P,=Normal resistant load acting at an eccentricity of e,
Py=Normal resistant load acting at an eccentricity of e,.

The Equation [2.3] verifies all the available tests inside the 20% of approximation, and

represents a whole family of planes converging to the interaction surface points. Figure
24.
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2.4 Normative 29

Figure 2.4: Typical interaction surface Own made drawing:[2]

Another way of analysing columns subjected to biaxial bending- compression Equation
[2.4] which is the one from which another simplified equation arises to calculate the
efficiency of an element when the ratio Pr/P,. < 0.1. Equation [2.9] (and is the one
presented in the norms NTC-2017 [3]) used for infrastructure design, and to which reference
is given after this section.

P, — Py My = Muy =
Pot - Pnb Mnbx Mnby

(

)=1.0 (2.4)

Where:

P,=Axial nominal load applied
P,,=Nominal resistance against axial load applied at a balanced condition.

M, and M,,;,=Nominal resistant bending moments at the balanced condition
around axis X and Y respectively.

M, y M,,,=Nominal bending moments applied around axis X and Y respectively.

2.4 Normative

General hypothesis for design of concrete were presented in previous sections because
those are the hypothesis from which construction norms are based. In order to develop and
complete this project, reference to the norms Normas Técnicas complementarias para el
disefio y construccion de estructuras de concreto del Reglamento de Construcciones
de la Ciudad de México (NTC-2017) was given.
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2.4.1 Axial load

In the NTC-2017 it is considered necessary to make a modification to the value f’. through load
factors F,. and Resistance factor Fz8. At the section given for concrete it is specified that for the
calculation of resistance a reduced resistance to compression should be used, denominated f”c.
Whose value is:

"¢ =0.85(fc) (2.5)

Hence, the equation Equation [2.1] is transformed to:

Py = FR(( ”C) (Ac _AS) +fy(Av)) (2.6)

And the equation Equation [2.2] to:

Py = Fr(fy)(As) (2.7)

For a better interpretation of this such mentioned factors, reference may be made from the Fig-
ure 2.5, which is equivalent stresses block of transformation from the hypothesis of the NTC-2017.

Figure 2.5: NTC-2017 hypothesis for linear strain distribution on the zone subjected to compression.
Adapted from: [3]

8Reduction resistance factor with value 0.8 for columns subjected to axial load [3]
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Where:

C = ab(f".)
0.65 <= (B1 = 1.05 - £&) <=0.85

2.4.2 Bending and compression in two axial directions
9

The following expression (arisen from the Bresler formula) will be used for the calculation of
the maximum acting load over the cross section at a certain eccentricity.

1
Pr=7"71 1 (2.8)
P TR TR
For values of 1% < 0.1, the following expression will be used instead:
Mux Muy
<=1.0 2.
M, M, 29
Where:

M, and M, are the acting bending moments around the axis X, Y, respectively.

M, y M,, are the design resistant bending moments around the the same axis.

9Gonzilez Cuevas, Fco. Robles Ferndndez, “Aspectos bdsicos del Concreto Reforzado”, 4* edicién, Limusa
(2005). Capitulo 6, p. 148.

Optimizing of reinforcing steel for the design of concrete columns






4.1
4.2
4.3
4.4

4.5
4.6
4.7

Rectangular columns
Circular columns

Geometry and mechanic properties of materials
Inferaction diagrams calculation

Determination of steel reinforcing bars
Employed programming platforms and lan-
guages

Input data

Information output

General pseudo code of the program






= ey
SECCION Bk

hﬁq‘%

'l”rﬁfﬁ”ﬁx"/ﬂ'ﬂpm??m-nr

-

¢ Dk

The demonstration of the analysis approach will be presented for both (rectangular and circular)
cross section geometries, in chronological order for the neutral axis position along the height of the
section, from -oo to oo .

3.1 Rectangular columns

Making use of the previously design hypothesis an idealized reinforcing steel shape has
been made up, as shown next: Figure 3.1

t— b —»

A t (uniforme)

Figure 3.1: Rectangular idealized cross section of reinforced concrete
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Where:

t = idelized steel cross section profile width as constant on its perimeter.

Analysis cases for calculation of steel reinforcement resistance

According to linear strain distribution and elastic-plastic behaviour of steel, five different
analysis cases might derived with respect all the different neutral axis positions for the
calculus of the interaction diagram, adapting to all the different geometries that might be
presented from the strain state over the element cross section. All these strain geometry
configurations may be transformed to stresses and consequently to punctual forces Figure
3.2, with which the acting bending moment respect to the neutral axis might be calculated
as well.

Figure 3.2: Strain distribution block geometry for a certain position of neutral axis along the element
cross section.

Methodology

The following methodology for the analysis of bending moments and forces is presented in a
general manner, with which the developed formulas and equations might be conceptualized and
segmented.

Optimizing of reinforcing steel for the design of concrete columns



3.1 Rectangular columns 37

For the resultant resistant forces:
For each block (i) under certain strain state:

* To determine the geometrical configuration length (L) along the section height.
* To determined the effective area under stress 2tL
* To determine the resultant force governed by the given geometry configuration of stresses

F— { 2E,tLe sie<=0.0021 3.1

2fytL si € > 0.0021

Where:

_kg_
E. . = —
ac = g, = 0.0021

Eqe = 21025

* To sum al the resultant forces of each geometrical configuration of stresses to obtain the
net resistance:

i=no.bloques
Fr= Zi: 1 F;

For the resultant resistant bending moments:
For geometrical configuration (i) in a determined stress state:

* To determine the depth d; of the geometrical configuration centroid over which the
resultant force acts.

* To determine the distance fron that centroid point with respect to the cross section centroid
axis %h —d;

* To determine the equivalent resultant bending moment:

M; = Fi(3h—d;)

* To sum al the resultant bending moments produced by each geometrical stress configura-
tion to obtain the net resistant bending moment:

i=no.bloques
Mg = Zl‘:1 M;

It’s important to take on account that only the reinforcing steel is being considered so
far. Hence, in order to calculate the net volume of the geometrical configuration (resultant
forces), both lateral parts of the steel profile are analysed separately Figure 3.3 from the
upper and lower parts. Thus, the forces (F, and Fp) Equation [3.2] and Equation [3.3]
will take place for every analysis case, representing the net resistant forces acting at the
centroid of this such upper and lower steel parts, taken as d; and d;, respectively.
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perfil de acero

Figure 3.3: Rectangular idealized section for reinforced concrete

F, = €,E,t(b—"2rec) (3.2)

Fy, = €yE 4t (b —2rec) (3.3)

Note: The sign convention will be: Compression (-) and Tension (+).

3.1.2 Case 1: One geometrical configuration of stresses in tension takes place
30

—o<c<=—d
N TR

See demonstration 1.1 in Annex 1 [p. 73]

There does not exist bending moments over the element cross section for this case, but only
axial tension forces. Figure 3.4
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Seccidn transversal

< 0.0021

a)

€ 0.0021 ™

b)

Figure 3.4: Strain distribution diagram. Case 1. a) At some given position of c inside the allowed range,
b) c is at superior boundary of the allowed range. Own made drawing. See demonstration 1.1

in Annex 1 [p. 73]

Where:

dy = rec+3(t)

dy=h—rec— %(t)

Thus, from equations Equation 3.2 and Equation 3.3:

F, =0.0021E,.t(b—2rec)

F, = 0.0021E 4t (b — 2rec)

3.4)

(3.5)
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Fy =2(1)(dy — d1)Ee(0.0021)  (3.6)

M; =0

Then, the force and net bending moment result as follows:

Fr=F +F,+F 3.7)

Mg = M, 3.8)

3.1.3 Case 2. Three geometrical configurations take place, two rectangular and one
triangular, all of them in tension

Giving continuity to the previous case, for this case 2 the allowed range in which the position of ¢
might be is:

30
ﬁdl <c <= d]

Let us make reference to visualize this range Figure 3.5.

Seccién transversal

»{ 0.0021 |« > 0.0021“1»
a) b) <)

Figure 3.5: a) Strain distribution diagram with c at the inferior boundary of its allowed range, b) Geo-
metrical strain configuration diagram with ¢ at the superior boundary of its allowed range, c)
Geometrical strain configuration diagram at any position of c inside its allowed range. (Own
made drawing). See demonstration 2.1 in Annex 1 [p. 74]

Thus, from equations Equation 3.2 and Equation 3.3:

Optimizing of reinforcing steel for the design of concrete columns
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F, =0.0021E,.t(b—2rec) (3.9

F, = 0.0021E 4t (b — 2rec) (3.10)

Now, with the previous defined variables and from Figure 3.5, the following equations may
be deducted in order to calculate the resultant resistant force and bending moment for reinforcing
steel.

F = 2(t)(8)(h3 - (dl - C))Eac (3.11)

1 1
M, =F1(d1 +5(h3—(d1 —C) = Eh)

(3.12)
F= 2(1‘)%(0.0021 —&)(h3 — (di —¢))Ea - ih)\ ey,
(3.13) \"*\%‘ %”
-.:*feugefl%i
ey p g

M = Fy(ds + %(m —(d—¢)) - %h)
(3.14)

Fs = 2(t)(d> — h3 — ¢)(0.0021)E,.
(3.15)

1 1
M; :F3(C+h3—|—§(d2—c—h3)—§h)

(3.16)

Optimizing of reinforcing steel for the design of concrete columns



42 Chapter 3. Analysis approach

Hence, the net resistante normal force and bending moment remain as follows:

hR=F+FEKL+EB+F+F

1 1
Mg =M; +M,+M;+ F,(d; — Eh) + Fy(dy — §h>

(3.17)

(3.18)

3.1.4 Case 3; Three strain geometrical configurations take place, one friangular in com-
pression, one triangular in tension and other rectangular in tension.

The allowed range of position for the neutral axis c is:

30
d] <c <= ?dl

Let us make reference to Figure 3.6 to visualize this range.

Cmin = dl1
£ <+ 0.003 -
Y 'y ‘dl ______ S
? Bloque 1 —]
L 4
Seccién transversal
i ds 0.0009
T 30
Cmax = ?dl
h,
l R Bloque 2
T, —— eessss—— - - - - Taggea'3
LA ———————— T T L - - 7ﬁ
—» 0.0021 &

Figure 3.6: a) Cross section, b) Geometrical strain configurations at the lower boundary of the allowed
range for c, c) Geometrical strain configurations at the upper boundary of the allowed range

for c Own made drawing. See demonstration 3.1 in Annex 1 [p. 74]

Where:

Thus, the following unit strain values are given in order to define equations Equation 3.2 and

Equation 3.3:
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&, = (1—4)(0.003)
& = 0.0021

Hence, the following equations arise for the net resultant normal forces and bending moments:

Fi= (= d)(e)2)Ee  (319)

1 1
M, =F1(d1+§(c—d1)—§h) (3.20)

2 1
M, =F, (C I §h2 = Eh) (3.22)

F3 = 0.0021(dy — ¢ — hy)(21)) Ege

(3.23) Py
’2(9 A dy‘@f‘%‘“ iy
\ 0.00‘21 ‘ -
1 1
M3 =F3((c+h2)+ 5 (d2 —c— ) — 5h) &!&./h
2 2 v

(3.24)

Ir=F+FEK+FK—-—F+F, (3.25)

1 1
MR:M1+M2+M3—Fa(d1 _Eh)-l-Fb(dz_Eh) (3.26)

‘ 1 :
1 N Ww@v‘“m
‘ Fy = Shy(0.0021)(21)Eqe (3.21) AT
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Special case. Two geometrical strain configurations take place, both triangular,
one in compression and the other in tension.

For this case to take place, there must be a certain relation between the steel profile width (7), the

section height (/) and the concrete covering (rec).

ﬂt >= 2h—@}’ec
102"~ 51 51

Note: See demonstration CE.I in Annex 1. p. 75

From the same demonstration it can be seen that the following ratios arise in order to calculate
Con and Gy

Com = 30(%)
Cone = 30(4)

«— 0.0021 —p

Seccion transversal

Cmax

b)

Figure 3.7: Geometrical strain configurations for the special case, a) For the position of c at the lower

limit of the allowed range, b) For the position of ¢ at the upper limit of the allowed range Own
made drawing

Thus, making reference to Figure 3.7, the next unit strain values arise for equations Equation
3.2 and Equation 3.3:

&, = (1—4)(0.003)
& = (£ —1)(0.003)
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Y las fuerzas y momentos resistentes se calcularian como:

1
F = —ESQEaC(C—dl)Zt (3.27)
1
Mi=—R(di+5(-d))  (28)
1
F = Estac(dz = 6)22‘ (329)
1
M, = F>(dy — §(d2 —c)) (3.30)
| Fr=F+FK-F,+F (3.31)
1 1
‘ Mgr =M+ M, — Fa(dl = gh) —I—Fb(dz = Eh) (3.32)
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3.1.6 Case 3-4: Four strain geometrical configurations take place, one triangular and
one rectangular in compression, and similarly for tension.

Wy <c<=Va,

Let us make reference to Figure 3.6 to visualize this range.

_______ <+ oo021 j e o001 e p-QDQ'l_ﬂ_

Sy Sy

Seccion transversal T

Cmin
Cmix

€ 0.0021» 0.0021 € 0.0021 »|
a) b) c)

Figure 3.8: a) Geometrical strain configurations for the position of ¢ at the lower boundary of the allowed
range, b) Geometrical strain configurations for c at the upper boundary of the allowed range,
c) Geometrical strain configurations for any position of c inside its allowed range. Case 3-4.

Where:

9
s1=5¢—d

S2=h—%c—d1

Thus, the following strain values arise for equations Equation 3.2 and Equation 3.3:

g, =0.0021
g, = 0.0021
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Hence, to calculate the net resultant normal forces
equations take place:

Fi = —21(0.0021)(s1) Ege (3.33)

1 1
M, =F (dl + E(Sl) = zh) (3.34)

1
= —522‘(0.0021)(6‘— S1 _dl)Eac
(3.35)

1 1
M, =F(dy +s1+ g((c—dl —51)) — Eh)
(3.36)

(3.37)
1 1
M3 = F3(d2 — 82— §(d2 —C—Sz) — Eh)
(3.38)
Fy = 2(0.0021)(s2) Eqe (3.39)
1 1
M4 = F4(d2 — ESz) - §h> (340)

hr=F+E+FKB+F—F,—F,

Mp =My + M, + Mz + My

1
‘ = 52[(00021)(612 —C— SZ)Eac

1 1
—F,(d, — Eh) — Fy(dy — Eh)

and bending moments, the following

&
.0021
‘ t
w
c—s, —d, }
0.0021
.
A t
*
(3.41)
(3.42)
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3.1.7 Case 4: Three geometrical strain configurations take place, one triangular and
one rectangular in compression, as well as one triangular in tension.

%dz <C<:d2

Let us make reference to Figure 3.9 for the calculation of the net resistant normal forces and
bending moments..

[4— 0.0021 —p 4 0.0021 —»™ 4— 0.0021

________ . A E—

Cmin
Seccidn transversal

Figure 3.9: a) Geometrical strain configuration for the position of ¢ at the lower boundary of of its al-
lowed range, b) Geometrical strain configuration for the position of c¢ at the upper limit of

the allowed range, c) Geometrical strain configuration for any position of c¢ inside its allowed
range. Case 4.

Where:

hy = ( —%—%)c

€=0.003(%2 1)

Nota: See demonstration 4.1 in Annex 1 p. 76

Thus, the following unit strain values arise for equations Ecuacién 3.2 and Ecuacion 3.3:

£, =0.0021
& =&
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And hence, for the calculation of the net resistant normal forces and bending moments, the
following equations take place:

Fi = —21(0.0021)h4Eye (3.43) 9
.0021
o1 A
M, =F ((dl -+ 5]’14) = Eh) (3.44) ¥
1
B = _521‘(0.0021)(0—(11 —h4)E,. ehy—d N
(3.45) iio\m
4
2 1 1 t
=h(3 —c)—= \
M, F2(3(d1+h4+2c) 2}1)
(3.46)
1
Fy = 2re(dy— e (3.47)
1 2 1
— — Zdr))——h 3.48
M3 F3((3C+3d2) > ) ( )
| hr=F+FEKE+FK—-—F+F, (3.49)
1 1
‘ Mg =M+ M, +M3—Fa(d1 —Eh)—l-Fb(dz—Eh) (3.50)
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3.1.8 Case 5. Three geometrical strain configurations are presented; two rectangular
and one triangular, all in compression.
d2 <c <= %dz

Let us make reference to Figure 3.10 to visualize this range, and to the demonstration indicated
in the figure caption.

< 0.0021 7 <« 0.0021 $l

Seccion transversal

Figure 3.10: a) Geometrical strain configurations at the lower boundary of the allowed range, b) Geomet-
rical strain configuration for the position of c at the upper boundary of the allowed range.
Case 5. Own made drawing. See demonstration 5.1 in Annex 1 p. 77

Where:

h5 :(%9786‘
&3 =0.0021 — %% (g, — 5)

Thus, the following unit strain values take place for equations Equation 3.2 and Equation 3.3:

g, = 0.0021
& =&
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Hence, for calculation of the net resistant forces and bending moments, the following equations
arise:

+
F = —2[(0.0021)(h5 —d, )Eac (3.51) 4 0.0021
t‘
—l> hs —d,
Mi=F(2(hs+d)—=h)  (352) %
1=11 ) 5 1 5 o ’f
1
Fy = —521(0.0021 — &)(d2 — hs)Euc
(3.53)
Mo = B(2(hs+odo)— 2n)y  (3.54)
2 =172 3 5 ) 2 ) o
= —Sb(dg —h5)2tEaC (3.55)
1 1
M5 = F3(§(d2 —|—h5) = Eh) (3.56)
| Fr=F+kh+FK—-F-F 3.57)
1 1
‘ Mgr =M+ M, +M3—Fa(d1 —Eh)—Fb(dz—Eh) (3.58)
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3.1.9 Case 6. One rectangular geometrical strain configuration in compression takes
places.

c> %dz

Seccién transversal d

Figure 3.11: Geometrical strain configurations in pure compression (the netrual axis c position is lo-
cated right at the inferior boundary of its allowed range). Case 6. (Own made drawing), see
demonstration 6.1 in Annex 1. 77

For this case, the cross section will only withstand normal compression forces, Figure 3.11, as
the generated geometrical configuration has its centroid right at the middle of the cross section itself.

Hence:

Fi =—0.0021(dy —d\)Eqs2t  (3.59)

Fr=F —F,—F, (3.60)

Mr=0 (3.61)
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3.1.10 Analysis cases for concrete

What is pretended here is to seek the net area of the concrete cross section subjected to compression
stresses for any given value of the neutral axis position ¢ Figure 3.13. Given the rectangular
geometry of the cross section, the analysis may be simplified to a just one single case, as the
compression area varies linearly along the cross section height, either with respect of the X axis or
the Y axis. The net volume of the generated rectangular geometrical strain block may be estimated
then, from that given value of the compression area in force units,and later the resultant net bending
moment with respect of the centroid concrete cross section, as following:

& e >

~

Figure 3.12: Equivalent compression stresses block for concrete. Own made drawing.

C=—abf’c (3.62)
h a

Figure 3.13: Equivalent 3D compression stresses block for concrete. Own made drawing.
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3.2.1

Circular columns

Analogous to the idealized reinforcing steel profile for rectangular columns, a circular
reinforcing steel profile has been made up as well as shown in the following figure Figure
3.14.

:

Figure 3.14: Idealized reinforced circular concrete column cross section. Own made drawing.

Where:

t = Steel profile width
rec = concrete covering
dna = element cross section diameter

Note: The concrete covering value is measured from the concrete cross section edge to the
middle of the steel profile width.

Unlike to rectangular geometries, for circular cross sections it resulted quite complex the strain
distribution analysis through the original approach (determining the resulting geometry configura-
tions on any given strain state), hence an alternative approach was made up instead.

Calculus of reinforcing steel resistance

The intended approach will be to treat the reinforcing steel profile as a linear circular line divided in
small segments of with ¢, Figure 3.15, although each segment will actually be idealized as a point
to which certain strain condition will be assigned depending on its very location over the cross
section at a given position of ¢ along it.
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XJL

| Condicton de esfuerzos

| Perfil de acero tratado como una linea circular

Figure 3.15: Reference plane for the reinforcing steel strain condition. Own made drawing.

Where:
dA,. = dL(t)
L =TI(dyq — 2rec)
dL=E
n = Number of elements
Methodology

To determine the axial force and bending moment resistance, the following methodology might
be taken as a guide:

» To determine the distance of each steel profile segment with respect to the outermost fibre
of the concrete cross section along the the variable direction of ¢ d.

* With d already known, it proceeds to calculate € for the given segment in function of c,
taking care solely of the following restriction [—0.0021 < € < 0.0021].

* And finally, the net resistant normal force and bending moment is estimated as following:
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nElementos

Fr= Y  Eu€(dAs) (3.64)
i=1
nElementos 1
Mp= Y —Eace(dAaC)(Edma—d) (3.65)

i=1

3.2.2 Analysis cases for concrete

Unlike rectangular cross section columns, for circular cross sections the differential of concrete
area undergoing compression stress along the variation of ¢ is not uniform.

The concrete area subjected to compression could also be transformed into an equivalent stress
block, and in order for this to be possible, it is necessary to calculate first the the real compression
area centroid at every position of ¢, and from there on to just determine the resistant net normal
force and bending moment for the concrete cross section. Figure 3.16.

<« 0.003 e [ »

Figure 3.16: Strain distribution diagram for the concrete element cross section. Own made drawing.

Where:

a=p(c)
f"e=Fz(0.85)f ¢

Let us take reference to the next figure Figure 3.17 to visualize better the compression area for
the concrete section, to be able to define the integrals for the calculation of the effective concrete
area under compression at any given position of the neutral axis c.
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XJI.

area equivalente a compresion

borde de seccion de c}lumna

Figure 3.17: Cartesian system of reference for the strain distribution analysis. Own made drawing.

The analysis will be divided into the following two cases of analysis for simplification:

When a < %dma

@ 2(Yeo=0)
F.,= c/ (a—yeo)dz  (3.66)
—z(yeo=a)

@ 2(Yeo=a)
F.o Y., = c/ (@—Yeco)---
_Z(Yc'a:a)
1 1
S%ma — 5\ AT Yeo Z
(S = a3

(3.67)

eje centroidal de la seccion transversal
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When a >= %dma

Feo = f”C(H(*dma)Z -

Z(yco: mafa)
= / ((dpa — a) — yeo)dz)
7z(yco:dmafa)
(3.68)

o Z(yw:dma_a) B
FC(I : Yc() — C(— ((dma

*Z(ym: ma 7“)

1
. —a) _yCO)(_(Edma -
1
.— E(dma—a—yw))dz)
(3.69)

zona a compresién
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4. Program

Geometry and mechanic properties of materials

Recalling the main objective of the project which is to determine a reinforcing bar ar-
rangement such that it may comply the required acceptable structural efficiency before
certain loads the column itself might be subjected to, keeping its initially proposed cross
section geometry as constant through the calculations. Thus, the entry data will be of
course, the number of columns to design, and for each of this elements its simple compres-
sion resistance f’. will be indicated, as well as its concrete covering rec and in a general
way the steel creep stress factor for the reinforcing bars used f.

Therefore, the program will also require the acting loads over each column for its design.
Such acting loads are previously determined through a structural analysis using commercial
software for that purpose or with one own costumed by the designer. Another important
entry data is the initial value for the steel profile width ¢, which will be accommodated
at the concrete cross section, respecting the required concrete covering, in order to start
the calculations and iterations of the analysis, updating the interaction diagrams for each
columns until the most critical mechanic load is covered.

Interaction diagrams calculation

Acertain number of points to determine the interaction diagrams is established initially,
estimating the values forP,;, P, as the limits of the normal resistant forces range for the
construction of the diagram, making possible to extract a respective force value to be
assigned to each point. This way a numerical method can be applied, taking the value of
each point as a root seeking its respective bending moment resistant value.
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The numerical method hereby employed for the roots approximation is the one so
called “False position method”. [5]

Calculus for the structural-mechanical efficiency

For each acting load over a column, a respective structural efficiency between this such
load condition and the resistance the interaction diagram indicates.

The very difference between circular columns and rectangular columns for the calcu-
lations of the structural efficiencies is that for rectangular geometries there must be an
extraction of two moment pair values (M, My, P.x, Py, each moment pair taken from its
respective axis interaction diagrams, x and y, while on the other hand for circular geome-
tries, there will only be one solely moment pair M, P, calculated for each load condition
efficiency, taking on account that their cross section is symmetrical with respect of any axis.

Thus, analytical geometry will be employed using the Cartesian system of reference of
the interaction diagrams themselves, Figure 4.1. Therefore, to start with, the intersection
point between two imaginary straight lines A and B will be determined, such that A
will go from the origin passing by a load condition (M, P,) and prolonging until the
interaction diagram border, and B will be such that it will join a previous point (M;, P;) and
a subsequent one (M;, 1, P, 1) with respect of the point to which line A intersects with the
interaction diagram (M, P,).

Diagrama de Interaccion en X

1000
Py —
FrPor
500 _ T
Elementos mecanicos actuantes |~—__
T (M. R,) T (M, P,
@
g§®
4]
2
w  -500
-1000 1
Frke
Poc ___
1500 a1 L 4 L L 1 L 3 L
0 20 40 60 80 100 120 140 160 180 200

Momentos de flexion (M) R

Figure 4.1: Interaction diagram in the Cartesian plane of reference for the program.

Hence, the resistant bending moment for a respective load condition will be calculated
as following:

Pi—Pii
Y P+ (750 i1
N R 1)
Mu Mi+l Ml
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And the resistant normal force as:

Py
P= M 4.2)

See demonstration p. 78

Now, the formulas from NTC-2017 p. 31, to calculate efficiencies can be applied.

4.2.2 Calculation of the required reinforcing steel area

Once determined the structural efficiency for each load condition, the most critical is then
located, and from this such critical condition is with which the interaction diagrams are
updated on each iteration changing the value of the steel profile width ¢ with a certain
differential increase dt. When the required structural efficiency is complied then a approxi-
mated required reinforcing steel area has been finally found. Figure [4.2]

- Diagrama de Interaccion con perfil (Col. circular)

| Condicién de carga critica |

Fuerza axial (P) Ton

-800 I I . . I I
0 10 20 30 40 50 60 70 80

Momentos de flexion (M) Ton . m

Figure 4.2: Critical design load condition.

4.3 Determination of steel reinforcing bars

Once determined the required steel area to cover the most critical load condition, it
must be transformed into reinforcing steel bars, making a proper and uniform distribution
over the cross section (according to the design hypothesis and applicable standard norms)
Section 2.3.3), thus, only pair numbers of reinforcing bars will be allowed.

The program will then generate a matrix arrangement of proposals for number of bars
of a respective commercial diameter, varying from 4 (for rectangular columns) or 6 (for
circular columns), covering always the previous estimated required steel area.
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Thus, the user will be able to choose not only the most convenient bar diameter but also
the distribution of such bars over the element cross section (only for rectangular columns),
respecting at all times the allowed separation between each bar S, = %TMA.

Worth to mention is that the very distribution of reinforcing bars over the cross section
might have great influence over the structural efficiency of the element, and for each option
of bar/diameter will correspond a great number of various configurations of them over
the cross section, thus, it was though recommendable that the program did as well an
efficiency analysis of each available option, but considering now the reinforcing steel as
bars accommodated over the cross section, in order to verify indeed, and more precisely
which ones complied the required efficiency range.

Employed programming platforms and languages

With the purpose of giving the project more portability, and to the program in particular,
it was written in C Language, being such language compatible with many other software
and applications, such as Qt Creator, to design graphic interfaces to make the program
more user-friendly. With this language there’s also the advantage of making it of easy
adaptation for other languages such as Python, using C Python API, that in turn has a lot
of reachable applications such as PyRevit. And not to mention the speed of execution
of the code in C, and moreover that the code itself may be manipulated to apply Parallel
Computing with OpenMP for instance, for massive tasks.

MatLab was also used, taking advantage of their great graphic functions to graph the
interaction diagrams and drawing the reinforced concrete columns cross sections, import-
ing the results from the previous made analysis in C language.
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4.5 Input data

As input data, .txt files are generated with information such as the dimensions of each
column, the concrete covering, as well as the number of columns to be designed Table
4.5.1 and Table 4.5.3 and of course the load conditions to which each columns is subjected
taken from the previous structural analysis Table 4.5.2 and Table 4.5.4

4.5.1 Rectangular columns

b(cm) h(cm) rec(cm) fe

<> <> <> <>

Table 4.5.1: Input data form table for the program of rectangular columns

P,(Ton) Mu,(Ton-m) Muy(Ton - m)

<> <> <>

Table 4.5.2: Input data table form of load conditions for rectangular columns

4.5.2 Circular columns

dma(cm) rec(cm) fe

<> <> <>

Table 4.5.3: Input data table form of geometry for circular columns

P,(Ton) Mu(Ton-m)

<> <>

Table 4.5.4: Input data table form of load conditions for circular columns
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Information output

As output results it will obtained: the resulting efficiencies for each available reinforcing
bar option Tables [4.6.1],[4.6.2], the interaction diagrams points both for the final reinforc-
ing steel profile Figures [4.4] and for the chosen arrangement of reinforcing bars Figures
[4.6],[4.7], as well as the coordinates of the reinforcing bars over the cross section, and the
cross section border points Figures [4.3], separated in folders for each designed column,
to be read later (with MatLab in this case) to construct the graphs and reinforced section
drawings, importing this such information as .txt files format.

Rectangular columns output
For this geometry, a diagram for each axis direction X and Y, is obtained.

Columna rectangular

Bordes de columna
60 ® var¥ {
40
[ ] [ ]
L L ]
—_ 20 L [ ]
5 ° °
@ 0 ® L]
o
= L °
< L ] ®
-20 ° °
& [
-40
60
60 -40 -20 0 20 40 60
Ancho (cm)

Figure 4.3: Reinforced concrete cross section for a designed rectangular column.
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0 20 40 60 80 100 120 140 160 180 200
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Figure 4.4: Graphed interaction diagram for the chosen reinforcing bar arrangement respect to the X axis.
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Diagrama de Interaccion en Y
1000 T T T T T T

Fuerza axial (Ton)

-500

-1000
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0 20 40 60 80 100 120 140 160 180
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Figure 4.5: Graphed interaction diagram for the chosen reinforcing bar arrangement respect to the Y axis.

Diagrama de Interaccion en X
1000 T T

Fuerza axial (Ton)

-1500

[1} 50 100 150 200 250
Momentos de flexion (Ton . m)

Figure 4.6: Graphed interaction diagram for final reinforcing steel profile respect to the X axis.
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Figure 4.7: DGraphed interaction diagram for final reinforcing steel profile respect to the Y axis.
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Pr(Ton) Mr(Ton-m) Mry(Ton -m) Ef(%)

<> <> <> <>

Table 4.6.1: Resulted table form with the critical efficiencies for each available reinforcing bar option for
rectangular columns.

Circular columns

As mentioned before, just one interaction diagram is obtained for each column, given the
symmetry with respect of any orientation of its section centroid axis.

Columna circular
30 T T T

Borde de columna

L ® vart

Altura (cm)

0
Ancho (em)

Figure 4.8: Drawing of the designed reinforced concrete column cross section.
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Figure 4.9: Interaction diagram of the reinforced column with the chosen reinforcing bar.
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Figure 4.10: Interaction diagram for the reinforced concrete column with the final reinforcing steel profile.

P,(Ton)

Mu(Ton-m)

Pr(Ton) Mr(Ton-m)

Ef(%)

<>

<>

<> <>

<>

Table 4.6.2: Resulting table form for the efficiencies of each available reinforcing bar arrangement for

circular columns.
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4.7 General pseudo code of the program

Algorithm 1: Interaction diagram calculation

BEGINNING

As = (2% (b—2rec)+2 % (h—2rec))t

poc = f c(Ac —As) + fy(As)

pot = As(fy)

df = (pot — poc) /(N points)

Do i=1,Npoints
P(i) = —Fr(poc+ixdf)

End Do

Do i=1,Npoints
M(i) = casosAnalisis(P(i),a,c,h,b,t,rec,E)
End Do

Algorithm 2: Eficciency calculation for the load conditions of the idealized cross
section
Do i=1,Nconditions
1 _ Mu(i)
e(u) — Pufi)
[Pr(i),Mr(i)] = resistance(ﬁ,condition)
End Do

eficiencia =

Mu
Mr

If (maxEfficiency<limMinor) then
t=t—dt

Return to Algorithm 1
elseif (maxEfficiency>limMayor))
t=t+dt

Return to Algorithm 1
else

END
End If
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Algorithm 3: Determination of the reinforcing bar options

BEGINNING
Do i=1,NbarOptions
nBars=1
Asv=areaBar(i)*nBar
Do while (Asv<As)
nBar=nBar+1
Asv=areaBar(i)*nBar
End Do
End Do

Algorithm 4: Calculation of the interaction diagram for the chosen reinforcing bar
option
Selection of reinforcing bar option
poc = f c(Ac — Asv) + fy(Asv)
pot = Asv(fy)
df = (pot — poc) /(N points)
Do i=1,Npoints
P(i) = —Fr(poc+ixdf)
End Do

Do i=1,Npoints

M(i) = elemMechanic(P(i),a,c,h,b,numeroBars,areaBar,rec,FE)
End Do

Algorithm 5: Calculation of efficiency for the chosen reinforcing bar option
Do i=1,Nconditions

1 Mu(i)

e(u) — Pu(i)

[Pr(i),Mr(i)] = resistance(ﬁ,condition)
End Do

ef ficiency = %

If (maxEfficiency<limMinor or maxEfficiency>limMayor) then
Return to Algorithm 4

else
END

End If
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4.8 Annex 1. Involved variables for the analysis cases of rectangular columns

Case 1

«——— 0003

ry
/ dll

[«— 00021 —»]

Figure 4.11: Demonstration 1.1 for Case 1 of rectangular columns.Own made drawing.

By relationship of similar triangles:

0.003 __ 0.0051
a4 - 4
— 30
d= 51d1
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Case 2

«—— 0003 —»

f 5

d, ¢
v
l/v hAs
_— |

[«— 00021 —»[4

Figure 4.12: Demonstration 2.1 for Case 2 of rectangular columns.

s=h3+c—d;

By relationship of similar triangles:

e _ 0.003
hs—s — ¢
Then:
E= %(kg — (/’13 —|—C—d1))
d
820.003(71—1)
Case 3

Y 0.003 —p|

d; |¢— 0.0021

A

Figure 4.13: Demonstration 3.1 for Case 3 of rectangular columns
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And by relationship of similar triangles:

c dy
0.003 — 0.003—0.0021

Then:

30
9 dy

o
I
|

Special case

Let m,,q, be the linear stress distribution ratio when c is at the lower boundary of the
special case range, and m,,,;, the linear stress distribution ratio when c is at the upper limit
the special case range, then:

_ dy
Mmax = 5.003—0.0021

- d
Mimin = 5.003+0.0021

v [« 0003
4 dy e & < 0.0021
A
d2 Cmin
Crnax
vy, | Lo
l€-0.0021-»| la &2 ¥

Figure 4.14: Demonstration CE.1 for the special case of rectangular columns
Thus, the following ratio should be complied:

dy _ _d
0.005T <= 0.0009

%dz <=d

Hence:

%(h— rec — %t <=rec+ %t)
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And simplifying:

60 — 93 60
13t >= Slh syrec

By trigonometric relationships

C*dl _ C
g~ 0.003

d
e1 = 0.003(1 — &)

Besides:
0.003 _ &
¢ dry—c
& =0.003(% —1)
Case 4
<4—0.0021 —»|
/vy d;
[/ hy

Figure 4.15: Demonstration 4.1 of Case 4.

By trigonometric relationships

hy+d,; _ ¢
0.003—0.0021 — 0.003

Hence:
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Case 5

<«— 0.0009 _p{ v
d;
ry

Figure 4.16: Demonstration 5.1 for Case 5

By trigonometric relationships:

0.003 __ 0.0009
Cc _ h5

Case 6

l«— 0.0009 _pl v
d,
7y

v
Figure 4.17: Demonstration 6.1 for Case 6

By trigonometric relationships:

0.0009 0.003
d2 c

Then:

30
Cc = ?dz
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4.9 Annex 2. Demonstration of the program development
4.9.1 Analytical geometry for the calculation of mechanical efficiencies

Equation of straight line A:

_
y= xux 4.3)
Equation of straight line B:
= Vi Vil
= YL (g (2 ) 4.4)
Xitl —Xi Xi+1 — Xi
Equating both previous equations by compatibility:
Yit1 — Vi Yi — i+l
Xu Xit1 —Xi Xi+1 — Xi
Isolating the variable x from the previous equation:
yirt + ()
T=0= T, y::_I_)’iXI (4.6)
Xu Xit1—Xi
Substituting Equation [4.6] in Equation [4.5].
y=Yr= &xr 4.7)
Xu

Where:

Yu = P,
X, =M,
Yr = Pr
xr =M,
yi=F
xi =M,

Yir1 = Py

Xit+1 = Mit
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