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Renormalization of a model for spin-1 matter fields

by Ailier RIVERO ACOSTA

Spin-1 matter fields are relevant both in the description of hadronic states and in some con-
structions of theories Beyond the Standard Model. In this work we study the renormalization
of a model based on a spin-1 matter Lagrangian formulated in terms of an antisymmetric field
transforming in the (1,0) & (0,1) representation of the Homogeneous Lorentz Group. The
model includes an arbitrary gyromagnetic factor and self-interactions of the spin-1 field, which
has mass dimension one. We describe the properties of the model and the Feynman rules. It
is shown that the considered model is renormalizable at one-loop order for any value of the
gyromagnetic factor and the § functions are determined. We also found that there is no fixed
points for any real value of g different from 0.
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Introduction

In the formulation of the Standard Model [1-3] only a few representations of the Lorentz group
are used. In general, this is not a restriction to the use of high spin representations in theo-
ries of physics Beyond the Standard Model like Supersymmetry [4]. Some constructions for
high spin fields are the Dirac-Fierz-Pauli equations [5, 6] for half-integral spin particles and the
Rarita-Schwinger [7] equation which is the relativistic field equation of spin-3/2 fermions.

Specifically, the (1,0) @ (0, 1) representation is used in [8] to describe low-energy interactions
of the low-lying nonets of vector and axial-vector mesons [9]. Moreover, in Physics Beyond
the Standard Model spin-one matter particles described by tensor fields have been proposed in
[10]. According to [11], spin-1 particles are described in this representation by an antisymmetric
field tensor of second rank.

The goal of the present work is to study the renormalization properties of a model which de-
scribes a spin-1 matter field using techniques described in [12-21] to calculate the radiative
corrections at one-loop order. Specifically, we use a Lagrangian whose kinetic part is of Klein-
Gordon type and whose spin-1 information is encoded by a Pauli-like term modulated by an
arbitrary gyromagnetic factor g, which couples the matter field with the photons through the
Lorentz generators. We also aim to find the § functions associated with the parameters in-
volved in the Lagrangian and to observe its behavior to different energy values. This research
is a direct generalization of the spin-1/2 case [22, 23].

The difference between the pure spin-1 representation (1,0) & (0,1), described by an antisym-
metric tensor field of second rank, and the more familiar (1/2,1/2) vector field is more dra-
matic in the massless case, as the Kalb-Ramond antisymmetric gauge field contains only one
physical longitudinal degree of freedom [24], whereas the massless vector gauge field is char-
acterized by 2 transverse ones. Switching to massive spin-1 particles, one must distinguish
between gauge invariant and non-gauge invariant theories. It can be shown that a massive
Stueckelberg compensated Kalb-Ramond gauge field is dual to a compensated massive gauge
vector field [25]. However, for non-gauge invariant massive spin-1 theories, the properties of
four-vector and antisymmetric tensor particles can differ significantly. In [10] the difference
between spin-1 antisymmetric tensor mesons and the four-vector mesons has been studied in
detail for composite hadrons. In the present work, we focus instead on pointlike massive spin-1
bosons, with emphasis on their electromagnetic properties and their possible self-interactions.

The model studied here is based on [11], where the complex antisymmetric tensor field has
6 complex degrees of freedom, making the (1,0) & (0, 1) theory explicitly different to any of a
massive gauge vector field. In [11] the Compton scattering of spin-1 particles described by both
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a massive four-vector and an antisymmetric tensor was analyzed for arbitrary values of the
gyromagnetic factor, finding that the Compton scattering cross section off the parity degrees of
freedom in (1,0) @ (0, 1) is finite in the forward direction, though it is still divergent elsewhere.
Interestingly, for the antisymmetric tensor this result is independent of the gyromagnetic factor,
while Compton scattering off the four-vector is only well behaved in all directions provided
the gyromagnetic ratio is set to g = 2. Given the non-finiteness of Compton scattering in this
theory, it is unclear if the renormalizable theory described here corresponds to a perturbation
theory about a sensible zeroth-order Hamiltonian. However, it constitutes a unique theoretical
laboratory from the point of view of the renormalization group, in the same spirit as scalar A¢?
theory.

In nature there are several theories that describe with precision some phenomena but they are
not renormalizable. This means that they only describe physical phenomena occurring at a
determined length scale or energy scale. These kinds of theories are considered effective the-
ories. Effective Field Theories are widely used in Particle Physics, Condensed Matter Physics,
General Relativity and other branches of physics. Some examples of these ones are the Fermi
theory of beta decay, chiral perturbation theory, a low-energy effective theory of the Standard
Model known as Standard Model Effective Field Theory (SMEFT) [20, 26, 27] and even General
Relativity itself is expected to be an effective field theory of a full theory of quantum gravity.
One of the most common effective theories of general relativity is the Non-Relativistic General
Relativity [28, 29].

Renormalization is a very important procedure in Quantum Field Theory (QFT). This one
makes the theories to be predictive because of the fact that allows us to describe the behavior
of a system at any possible energy scale. Actually, the renormalization group and the analy-
sis of symmetries are useful when constructing effective field theories. A description of this
technique for several theories like Quantum Electrodynamics (QED) and Quantum Chromo-
dynamics (QCD) can be consulted in [16-23].

The analysis of our model will allow us to acquire a better understanding of the renormaliza-
tion process and the implications that could have whether the theory is renormalizable or not
for different values of the gyromagnetic factor. The theory we are working with is not phys-
ical but yet it is interesting to study the renormalization of this one. This research will show
us if the construction of pure QED with matter spin-1 particles without the inclusion of self-
interactions is possible and we also want to confirm that our model is gauge invariant and that
it is symmetric under charge conjugation.

The signature that has been adopted in the metric is (4, —, —, —) and natural units ( speed of
light c = 1, reduced Planck’s constant i = 1) are used throughout the text. The rest of the thesis

is organized as follows.

The Introduction gives a brief revision about the subject of our work. Chapter 1 sets the the-
oretical fundamentals that are useful to understand the rest of the thesis and gives a small
description of the work previously carried out in [22] for spin 1/2. Chapter 2 presents the

model we are going to investigate and the determination of the Feynman rules for this one. In



Contents 3

Chapter 3 it is presented a first study of the renormalization of a simplified model considering
only the self-interacting terms. Chapter 4 exposes the study of the Quantum Electrodynamics
of the complete model, the determination of the g functions and the fixed points found for
the model. The Conclusions sums up the main and general results obtained after completing
the research. In the Appendix A is presented the general procedure to obtain the Feynman
rules and the Appendix B describes the steps to compute the beta functions and anomalous
dimensions of the model.






Chapter 1

Theoretical Fundamentals

In this Chapter we present a short summary of the work previously carried out in [22] for spin
1/2. We also introduce some of the theory fundamentals that will be necessary to understand
the rest of the thesis in order to make this document more self-contained.

1.1 Special Relativity

In 1905 Albert Einstein published a very important article [30] that meant the birth of a theory
that changed radically some ideas of that time: Special Relativity.

The two main postulates of this theory state that [30-34]:
e The laws of Physics are the same for all the inertial reference frames.

e The speed of light in the vacuum is constant in any inertial reference frame regardless of

the motion of the source.

One implication of the theory is that the interval, defined as
ds* = dt* — dx® — dy* — dz?, (1.1)

is invariant under the Lorentz transformations. These transformations for two reference frames
where the frame S is at rest and the frame S’ is moving at a speed v with respect to the first one

are given by

t' =y (t+ ovx),
x" =y(x+ ot),
, (1.2)
¥y =Y
7 =z,

where v = (1 —p%)""/2 and B = v. And the interval remains invariant ds”> = ds* as it was

stated above.
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Now the mathematical formalism of Special Relativity will be presented. A more detailed
description can be found in [12, 35-37].

In theoretical physics, if the form of the physical laws that describe a theory remains invariant
under arbitrary differentiable coordinate transformations it is said that they are covariant. In
this case, it is required that quantities should be Lorentz covariant, then they transform ap-
propriately under the elements of the Lorentz group. To achieve this, it is necessary to write
the theory in terms of certain well-defined mathematical objects, such as scalars, vectors and

tensors.

Scalar objects are invariant under rotations and boosts, like the mass or interval ds?, among
other quantities. The prototypical vector is expressed as

at = (ao, al a?, a3). (1.3)
In the case of the space-time this is
o = (x5, 32,28) = (t,%,9,2) = (t,%). (1.4

There are two inequivalent types of vectors in Minkowski space which are denoted as con-
travariant and covariant. The first kind of vector transforms in the same way as dx* does:

u
dx't = %’; —dx!, (1.5)
then oK
at = ay;/ a’" = AF,a". (1.6)
The second kind transforms as the gradient
op  ox¥ o¢
Bx = 97 (47
therefore
) 0x' v

Here A" is the inverse of A¥,. In particular, the Lorentz transformation in eq.(1.2) X't =AM, xY

can be written in matrix form as follows

x v 98 0 0 x? cosh¢ sinh¢ 0 0 x
x't Y8 v 00 x! sinh¢ cosh¢ 0 0 x!
_ _ (1.9
x2 0 0 10 x? 0 0 10 x?
x'3 0 0 01 x3 0 0 01 x3

with the parameter ¢, known as rapidity, defined as tanh ¢ = S.

There exists an object known as the metric, that can be used to write down the coefficients of

the differentials in the interval, which in this case are just 1. The metric of Special Relativity
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is given by
1 0 0 O
0 -1 0 O
= 1.10
S 00 -1 0 (110
0 0 0 -1

The metric has an inverse, which in this case is exactly the same matrix and it is denoted with

upper indexes

1 0 0 O
0 -1 0 o0
W= 1.11
g 0o 0 -1 o0 (11D
0 0 0 -1
The metric and its inverse satisfy the relation

g = 0p. (1.12)

In terms of the metric tensor, the invariant interval reads
ds? = Suvdxtdx”. (1.13)

Another important fact about the metric is that can be used to raise or lower an index in the
following way
Xy = g, xt = gMx,. (1.14)

It is also important to write the useful relation

SN Gue = NPy, (1.15)
which can be clearly deduced from
bP = gpi‘b;l = gAY guob” = AP B (1.16)
For consistency, the relation
ds”? = GudxMdx" = g A¥ N odxPdx’ = gpedxPdx’ = ds?, (1.17)

shows the invariance of the interval. From the previous expression can be determined the
relation

A‘upgyvAvg — gpg. (1.18)
Some examples of four-vectors are:

e The energy-momentum four-vector p* = (E,p), where E is the energy and p is the mo-
mentum.



8 Chapter 1. Theoretical Fundamentals

e The current density four-vector j* = (p,j), where p is the charge density and j is the
current density.

e The vector potential four-vector A* = (¢, A), where ¢ is the scalar electric potential and

A is the magnetic vector potential.

e The four-dimensional derivative operator d,, is also a combination of a time-like part and

a space-like part, and is defined by

(a8 2 o) _
W= g = (8x08x18x28x3> = (90,91,92,35) = (30, V). (1.15)

Here is important to note that the lower index written in 9, is in contrast with the upper index
on four-vectors like x*. This derivative satisfies the following
ox¥

o’ = = = 4. (1.20)

The derivative operator with upper indices is then defined as
o' = g"o, = (do, — V). (1.21)

Thus, the D’ Alembertian operator is given by

82
0= =0 =5 - V2 (1.22)

Using relativistic notation, the conservation of charge can be written simply as

At = ?ft’+v-j =0. (1.23)

1.2 Lorentz Group

The Lorentz group is a group of four-by-four matrices performing Lorentz transformations
on the four-dimensional Minkowski space. The transformations leave invariant the interval
ds? = dt? — dx? — dy® — dz2. The generators of this group SO(1,3) are M., (u,v =0,1,2,3).
These generators satisfy the following algebra in 4 dimensions [4, 22, 37-39]

[M]u// Mpa] = i(gprva - ngM],ta =+ gvaM‘up =+ gyanp)- (1-24)
Then, any element of the Lorentz group can be written in general as
A = e~ 2w M (1.25)

where (), is a matrix of real parameters that includes the angles of the rotations and boosts (6;

and ¢;).
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It is customary to separate the Lorentz generators as presented previously in generators of
rotations J and boosts generators K. They are related to My, as follows

1 4 ‘
] = Ee,-jka", K; = MY, (1.26)

There are a total of six generators: three for rotations and three for boosts. Thus, the Lorentz

group is a six-parameters group.

The generators for the proper rotations are J;, J,,J3 and they are given by

0 00 O 0 0 0O 00 0 O
0 00 O 0 0 0 ¢ 00 —i O
= , = , = 1.27
=100 0 =i 2=10 0 0 0 =10 i 0 o (1.27)
00 i O 0 —i 0O 00 0 O
For example, the rotation along the x-axis can be written as
Ay =e 0N, (1.28)
or in matrix form
10 0 0
1
A = 0 0 0 (1.29)
0 0 cosB; —sinb;
0 0 sinf; cosby
The Boosts generators are K;, K;, K3 and they are given by
0 i 00O 00 i O 0 0 0 i
i 0 0 0 0 00O 0 00O
K = | L K= L K= (1.30)
0 00O i 000 0 00O
0 00O 0 00O i 000
For example, the boost in the t-x plane can be written as
Aty = e 0Ky (1.31)
or in matrix form
cosh¢; sinh¢,
inh h
Ay = sinh¢; cosh¢ (1.32)

0 0
0 0

o = O O
_ o O O
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The 6 generators of the Lorentz Group satisfy the algebra 1.24 which can be explicitly written
for the J and K [40-42] as

i Ji] = ieije]k, [Ji, Kj] = i€ijKy, [Ki, Kj| = —iejjJk- (1.33)

There exists also a relation between the general parameter of the Lorentz transformations €,
and the parameters of the rotations and boosts (8; and ¢,):

—_

91' = eiijjk/ 4)1' = QOi- (134)

2
In general, the elements of this group can also be written as follows

A = ¢ (OJ+®K) (1.35)
which is equivalent to eq.(1.25):

A = o 20w MY _ ,—i(@]+K) (1.36)

The Lorentz Group (SO(1, 3)) is isomorphic to the group SU(2) 4 ® SU(2)p generated by
1 . 1 ,
A= (+iK), B= (- iK). (1.37)
These generators satisfy the commutation relations

[Al', A]] = iei]-kAk, [Bl‘, B]] = iei]-kBk, [Al‘, B]] =0. (138)

Some of the most common representations of the Lorentz group are:

e (0,0) is the Lorentz scalar representation. This representation is carried by relativistic
scalar field theories.

e (3,0) is the left-handed Weyl spinor and (0, 3) is the right-handed Weyl spinor represen-
tation.

e (1,%) is the four-vector representation. The four-momentum of a particle transforms

under this representation.
e (1,0) is the self-dual tensor and (0, 1) is the anti-self-dual tensor.
e (1,1) is the spin 2 representation of a traceless symmetric tensor field [43].

Among the irreducible representations (irreps.) of the Lorentz Group there are only a few that
are used to describe the particles. In fact, the Standard Model is constructed only using the
representations: (0,0) for the Higgs Boson; (3,0) and (0, ) for the quarks and leptons and
(3, 1) for the gauge bosons[39].
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For the representation (3,0) @ (0, 3) the authors in [4] construct a parity-based covariant basis

given by
{1, X Su XS My}, (1.39)

their procedure reproduces the conventional covariant basis with the o* matrices in the Weyl
representation
{1, 95,9, vs7", 0 } - (1.40)

The parity-based covariant basis for a general (j,0) & (0, j) operator space, according to [4, 9],
contains the following set of elements:

e The unit matrix of dimension 2(2j 4 1) and the chirality operator x. These are Lorentz

scalar operators.

e Six operators transforming in the (1,0) & (0, 1) representation. These ones form a rank-2
antisymmetric tensor, M,,,, whose components are the generators of the HLG.

e A pair of symmetric traceless matrix tensors, denoted by S¥1#2-#2 and xS#1#2-#2i, trans-

forming in the (j, j) representation.

e A series of tensor matrix operators with the appropriate symmetry properties such that
they transform in the (2,0) @ (0,2);(3,0) @ (0,3); (2/,0) @ (0,2j) representations of the
HLG.

In our work, we are going to use the representation (1,0) @ (0,1). Then, with the ingredients
described previously, the basis of matrices with well-defined Lorentz transformation properties

[4, 9, 39] for our case is given by
{1, x, M, xSHY, MM cwﬁ} ) (1.41)
where the elements are defined as follows [4, 9, 11, 39, 44]:
Lapys = %(gmg/sé — 8us8py)r  Xapys = é%w, (1.42)

(Myv)zxﬁw = _i(gy'ylaﬁvé + gyélzxﬁyv - g'yvlzxﬁyé - gévlaﬁyy)z (1.43)

SH is a symmetric traceless tensor (S', = 0), defined as
(Suv)apys = Suvlapys — Suylapvs — Suolapy — yvlapus — Sovlapyu- (1.44)
The tensor C**P is defined as
crveb — 4 {M””, M“ﬁ} ) {M”“, Mvﬁ} 2 {Mﬂﬁ, M”‘} —16(18). (1.45)
SM satisfies the relations

[S1,8%) = —i(gh* M"P + g MIP  g"P MM 4 gHP M), (1.46)
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4 1 1
{yﬂ/’ sfxﬁ} =3 <glmgVﬁ 4 gV ghP — 2g1ﬂ/gﬂéﬁ) — E(C’”‘"ﬁ + CHPv), (1.47)

CMvef is a traceless tensor, which means that the contraction of any pair of indices vanishes. It
also satisfy the Bianchi identity

CHvap 4 crepv 4 crbre — (1.48)
and it has the symmetries

C]u/ac/% _ _Cv‘u(xﬁ _ _C,ul/ﬁlkl CHV’X.B — C"‘.B.”V. (149)

These symmetries allow to reduce the 256 components of a general four-index tensor to only
10 independent components.

Defining CHY? = el aﬁC“ﬂ"” = —ixCM" and MM = e"*FM,5/2, we also have for the

covariant basis of eq.(1.41) the commutation rules

i[MIY, SP7] = gMPGYT — gVPGHT | glTGYP _ qUoGHp, (1.50)
[XSM, xSP7] = igh MY + ig"? MF + igh” M*P + ig"" M, (1.51)
S 5P] — % <g;tpgw 4 ghogue _ % guvgm) _ é (Greve - Cree), (152)
[, S| = 245, (1.53)
[, XS] = 25, (1.54)

and the anticommutators

{MHV, Spa} — eHV“UXSpa + GVV“PXS”[X, (155)
{xS", xS} = —% (g”Pg“" +g7g" — %g" 's” a) * % (crevr crvey, (1.56)
(xSH, 5P} = % (gVPAZW + g”"ZWP) + % (g”"JVIVP +g" 1\7”‘") , (157)
(MM, MPO} = % (88" — g"g"") — gif-?” X+ %C””P", (1.58)
(0, S"} =0, (1.59)
{oxst}=o. (160

1.3 Some Aspects of Quantum Field Theory

In the development of Quantum Field Theory [12-15, 35, 45-48] during the last century there
were developed techniques that made it a really consistent and successful theory. Some of these
are the Dimensional Regularization and the Renormalization.

Dimensional regularization and renormalization are very powerful tools used in modern theo-
retical physics[12, 13, 16, 18]. Dimensional regularization was introduced by Carlos Bollini and
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Juan José Giambiagi[52] in 1972 and simultaneously by Gerardus’t Hooft and Martinus J. G.
Veltman in 1972-1973 [49, 50]. Precisely this work made t Hooft and Veltman receive the No-
bel Prize in Physics in 1999 [51] for the application of this method to non-abelian electroweak
theory.

1.3.1 Dimensional Regularization
Dimensional regularization has the important advantage with respect to other regularization
schemes, like cutoff regularization, that it respects gauge and Lorentz symmetries [16].

The key idea of dimensional regularization is to change the number of dimensions of the prob-
lem considered and this is achieved computing the volume V(x) in n-dimensions. Here n does
not have to be necessarily an integer [16, 49, 50, 52].

For example, for an infinite charged line ! the potential is given by the expression

(1.61)

W= [
¢  4meg oo \/x2—|—y2.

Using dimensional regularization the integration along y is changed for integration along a
general 1-dimension volume as follows

—+o00

/ dy = / dv,. (1.62)

In general, for n dimensions, the integration over the volume V;, is defined as

+o00
/ v, = / a0, / Vi ldy, (1.63)
0
where (), is given by
n/2 n/2
Q.= [do, - ann_ nm (1.64)
r() T(+1)

Here, (), is the solid-angle in n-dimensions, and we have used the property of the Gamma
function: I'(z 4+ 1) = zT'(z).

1.3.2 Renormalization

In Quantum Field Theory in general infinities arise in important quantities that need to be
compared with experimental measurements [19]. There have been some works that presented
a way of describing these apparently divergent theories in a consistent manner [54-58].

Renormalization consists of removing these infinite parts in such a way that the considered

theory remains consistent. In general a renormalization scheme has two components[18]. First

LFor a more detailed and explicit development of this example, see [16, 53]
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it has to be applied the process known as regularization. This step isolates the infinities ap-
pearing in the Feynman diagrams. The regularization is arbitrary, the only requirement is that

it must respect the symmetries of the theory.

After the regularization, it is necessary to apply a systematic method to remove the diver-
gences. This process is called renormalization scheme. The selection of the subtraction method
that leads to the renormalized theory is also arbitrary. Here the important fact to be considered
is that the physical results should not depend on this choice [17-21].

In general, the procedure consists in defining a relation between the parameters of the orig-
inal Lagrangian (commonly called “bare Lagrangian”) and the ones of the renormalized La-
grangian. This is justified because when observing at very short distances of particles, there
are other factors to consider. For example, in an electron theory a first description states an
initial mass and charge, but in QFT a cloud of virtual particles, such as photons, positrons, and
others surrounds and interacts with the initial electron. Then, the electron at such distances
has a slightly different mass and electric charge than does the dressed electron seen at large
distances.

Mathematically, the process is to replace the initially postulated parameters of the theory with
the renormalized ones, which are the experimentally observed values. The parameters are re-
lated through some constants that are absorbing the divergent quantities that arise in the calcu-
lations. A detailed development of this procedure for several theories like QED and Quantum
Chromodynamics (QCD) can be consulted in references [16-21, 23].

1.4 Case for self-interacting second order spin 1/2 fermions

In [22] the authors study the “Renormalization of the QED of self-interacting second order spin
1/2 termion”. The Lagrangian considered in this paper is

1 _ _ A, - Ay - -
o _ZFHVFHV + D’L?‘q)Tvalp — mzlpll) + ?1 (1,01/])2 + 72 (1/"751/)) (lP'YSl/J)

+52 (M) (FMyu), (165

where D, = 9, +ieA, is the gauge covariant derivative, A" is the gauge field, ¢ is the fermion
field, the fermion charge is —e, A; (j = 1,2,3) are the couplings of the three possible dimension
four fermion self-interaction terms. This Lagrangian has a gauge symmetry. The space-time
tensor T is defined as

T = ¢" — igM" —ig' M. (1.66)

To renormalize the theory it is necessary to introduce some counterterms. These counterterms
are going to absorb the divergent part of the amplitudes. Then, the parameters of the bare
Lagrangian ? are the fermion mass iy, the fermion charge ey, the gyromagnetic factor go and

2The bare Lagrangian L is exactly as 1.65 only including a subscript 0 to every parameter and field.
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the self-interaction couplings Ag; (j = 1,2,3). The renormalized fields are related to the bare

ones as
1

_1 1
Ay =7, Ay, ¥r = Z, *o.
After splitting the Lagrangian in a convenient way and using the definitions:
"2
= = = )
(51:Z]—1, (52:22—1, (Sm:Zm—ZZI Zm:ﬁZZI

r

Se=Ze—1, &= 23—1 S =2y =1, Oy = Zeg— Ze,

Z,=—277y, ZE—ZZ, Zy, =
e =, L1122 3= gl Ly =3

An;
073, =22z,
7] 8r

the following expressions for the counterterms are obtained

et (¢ 1\ [1 m?
o= ~ip (55 [

5,,1:(41ﬂ)2{ [;—lnzﬁ] |:(T—l)}\1—}\2—3)\3—3<1+g42> ez]

E—ln? lnﬁ

1 m? 2\ T

2\ 2 4
_8) & 38 As
{6< ) e [2 (1e3) +2

1 m? m2 ]

! (47)?
A2 A2
+(4—1)A +252 +322 120, + 603y,
PV
1 15, [3¢ A3 A2
- - 1 2 e
L (4n)2é{e > < T, )+ C] 37,
—|—6A1+(2—T)A2—|—6A3}
O = (471)2@{6 2 (2/\3+2A3 1)“4
16A1 + 6As — (44;) A}

(1.67)

(1.68)

(1.69)

(1.70)

(1.71)

(1.72)

(1.73)

(1.74)

(1.75)

(1.76)

The beta functions encode the dependence of the coupling parameters on the energy scale u

(also called the "running of the coupling”) of a given physical process. This functions

— MK om

|

and the anomalous dimensions 7, = £ 5" in the € — 0 limit are obtained in this paper as:

m o

et (3,
Pe= g8 <4g _1>’

(1.77)
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_ & [2(2_4)_ T
B = 2oz [ (&2 —4) —4(M +22) +4 (14 5) s, (1.78)
1 (3 2
Pr= 1622 {1“”4 (8% —4)" +3¢ [(4+8%) M+ 8%As] (1.79)
F2(4 — T)A2 +4M5 (A + Ag) + 6A3 (21 + A3) }
1
b = {52 8+ 00+ ] as
F12M5A1 + 2(2 — T)AZ + 65 (242 + A3) }
1
Br = —1e=3{ € [(12— &%) As +282 (A1 + A2)] (1.81)
+1245(M + A2) — (4 +T)AF},
1
Tm = g5 {36 (8 +4) +4[(T = A1 — A2 = 3A3]}. (1.82)

In the cited work, the authors study the one-loop level renormalization of the electrodynamics
of second order fermions in the Poincaré projector formalism, in an arbitrary covariant gauge
and including fermion self-interactions. They proved that B, vanishes for ¢ = +2, A; = Ay =
A3 = 0 showing that the theory has a simple connection to Dirac QED, as expected. They also
showed that making the proper replacements in the expressions obtained for the beta func-
tions they are able to recover the well known Dirac-QED beta function and the corresponding
anomalous dimension of the mass

e b 3e?

D _ - _ =
Pe=tam  Tn="g

— (1.83)

1.5 Ward-Takahashi Identities

In Quantum Field Theory, Ward-Takahashi identities are relations between correlation func-
tions. They are the result of the global or gauge symmetries of the theory, and they remain

valid after renormalization.

The first of these identities was originally used by John Clive Ward[60] and Yasushi Taka-
hashi[61] in Quantum Electrodynamics to relate the wave function renormalization of the elec-
tron to its vertex renormalization factor. With this, they guaranteed the cancellation of the
ultraviolet divergence to all orders in perturbation theory.

In general, a Ward-Takahashi identity is the quantum version of the classical current conser-
vation that the Noether’s theorem states that is related to a continuous symmetry. This gener-
alized sense can be found well described in [13] and should not be confused with the specific
case of the original Ward-Takahashi identity.

The Ward-Takahashi identity applies to correlation functions in momentum space and it is not
a requirement that all their external momenta be on-shell. Let

M pr. pwgr-.qn) = €u()MP (G p1 ... pus g1 qn), (1.84)
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be a QED correlation function. This function involves an external photon with momentum k,
€, (k) is the polarization vector of the photon and the p; are the momenta of the initial-state
electrons, the g; are the momenta of the final-state electrons. M) is defined as the simpler
amplitude that is obtained by removing the photon with momentum k from the original am-
plitude. Then the Ward-Takahashi identity reads

Ky MP (K pr - Pus 1 -+ ) ZBZ{Mo(m--~Pn;q1--'(qi—k)'--qn)
—Mo(p1-~-(pi+k)~--Pn;q1---qn)}, (1.85)

where e is the charge of the electron.

For a more extensive exploration about this topic, can be consulted reference [18] for the case
of non-abelian gauge theories, [62] for a derivation of the Ward-Takahashi identities for con-
nected Green'’s functions in QED without using some techniques like equal-time commutation
relations and the Feynman-Dyson perturbation expansions and [63] to see the violation of these
identities in axial current anomalies [64, 65].

The gauge invariance of the theory imposes two important Ward-Takahashi identities (see [59]
for their derivation in the analogous spin 1/2 case). The first one relates the tensor-tensor-
photon (TTv) vertex function —iel'#(q, p, —p — q), where g is the momentum of the photon,
with the tensor self-energy —iXx(p) according to

9
(0, p, —p) = — §z§f) . (1.86)

The second one involves the tensor-tensor-photon-photon (TT+y) vertex ie’I'*"(q,4’, p, p'), with
photon momenta g and 4’, and the TTy vertex, and reads

a]-—‘ ,/ 7 ! ar // 7 !
(0,4, p, p') = v(gpf P, v(gplp P (187)
I3
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Chapter 2

Description of the model

In this Chapter we shall present the model we are considering and the Feynman rules obtained.
The field considered is a massive complex spin-1 antisymmetric tensor B* in the (1,0) @ (0,1)
representation of the HLG. The kinetic part of the Lagrangian is of Klein-Gordon type. The
spin-1 information is encoded by a Pauli-like term modulated by an arbitrary gyromagnetic
factor ¢ and the four independent quartic self-interactions that can be built from the covariant

basis for this representation space, given by the complete set of tensors presented in eq.(1.41).

2.1 Lagrangian for the spin-1 field B*

The Lagrangian of the spin-1 matter field B*P is given by

L= —EPVVFW + (D'B*¥)* (Tyw) 4. (DVBY) — mz(B“ﬁ)JrBaﬁ

A A N

+71(Baﬁ+1aﬁ'y§Bw)(BHV+1yvaBpU)‘|’;(Baﬁ.r?(lxﬁfy&B’w)(BHV+X;1vpaBPU)
As
2
Ay

+7(BM'31 +(SW)041!51711518%51 ) (Bﬂtz,Bz +(SVV)0¢2,32725ZB”52)' (2.1)

[i7:07)

+ (lelﬁl Jr(MW)vqﬁwﬁl B1é ) (Brxzﬁz f (MHV)azﬁz’725z sz&z)

where D¥ = 0¥ + ie A¥ is the gauge covariant derivative, A* is the gauge field, B*P is the boson
field. This Lagrangian has a gauge symmetry. The tensors F* and (T, )sp,s are defined as

F' =9l A" — 9" AF, (Tyv)zxﬁ'y& = g;u/lzxﬁ'y& - ig<M;tv)zxﬁ'y<5' (2.2)

In our analysis, the gauge freedom is fixed by the R¢ contribution

Lor = —=z (0" A% (2.3)

1
2
With all the definitions presented in eqs.(2.2, 1.42-1.44) and with arbitrary gauge fixing param-
eter ¢, we can write the Lagrangian of the model in the following way

1 1 ; o : v AV J
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+ A A 5
—m?(B*) Bag + 5 (B T1apy6B7) (B "o BY) + 5 (B XapysB™) (B e B

A
+73 (Balﬁl ' (MVV)Mﬁl’th B%(SI ) (lezﬁz f (Mllv)a2527252 37252)

A
+74 (B’Xlﬁl ' (SW)Mﬁ]’hfsl Bvl&l) (thzﬁz f (SVV)Dézﬁz’Yﬂz B’Yzfsz)’ (2-4)

and after some small transformations it can be written in a more suitable way

L = —iPVVPyV — 21(,;(6?‘14,4)2 + 0"B*F9,Byg — m*(B*)"Bg
—ie AM[B*F (T} ) upys0" B — (0B ") (Tup) apysB™’] + 2 AF Ay B*FByg
+%(B“mla/swm(s)(B”Hl;wpo—Bpa) + %(B“m?(aﬁwmé)(B”MqupaBW)
+%(B“”31+(M’”)«1ﬁ171513%51)(B“Zﬁz+(Muv)a2ﬁ272523”52)
+% (BYPTY(SM) 81905, BY11) (B P27 (S 110 ) pyyass BT22). (2.5)

2.1.1 Determining the Feynman rules for our Lagrangian

In this section the Feynman rules for our model are going to be determined. The general pro-

cedure to determine the Feynman rules is described in Appendix A.

First term of the Lagrangian

Beginning with the first term of the Lagrangian which is

1
%

Using the definition in eq.(2.2) for F,,, we can write the first part of this term as

ToD / d4x[—%F’”Fw (9" A)%. (2.6)

1 1
To > / A3 L PV (0,4, — 0,A,)] = / A3 P9, A, 2.7)

and after a few steps

Tp > / d4x%[A”gWaV8yA” — AY3"3,A,]

1 v v
= [ dix; (478,00, A" — 473,041
1
— 5 [ dxA% (g0 — 0,0, A", (2.8)

The second part of this term can be expressed as

1
%

1 1
2

2 A1 A,. (2.9)



2.1. Lagrangian for the spin-1 field BB 21

Then, we have
1., 1
oD / d'x s A% [34p0P0p + (E — 1)9,05) AP. (2.10)

For this term the 2-points function reads

. . 6T o[A%]
iT3,,(p1, p2) (270) 0% (p1 + p2) = i(2m)® : . 2.11
opw (P10 P2) (270567 (p1 + p2) = 1270) 52 S a0 oy 2.11)
To continue with the procedure we need to use the Fourier transform, which is given by
d4q1 —ig1-x
An(x) = / ¢ " ), (2.12)
Then we can write the following expression
2m)8ify > (2m)%i= / d*x d ’41 d ‘72 e A%(q1) [gp0P9p
+Hz - 12, aﬁ] e mﬁom 213)
Now using that
Qe "N = 7Y (—ig,0,x") = e Y (—igyy), (2.14)
we can write eq.(2.13) as
: i —i X AN : :
(27)°ifo > 5 /d4xd4q1d4qze (10T A% (1) [gap (—ifh) (—if2)
1 . )
- 1)(—iq24) (—ig25)] AP (q2). (2.15)
Then with the expression above, equation (2.11) becomes
. i i x
iT5,,(p1, p2) 2m)*6* (p1 + p2) = 2 /d4xd4‘11d4q2€ () (g2 e g
1 6A"(q1)5AP(g5)
+(§ )Clzaﬂlzﬁ] 5 A (p1)SAY (p)” (2.16)
Performing the functional derivatives and the integration respect to 4; and g, we have
: i —i X
T3, (1, p2) 270) 6  (p1 + p2) = —3 /d4xe Prip) > (pie,, (2.17)

1 1
+(E — 1)p]yp1],[ + p%gyv + (E - 1)p2ﬂp21/]'

And finally integrating respect to x

. i 1
6 (p1,p2) (270)%0%(p1 + p2) = = (270)*6%(p1 + p2)25 [Piguw + (7 = Dpupy]  (218)

¢
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With this expression and with p; = p and p» = —p we finally have

1
Lo (pr=p) = =P8 = (z = Dpupv- (2.19)
We need to find the propagator, which is the inverse of F%W and can be obtained using the
ansatz

[T3l5 = Xgu + Ypapp. (2.20)

Finally the propagator is given by

0 i v

Ay (p) = il08]) =~ g+ (€ - )P @21

Second term of the Lagrangian
Next, for the second term of the Lagrangian
L D 3"BP*9,Byy — m*(B*) By, (2.22)

the 2-points function reads

52T
0Bup(p1)0Bl5(p2)

_ 1’(271.)8 52 [/ Ay d4q1 d4q2 [aP‘BP‘”aP,BW —m2(BPU)Jerg]e*iql'xe*iqz'x ‘
6B (p1)dB} 5(p2) (2m)* (2m)

T3 p,s(p1, p2) (2m) 6% (p1 + p2) = i(270)° (2.23)

Now, using eq.(2.14) we can write

52
0Bup(p1)0Bl5(p2)

d* at ) . ; ;
< [ [ (273;4 (273)24 [(—ig}) (—igay) — mZ]<BW>*Bpae—%-Xe—w2-x} L 29

T3 5,5(p1, p2) (27) 6% (p1 + p2) = i(270)°

Computing the functional derivatives

6*[(B* (q1)) Boo(42)] s B (q1) | (02)
0Bup(p1)0B 5(p2) 0Bap(p1) | 6BYs(pa) | &

= g™ 1,108 (g1 — p2)6* (2 — p1)
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16726% (g1 — p2)6* (92 — p1)- (2.25)
Substituting this in eq.(2.24), this one can be written as
iTags(P1,p2)(270)* 6 (1 +p2) = i / d*xd*qd*gae ™ TR N[ —gy - gy — ]
x 19764 (g1 — p2)8*(q2 — p1)
e 1[/ d4xe7i(pl+p2)'x] [_Pl . pz — m2]1a1375
= i[—p1-pa— m?)(27)%6* (p1 + p2) 197, (2.26)

Finally with p; = p and p, = —p we have that
T35 apys(p, —p) = [p* — m?]1F 7. (2.27)

Then the propagator for this part of the Lagrangian is given by

Buprs(P) = [T = ﬁl”‘w (2.28)

And the Feynman diagram for this term is represented as

70 ap
P
Third term of the Lagrangian
For the third term of the Lagrangian we start with
LD —ieAP B (Tpe) rxesd” B — (7B ) (Typ) rxeo B (2.29)

Then, the 3-points function is given by

53
SAH(p1)0B*Ft (p2)dB7 (p3)

4 4 4
(i) [t e T S A0 ) B g2) Ty e 7B ()

(aUB/\KJr(qz))( Up)/\KEGB (q3)]e 11X =i X p=i3X (2.30)

i3 0 wpys(P1 P2, p3) (270) 6% (p1 + p2 + p3) = i(2m) "

Now using again eq.(2.14) the previous expression becomes
. 53
i
AN (p1)SB*FT (p2)0B7 (p3)
o 4.4 g4 g4 —i(q1+q2+q3)-x AP Axt _ 1,0\ Red
x(—ie) [ dtdgud?gad*goe A2(q1) B (42) (Too) avco (—i05) B (42)
—(—iq3)B"" (42) (Top) axeo B (q3))- (231)

T3 0 apys(PL P2, p3) (270)* 6% (pr + p2 + p3) =
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Like each field is independent of the others we can compute every term of the functional deriva-

tive separately:

SAP(q1) _ spoar

(SAV‘(pl) = 5‘115 (6]1 pl)/ (2.32)
5B}LK+(q2) _ 1Ak 54
5B“ﬂ+(p2) =1 “ﬁé (qZ — pz), (233)
5B€9(q3) __ €0 4

75375(p3) =1 7(55 (C]g — p3) (234)

With these results we can write

T3 apys(P1, P2, p3) (270)*6* (p1 + pa + p3) = —ie / d*xd*qid*q2d* g3
xe et i) 5054 () — 1) (1056 (92 — p2) (Tpo) axeo 3 1550 (5 — P3)
—451%256% (92 — P2) (Top) axee 1556 (43 — p3))]

= e | [ e 0P| (T )apsps — (Tusdaprsp]

= —ie(270)*6* (p1 + p2 + P3) [(Tu)apsPs — (Tup)apysph)- (2.35)
Finally we have
ZTS i, apys — —ie[Tywps — Tvﬂpz]txﬁv& = ie[Tyups — Tyvpg]aﬁ'y& (2.36)

The Feynman diagram corresponding to the vertex given by the above expression is

ap

0]

Fourth term of the Lagrangian
For the fourth term of the Lagrangian we begin as the previous cases
LD AP A,BT By, (2.37)

The 4-points function is given by

54Ty

T2V (1, 1y, b3, pa) (270)46%(p1 + o + p3 + pa) = i(27)1
0, ap (PLr P2, P3,P4)(270)°0%(p1 + p2 + p3 + pa) = i( )(5A”(m)5AV(Pz)5B"‘ﬁ+(P3)5Bw(P4)
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16,2 dx |1 | o—i(qi+gatq3+q4) x 3*[AP(71) Ap(92) B (q3) Bx (q4)]
= i(27) /(27'[)16 [Hd gi| eilntartaata S AN (1) (p2)SBP (ps) 3B () (2.38)

Now calculating the functional derivative

6H[AP(q1) Ap(92) BN (93) Bac(q4)]  62[AP(q1) Ap(92)] 6B (q3) 0Bac(qa)

SAN(p1)0 A (p2) OB (ps)0Boa(ps) DA (pr)6Ay(pa) OB (p3) Bro(ps) )
For convenience, each part is computed separately
((m = 1,3"6*(93 — p3), (2.40)
m = 170,68 (q = pa), (2.41)
iﬁg}(ﬂi]%x(&)ﬂ B 5Azf(p1) ﬁﬁfﬁgg Ap(q2) + AP (1) jﬁi E;Z; (2.42)

5 € SV v
= W[gp 884 (g1 — p2)Ap(92) + Ap(q1)5p54(q2 — )]
= 8us" 0} (@1 — p2)8* (g2 — p1) + 0,0*(q1 — p1)6* (a2 — p2)-
Then we have that

5 AP (q1) Ap(q2) BM" (93) Box (94)]
O A (p1)dAy(p2)dB*F* (p3)dB,s(pa)
)
[

= 6,10 (q1 — p2)0* (92 — p1) + 0% (91 — p1)0* (92 — p2)]
x1,5177.0% (g5 — p3)6* (95 — pa
= 1,1°056* (43 — 2)0* (93 — pa) [0* (11 — p2)6* (@2 — p1) + 8 (1 — )3 (2 — p2)].  (243)

With this result and taking into account the symmetry of the terms when the integral is com-

puted, we can write the following

iTo o v (P1 P2, 3, pa) 270) 264 (p1 + p2 + p3 + pa) = 211,65, / d*x [ ] s ) X
x6*(q1 — p1)6* (92 — p2)8*(q3 — p3)6* (94 — pa)
_ 216210%55; /d4x€fi(p1+pz+p3+ri4)~x' (2.44)

Then it transforms into the expression

iT0  ap(PL P2, P3, pa) (270)*6* (p1 + pa + p3 + pa) = 26”1756} (21)*3(p1 + p2 + p3 + pa). (2:45)

And finally we have that
Ty, g = 201,760, (2.46)
or which is the same

iT0 v, apys = 2i€ LugysQuv- (2.47)
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Then, the Feynman diagram corresponding to this term is

Z ap

Self-interaction terms

Let’s obtain now the Feynman rules for the self-interaction terms. Like the 4 terms have the

same algebraic structure we can write them in a general form as follows

A
LD E (BAKTOAKeOBee) (BmﬁomrsTBST)/ (2.48)
where the operator Oyxeg stands for 1u,s, Xapys, (MM )apys and (S*)ap,s. Here, the 4-points

function is given by

T8 wpos, wvor (PL P2, P3, pa) (270)*6* (1 + p2 + p3 + pa) = i(271)'° (2.49)
" 5T
OB* t(p1)dBY(p2)dBM *(p3)0Bys(pa)

4 4
= (271)16/\ d’x Hd4 —i(1+2q3+4a) X
=1 27-[ 16 .

5*[(BM *(ql)OAkeeBee(qz)) (B"" "(93)Oyrer B (44))]
OB ¥ (p1)dB7°(p2)dBH ¥ (p3)dBps(pa) '

X

Now, determining the functional derivatives

(B (41)OnseoB (32)) (B *(32)Oyrec B (44))] _ 250)
6B*P ¥ (p1)dB7 (p2)dBM *(p3)dBps(pa)

[O1poOuprsd* (g1 — p3)6* (92 — pa)6* (43 — p1)6* (44 — p2)

+OuppoOpvys8* (41 — p1)6* (92 — pa)6* (94 — p2)8* (g3 — p3)

+040160apor6” (92 — p2)8* (q1 — p3)8* (45 — p1))8* (94 — pa)

+Oupy6Opupod* (g1 — p1)6* (92 — p2)6* (45 — P3)54(q4 —pa)],

computing the integral over g; with the symmetry of the exponential and then integrating over
p g g qi y y p g g

x we finally obtain
ZIﬂO «Byd, ywpoe — iA(OtX,BW(SO;u/pU + Oa/}paOyv'y(S)- (251)
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Then we can write a Feynman rule for each term in the following way

lrg aByd, pvpo (1) — i (11%/3’)«51,141/(70 + 10(,3‘0(71‘;11/75)/ (2.52)

irg aBys, pvpo (2) — iA2 (Xucﬁ’y(SXVVpU + szﬁptr?(yv'yé)z (2.53)

irg aByé, pvpo (3) = iA3 (Mzg'yé(MK)\)HVPU + Mzgpa(MK/\)HV’W)I (2'54)

irg aBys, nvpo (4) i)‘4(5§g'y(5(SK)\)HVPU + Sggpa(sﬁt)}ﬂ/’y&)/ (2.55)

and the Feynman diagram for all of them has the form

Y6 p

po- Hv

The Feynman rules for this model can be summarized as follows
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1av
Qq;i ]

D v s = A (D)

ilapys
M 4 . " = e

p1, ap
(I1I) 1 { = —ie[Tywpy — Toupilapys
p2, Yo
Z ap
(Iv) >< = 2ie’gyy lupys
v Y6

0
= i{)\l( uzﬁ'y(i]-;wptf + 1txﬁp(71y1/7(5)
+A2(XapyoXuvpo + XappoXpvys)
FAS[MEL, 5 (M) puper + Mo (M) ]
+A4[S355(Ska) uvpe + S (Skr D]}

V)

po
Here we have changed the subscript of the momenta. The momentum p3 is substituted by p»
and p; by ps.

nv

2.2 Renormalization

In this section, we analyze the renormalization properties of the model at one-loop level, study-
ing the UV divergent parts of all the potentially divergent vertex functions. In this work, we
use dimensional regularization with d = 4 — 2¢ and the naive prescription for the chirality
operator x

(x, M"] =0, {x, "} =0. (2.56)

This approach does not lead to inconsistencies as x appears in pairs for all the processes in-
volved. The subtraction scheme used in the study is the minimal subtraction (MS) one.

2.2.1 Counterterms

Taking eq.(2.5) as the bare Lagrangian, with all bare quantities denoted by a 0 subscript, its
parameters are the tensor mass my, the tensor charge ¢y and the gyromagnetic factor go. Then
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it can be written as
Lo = —SF"Ey,, +0"B"9,B 2(BSPY'B 257
0o — _Zo O;u/+ 0 HOuc,B_m0<0) OapB ( )
. +
_ZEOAg[BgﬁJr(TOw)aﬁWaVBg& - (aVBgﬁJr)(TOvy)aﬁv&Bg(S] + e%AgAOuBgﬁ Boug
A t t Aoz Lapt 5 t
+%(Bgﬁ TapysBY) (BY "uvpeBY) + T(Bg‘ﬁ XeprsBL) (BY X yupo BY)
Aos t 5 + B
50 (BT (M )y BY ™) (BT (M) BY™)
Ao t 5 t s
+7(Bglﬁl (Sw)ﬂflﬁl’hfslBgl 1)(3842/32 (SW)DCzﬁz“Yszngz ?).
The renormalized fields are related to the bare ones through
1 1
At =z2ah, B =7, 7BYP, (2.58)
and therefore : :
Al =z2Al, B =ZIBF. (2.59)
Then, the first term of the Lagrangian can be written as
W= Ly pp (2.60)
0o — _1 14r Fruv- .
And with some modifications it can be obtained
(1) 1 [ 1 uv
£O :_1Fr Pryv_i(zl_].)Fr FT]'{VI (2.61)
defining 6, = Z; — 1, the previous expression becomes
1 1
£y) = —3H" F — 70H" Frp. (2.62)
The second term of the Lagrangian is equivalent to
@) upt 2115, it
Ly = 220"B;" 0By op —mi} 5 Z5(B}") B op. (2.63)
r
With some modifications we get
£ = 3"B¥9,B, .5 — m2(BiP) B up (2.64)
+(Za — 1) B8, B, o — m2(Zin — 1) (BF)1B, 4,
and finally this expression becomes
L = BP9, B, s — m2(ByF) B, o (2.65)

+02[0"BiF9, B, ap — m2(BF) B, ap] — 5um2(BiP) By g,

where 6y = Zo — 1,8, = Zym — Zo and Z,, = %ﬁzz.
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The third term can be expressed as

/3(()3) = —160 ZZZzAV BP (TOyV)a,B'y&aVB;’w - (aVB$ﬁ+)(T0vy)ucﬁ'y(SB25]/ (2.66)

now taking Z, = {77 2 Z» this formula becomes

£ = —ie,Z, A¥ B (Ty,0) 59" BY — (3"BEP") (Toup)apys BY)- (2.67)
We have defined that
(Tow)apys = guvlapys = i80(Myuw)apye, (2.68)
and
(T0vy)aﬁ76 = gvylaﬁw - igo(ny)aﬁw = gyvlaﬁfyé + igO(Myv)aﬁnyé- (2.69)

Therefore it can be written
_ . 80 _ . 80
(Tryv>aﬁ'y§ - gyvlaﬁ'yé - ZgrE(Myv)aﬁyér (Trvy)fxﬁ’yé - gyvlaﬁfyé + lgrg(Myv)aﬁyé- (2-70)
r r
With this we can write eq.(2.67) as

£ = —ie,Z, A B g1 1uprs9'BY — (3" BT g lupysBY’] 2.71)
—ierze‘?Af[B?‘w(—igr)(Myv)aﬁvéavB75 — (3By*")(igr) (Myn ) aprs BY°],
5

defining Ze; = £Z.

£y = —ieZo AL B g lupysd” BY — (8"BrP")guulupys BT (2.72)
—ie; Zog AL [BIPT(—igy) (My ) apysd'BY® — (9"BP") (i) (Myy ) apys BT -

Now making a small modification

LY = —ie, Al B 405,50 B — (9VBFT) g 10505 BT) (2.73)
—ie;(Ze — 1) AV B g 10py50” B — (8 BrF) gl apys BT
—ie, AV [BY"" (=igr) (M )apysd" B — (3'B/")(igr) (My)aprs B’
—iey(Zeg — 1) AL (B (—igr) (M Japrsd” BY — (3"BrP") (igr) (Myw)aprsB°).

Defining also é, = Z, — 1, the above expression becomes

563) = _ery[ 2Pt (g;u/ apys — Zgr(MyV%cﬁ'ycS)avB;ﬂs - (aVB$ﬁ+)(gVV1a575 + (ig‘r)(MVV)a,BW)B;’WS]
—1erc5 A [B gVV alg,y(saVB;ws — (BVBfﬁJr)gW ,Xﬁzyg;B,y&]
—ier(Zeg — 1) AL B (—igy) (M )apyo® B — (3"BFP")(ig,) (Myu)aproBY°],  (274)
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then, with one final modification the expression becomes

LY = —ie AL BN (Typ)apys0"BY — (8B )(Trup)aprs) BT’ (2.75)
—ier e AL By Ty ) g0 BY® — (3"BrP ) Ty )apya B’
_ler(segAM [anﬁJr (_igr) (Myv)zx‘B'y(SavB;y{s - (angﬁ-r) (igr) (Myv)a‘B'y&B;Y&]/

where have been defined 6,y = Z,; — Z, and Z,¢, = %Ze.

The fourth term of the Lagrangian can be rewritten as

iV = e 2zlzzA KA, uBP By = lezA F'AvuBP'Byap, (2.76)
T’

now defining Z,, = o Z1Z2 and with some modifications the above expression becomes

L = 214 2o —1)A'ABP B, (2.77)
= AV A B B + 2(Zey — 1) AV A, B B, o,
and defining 6, = Z,» — 1 we finally have
Ll = 2AIA, BB, g + 6062 Al Ay y BB, op. (2.78)

Now using eq.(2.59) we can write the self-interacting terms of the Lagrangian as follows

A .
‘C((Jls)z ﬂZZ(BmﬁJr vc,B'yo"B;w)(BfV-]‘lyvpanU), (2.79)

and with some modifications this term becomes

An At
ﬁ(()ls)i = 7(Ba‘8+1txﬁ'y(5B,y(s)(BMV+1yvaBpU) + 75/\1(B“ﬁ+

5 LapraBI") (B 1upe BYY).  (2.80)

Similarly for the other three terms we have that

A A
£5% = 2 (B Xapro Bl (BY" XppoBE) + 2 610(BYF  xaprs BT ) (B o BE), (28D)
A +
E(()?)s)i = 773 (Bfrxlﬁl (MW)M}%WM] B;y151 ) (Bgzﬁz t (MW)vtzﬁz'yz&z BJZ(SZ)
A
+ 55200 (BT (M) BT ) (B (M Jasprrasn BIP™), - (282)
and
4 Arg + s t 5
L(() 31' = Tr (Bf]ﬂ] (Syv)ﬂéﬁl’h(ﬁ B;h 1) (szﬁz (Slﬂ/)wzﬁﬂﬁzB;yz 2)
A
+7r45)\4 (Bglﬁl ! (Sw/)“lﬁl’h 3 B%b‘l ) (Bflﬁz ' (SIW)DQﬁz’Yz(sz B'ryzéz )' (2‘83)

2
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where (5/\] = ZAj —1land Z/\]' = %Zzz.

Then, with all these new terms it is convenient to split the Lagrangian as the sum of two terms
Lo= L+ L, (2.84)

where the first piece is the renormalized Lagrangian, and has the same structure as eq.(2.5)

1 nv 1
'Cr = _ZLFV Fr;w_E

_ierAﬁ [Bf'(m (Tr yv)ocﬁ'yéaVB;w - (aUB?'B-r) (Trvy)zx‘B'y&)B'rw]

A

+ 2 AL Ay B Brag + 2 (B 1o BT) (B 1o BYY)
A

+7r2 (Bffﬁ Jant,By(SBlrw) (Biw +X;tvpang)

A -
_|_7r3 (B:élﬁl +(MW)0¢1/51’7151 B;’h&] ) (BfZﬁz ' (M%V)ﬂ2ﬁ27252 B;Yzbz)

)\74

+7(B$1ﬁ1 +(Sﬂv)lx1ﬁ1'¥151 B;Ylél ) (szﬁz +(SVV)0ézﬁ2'Yz(52B;Y252)f

(04 A})? + 9"ByP79,B, o — m2(ByP) B, o (2.85)

vt

and the second one contains the relevant counterterms

1
Lo = —(0FH Fu+ 52[0"BrP19, B, o5 — m2 (B ) B, op] — 5um2(ByP) B, o

_ier(seAlrl [B?ﬂ-]- (Tr yv)aﬁyéavB;ﬂs - (aVB?ﬁJr) (Tr Vy)aﬁ'yéB;ﬂs]

—ie; 00 AL BT (—igr) (Myy)apysd' BY® — (3"BrP") (i) (My )aprsBY’]
5 2 AU xpt An apt Yo uvt oo
+ eZErArAryBr Braﬁ"’Té)\l(Br 10(/575Br )(Br 1;41/p(7Br )
A
+7r2‘5A2(B$ﬁ+X:xﬁ75B;ﬂs)(Bﬁw-l-XprUva)
A
2
Ar
2

+ 5A3(B$1ﬁ1 ! (Mw)txlﬁl’h& Br%él ) <B$2ﬁ2 ' (Mﬂv)txzﬁz’héz Brwéz)

+ 5)\4(3?151+(Sw)0é1ﬁ17151B;h§1)(BfZBZ+<SHV)0<2527252B;Y252>/ (2.86)
where we have used the following definitions

nh=272-1, 0 =7,—1, Om = 2y — 2>, 0o =2, —1,

4 (2.87)
5eg = Zeg — Ze, 02 =Ze2 — 1, 5)\]' = Z/\j -1, &r =7y Co,
and
2 2
_ Mg _ €3 — &0 _ _ Mo
I = m—%ZQ, Ze = e—er 2o, Zeg = ;Ze, Zep = 2Z1Z2 ANIE /\ferZ . (2.88)

2.2.2 Determining the Feynman rules for the counterterms

The Feynman rules for the counterterms are very similar to the rules for the bare Lagrangian.
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For the first term of the Lagrangian (2.86)

LD —icle;‘”P, s (2.89)
the 2-points function reads
Ty (4, =) = =01 (48 — 4ua1]. (2.90)
Then, the propagator is
N (q) = T3, (g, —q) = —i61 (478w — quav]- (291)

And the Feynman diagram for this one is depicted by

1/'\/\/\/\/.'\/\/\/\r]/l

q
For the second term
Let D 62(9" BP9, B, 0 — m2(BrP) Brag) — 6mm2(BiP) B, ap, (2.92)
the 2-points function reads
T3 apys (P, —p) = [02(p* — M%) — 6 ups, (2.93)
and the propagator is
A(p) = iT5 upys(p, —p) = il62(p* — m?) — Sum®]Lagys. (2.94)

With the Feynman diagram given by

v6 ——o—— uff

P
For the third term of the Lagrangian
Lt D —ieSe AL B (T 1) aprs0” B — (8 BEPT) (T u)aprs BT, (2.95)
the 3-points function reads
ITS u apys = —iey0[(Ty w)aﬁvépg - PE(TNH)WW]- (2.96)

For the fourth one

Let D —ie0eg AL B (=igr) (M )apysd” B — (3B (igr) (M )aprsBY', (297)
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the 3-points function is given by

iI’g , afys = —iereg[(—i8r) (Muv) apysPs — P2(igr) (Muv)apys)- (2.98)

And the Feynman diagram for these two last terms is then represented by

B
H
)
For the fifth term
Let D 6002 Al A, B B, o, (2.99)
the 4-points function reads
irg uv,apys — 2ie$5621aﬁ'y§gyv- (2.100)
And the Feynman diagram for this term is
H B
v )

The Feynman rules for the self-interaction terms are exactly the same as for these terms in the
bare Lagrangian except for the multiplication of the constants J,;. Then they are given by

irg aByd, wvpo (1) — iAnda (104/8751;11/;10 + 1a,8p01yv'y(5)/ (2.10])
ZT% apys, pupo (2) — iAr20)2 (Xaﬁ'yé?(yvpa + erﬁpa)(yv'yé)z (2.102)
lTé aByé, pvpo (3) = i/\r35/\3(M§‘/B\75(MK)\)HVPU + MZ‘[ASpa(MK/\)yv'y&)r (2-103)

iy apyd, pvpo (4) i)‘r45A4(S§/§75(SKA)WW + Sg?&pa(sxﬁﬂvw)r (2.104)
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and the Feynman diagram for all of them is

Yo af

po uv

The Feynman rules for the counterterms can be summarized as follows

(VI) v ANNANNANANBNANANNANN- ‘u = _151 [ngyv - 5];4%/]
q
VID 46—~ o ap = i[02(p* — m?) — omm?Lapys

p1, ap
(VIII) = —iebe[Tyvp3 — Tuupylupyo
—eg0eg (P + Py) (M) apys
p2, Yo
ap
: >< = 2ie*alapagun
v '}/5

Yo af

= i{)\lé)xl( aﬁ'y&lyvpa + 1aﬁp01yv76)
+A2002 (X Bys Xuvoo T+ Xaﬁp(r?(ywo)
+/\3(5A3[ aﬁ75< KA uvpo + M(Xﬁpg<MK/\)]/lV’)/5]
[S

+/\45A4 a’gnﬂs( KA)yva + SZf;‘pg(Sm)va]}

X)

po pv

Here we have also made the changes expressed for the Feynman rules of the model.
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Chapter 3

Simplified model of self-interactions

In this Chapter we will carry out the renormalization of a simplified model where only the

self-interaction terms are considered.

It is important to remark that all the calculations of this Chapter and the ones of Chapter 4 are
going to be developed using the package FeynCalc [66, 67] of the software Wolfram Mathe-
matica and that we are working in d = 4 — 2e dimensions. Then, the renormalized parameters

must be scaled according to
er — ‘ueei’l gr — gr, /\Vl — Vze)Lrl‘, mr — mr, (31)

where y is the arbitrary scale introduced by dimensional regularization. In what follows, we

will omit the r subscript for the renormalized parameters.

3.1 Presentation of the terms

We are going to work with a part of the total Lagrangian, which is given by

A
Ls = 0"B*"9,B,s — m*(B*F) Bys + = 5 (B *1,5,5B7°) (B 1,000 B (3.2)

A

(B9 B19) (B ) 22 (BP9 11,5 B7) (B (M ) B7)
A R

+74 (Balﬁl +(Sw/)t¥1ﬁ17151 Bt ) (thzﬁz +(SI¢V)0£2,327252B72(S2) + 62 [aVBalﬁaﬂBaﬁ - mz(BaﬁyBaﬁ}

A
—3m2(BY) Byp + 715A1(B“ﬁ+1a,375B75)(B””lwprP”)
A
+72(5/\2(Ba'3+7(1x‘5'y§B75)(BVV+X‘14VpaBPU)
+22 > (5/\3(311151 (M” )Mﬁw (5137151)(Bﬂézﬁz’f(MW)“zﬁﬂzozB“rz 2)

+—= > (5/\4(Bﬂqﬁ1 (Syv)alﬂl’hfSlB%&l)(BazﬁzJr(SHV)thﬁz’YszzB’YZ(SZ)/

and the Feynman rules for these terms can be summarized as follows
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Yo - ap = pzl—ll:vf;j—is
P
g ap
= i{)\ ( oz,l%’y&lyvpa + 1zxﬁp01;w75)
+A2 (Xucﬁ*yt)?(yvpa + Xaﬁpa)(yvyé)
+A3[M ,x,g%;( Micr) pvpo + M,xﬁpg(Mm)ww]
+/\4[ “’375( KA)yva + Saﬁpg(sx)\)yv'y&]}
po H
v — @ ap = i[02(p* — m?) — Swm?|1upas
P
7o ap
= i{)\lfs)xl( aﬁydlyvpa + 1a/3p(71;w'y(5)
+A2002(Xapys Xuvpr + XapooXyivys)
+A3003[M ocﬁW( MicA) ppor + M(xﬁpg<MK/\)yV75]
‘|‘/\452\4[ aﬁn,zs( KA)w/pa + SaﬁpU(SKA)VV75]}
oo v

3.2 Tensor self-energy

In this model we have to calculate one correction for the tensor self-energy at one-loop order.
This one is given by

po I Hv
Yo > 5 ap
And its amplitude is given by
: 2 11 p pv
iSps(P)s = / (2771)‘”2—72 M (Lol ™ + 145" Luns) (3.3)

A
+/\2(szﬁ757(;w + X,Xﬁ Xpu/'yé) + /\3(Ma‘37(5(M )VV M “ﬁHV(MK/\)WM;)
+/\4(5a5w(5 M+ s aﬁw(sm)ywa)]-

The divergent part of this amplitude reads

. . 7A1 4+ Ay 4+ 8Az + 1244
—iZigs(p)s = | —im*{ Tor2e H Lapae: (34)

The counterterm is

v6 ——o—— aff
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with an amplitude
- izaﬁyé(p)s ct = 1[52(192 - mZ) - §mm2]1aﬁ7§- (35)

Then the counterterms that cancel the UV divergence are given by

B 7A1+ Ay 4+ 8A3 + 124

02 =0, Om = 1672€

3.3 TTTT vertex

In this particular case we have to calculate three corrections (s, t and u channels) for the TTTT
vertex. The name of these channels comes from the Mandelstam variables. These variables are
numerical quantities that encode the energy, momentum, and angles of particles in scattering

processes. They are used for scattering processes of two particles to two particles and are

defined as
s=(p1+p2)* = (p3+pa)’ (3.7)
t=(p1—ps)* = (ps—p2)>, (3.8)
u=(p1—ps)* = (ps— p2)’, (3.9)

where p; and p;, are the four-momenta of the incoming particles and p3 and p4 are the four-
momenta of the outgoing particles. The s-channel, t-channel, u-channel represent different
Feynman diagrams or different possible scattering events.

For example, the s-channel corresponds to the process where the incoming particles 1 and
2 joining into an intermediate particle that later splits into particles 3 and 4. The t-channel
represents the process in which the particle 1 emits the intermediate particle and becomes the
final particle 3, while the particle 2 absorbs the intermediate particle and becomes 4. The u-
channel is the t-channel but particle 1 becomes 4 and particle 2 becomes 3.

The one-loop correction for the s-channel is given by

p3, o3B3 p1, 151

I+ p1+p2
P4, %4P4 p2, x22

and its amplitude is

di
ZA“1ﬁ1“2ﬁ2“3,33044,B451 =M ‘ / Wl[)‘l(lﬂéﬁlw%lazﬁz’m& + 1061,3174541042;52”/353)

A
+A2 (X“1517353X“2/32’Y454 + X“1ﬁ174547(0¢2/327353) + A3(M21ﬁ173§3 (MK/\)“Z,BZ'M&;
+M§f\ﬁ1'y4(54 (MK/\)oézﬁ27353) + Ay (Sz\ﬁlw@ (SK/\)M,BZ’M&L + ng\ﬁlm& (SK)\>1X2!32%53 )]
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1173%mo 7
[ 12— m2 } Z[A1(17151063l331’7252064ﬁ4 + 171(51%4[5417252013[33) + /\Z(XW151N3[53X72521¥4ﬁ4

A
+X’Y1510¢4ﬁ4x"/2520t3!33> + /\3(M7151¢x3ﬁ3 (MK)\>72521X4[34 + M§151a4ﬁ4 (MKA)’)’252063,53)
174047202

p1+p2—1)2—m?

+A4 (Sg?alasm (SK/\)’72520¢4ﬂ4 + Ss/l\éloq/il (SKA)'Yz(btxsﬁs )] ( (3.10)

The correction for the t-channel is given by

p3, a3B3 p1, 2181
i I —p3s+p1
P4, 04P4 p2, %282

with an amplitude

at
. 2 .
ZA“151“2ﬁ2“3ﬁ3“4,34 s2 = H 8/ dl[A1(1a1ﬁ1“3ﬁ3171517454 + 1“1/31745417151063/33)

+A2 (X“lﬁ10‘3,33x'71517454 + XW1,517454X’71510¢3[33) + A3 (Ma1ﬁ1a3[33 (MK/\)’7151’Y4(54

+Mo¢1/31'y454 (MK/\)71510¢3ﬁ3) + /\4(Sa1ﬁ1a3/33 (SK/\)’7151’Y454 + Salﬁl'y4§4 (SK)\)’Yl(Sl“aﬁs )]
i173%mo 7
|:122:| Z[A1(17z5273531“2,520¢4ﬂ4 + 172520¢4ﬁ41“2/3273(53) + A2 (X’7252’7353X0¢2ﬂ2044ﬂ4

+X’72520¢454X062132’7353) + /\3(M V2027383 (MK?\)thﬁzw454 + M’;;/z\ézaqm (MK)\)txzﬁz’Ys(Sa)
1174947202

3.11

+/\4(S§2\527353(SKA)a2ﬁ2a4‘34 + 52/2\52“4‘54(510\)042[327353)] (l

And the correction for the u-channel is given by

p3, a3Ps3 pa2, a2
i I —p3+p2

Pa, xaPa p1,a1p1

with amplitude

) air
ZAalﬁ1a2ﬁ2a3ﬁ3a4ﬁ4s3 = ]428 / 7511[)\1(1“252“3/5317151’7454 + 10625274(541’715104353)

+A2 (X“2ﬁ2“3ﬁ37(71517454 + Xazﬁ274§4?(7151u¢3,83) + A3 (Muczﬁzvcgﬂ3 (MK/\)71517454

+M1x2/52'y4¢>4 (MK/\)’h<510¢3/33) + A4(Sa2ﬁza3ﬁ3 (SK)L)’71517454 + Sazﬁz'y4(54 (SK?\)’Y1510¢3ﬁ3 )]
11739371101
[ 12 — } i1 252’73531"‘15104454 + 17252044ﬁ410¢1ﬁ1’7353) + A2 (X72527353XD¢1!310¢454
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A
+X72520¢4l34X'X1ﬁ1W353) + /\3(M'yz(52'ygf53 (MM)ﬂt1l310¢4ﬁ4 + M';;z&zaq/&; (MK/\)OC1/317353)
1174947202

_ p3_|_p2)2 —m2

+/\4(S§i‘(52’y353(SK)L>061/510(4‘B4 + S§§52a4ﬁ4(sk)\)alﬁ1’y3§3)] (l (312)

The divergent part of the TTTT vertex is

D aupracfoesfsnshes = T 612 {11/\2 221 (A + 8A5 + 12A4) + 3(A2% + 16A452)
—8A2Ay +96A4 (A3 + Ay) }( w1 BrasBs Loapoaps T Loy praafa Luapoass)

+5 2 12 {/\2(/\1 +A2) + 215 (A3 — Ag) +6 (A3 — Ay)? }(XalﬁlagﬁsXazﬁzMﬁz;
+XurprasBsXaoponsps) — = 12 {3/\2 Az (A1 4+ A2+ Az) }( 0oy (A aaoass

1
+M“151“4l34 (MKA)“2ﬁ2“3ﬂ3) + 212¢ {A4(A1 473 +2M4) } (Sa1ﬁ1a3[33 (SKA)txzﬁzm;ﬁz;
+Sﬂé1ﬁ1“4,54 (SK)\)Mﬁzszﬁa)' (3.13)

The counterterm for this vertex is given by

p3, a3P3 p1,a1B1
Pa, aPa p2, 222
and its amplitude is
iAfX1ﬁ1042/52063ﬁ30¢4!34 sct — i[/\l‘sftl (1061/310&3/5310¢2ﬁ20€4ﬁ4 + 1061ﬁ1064541042ﬁ20€3ﬁ3) (3.14)

+A2012 (X06151063/33X0¢2521X4/54 + Xﬂélﬁlﬂt4ﬁ4xt’é2ﬁzﬂé3ﬁ3) + A30a3 (Ma1ﬁ1a3ﬁ3 (MK)\)W252064/54
+M0(1ﬁ10(4ﬁ4 (MK)\)‘)‘Z,BZD‘?),BB) + /\45)\4 (Sa151a3[33 (SK/\)DQ,BZ“AlﬁAL + S&é1ﬁ10{4ﬁ4 (SK/\)“Z,BZ“Sﬂ?;)] :

The corresponding counterterms that render the total amplitude finite are given in the MS
scheme by

P S
M T 6m2 A€

—8AxA4 + 964 (A3 + Ag) }

{11A% 4241 (Ag 4 843 4 12A4) + 3(A2% 4 16A3%) (3.15)

A2 = _m{)\z(/\l +A2) + 242 (A3 — Ag) + 6 (A3 — Ag)? } (3.16)
5 :;{3/\2—/\()\ + A2+ 2s) } (3.17)
BT a2 pge U T BV TR AR '
by = _27126{/\1 Sy 2A4}. (3.18)
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3.4 Beta functions

In this section we are going to present the beta functions for the simplified model we have been

analyzing in this chapter.

Summarizing, from the results obtained in eqs.(3.6,3.15,3.16,3.17,3.18) and the definition of the
counterterms in eqs.(2.87,2.88), the relations between the bare and renormalized parameters of

the theory are given by
Moj = 2322y 1% hj,  mb = Zy ' Zym?, (3.19)

the renormalization constants defined in the MS scheme are

ZMS =1 - m;%{lm% 241 (Ag + 8A5 + 12Ay) (3.20)
F3(A02 + 16A32) — 8Aods + 96A4 (A3 + Ag) }

ZMS =1 - 27121)%{}\2()‘1 +A2) + 242 (A = Aa) +6 (As = M)’ }, (3.21)

A 27121}\36{3)&1 — A3 (M1 + Az + A) } (3.22)

ZMS — 1 — ﬁ{)\l —4ds+ 24}, (3.23)

=7+ b =1-

{7/\1 s+ 8A5 + 1244 Y. (3.24)

—

1672%€

From eqs.(3.19-3.24) one can extract the following beta functions' By = ‘ug—z and anomalous

_ MKom

dimensions v, = Tk in the € — 0 limit:

1

Bu=—5 {11A§ + 21 (Ag + 8A3 + 12A4) + 342 + 4812 (3.25)
—8AsAs +96M4 (A3 + Ay) }
1., 2

B = —?{/\24—/\1)\24—2/\2 (A3 —Ag) +6 (A3 — Ay) } (3.26)

1

Brs= {303 = M (M + A2+ 23) }, (3.27)
1

Brs = —;{7\4 (A1 —4A3 +274) }, (3.28)
1

Y = _W{ml Ao+ 845+ 12/\4}. (3.29)

IThe general procedure to determine the beta functions is presented in Appendix B
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Chapter 4

Quantum Electrodynamics

In this Chapter we study the renormalization of the Quantum Electrodynamics of the complete
model using the same tools and conventions' of Chapter 3. Also, there will be determined the

beta functions of the model and some fixed points are going to be presented.

4.1 Vacuum Polarization

In this model there are two diagrams contributing to the vacuum polarization at one-loop order.

Then, we can write

— L1 (q) = —ilT"(g), — 1" (q)2. (41)
The first one is
q:v 1K1
I+q
and its amplitude is given by
it (q)s = [ [ el (1= 0 = Tl 42)
| T = a1+ ¥l [ |

and the second one is

q.v q. ¢

IThese tools and conventions are briefly presented at the beginning of Chapter 3.
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with amplitude
d’l i170%f
; 2 2
— 1" (q)2 = ™ [/ (27()‘1] 2ie" gy lapys [12 — 2] 4.3)
The divergent piece, denoted by —ilT""(g)* is given by
TTHY * .62(2g2_1) 2 v v
— ()" = i—g (078" —q"7"). (4.4)
The counterterm is represented by
v ANNANGNNN~ }/l
q
and its amplitude is
— i1 (q)er = —i61[q° 8w — G- (45)

The divergent piece in eq.(4.4) can be removed in the MS scheme by fixing the counterterm 4,

as 2( ’ )
_ef(2¢°—1
=gz (4.6)

4.2 Tensor self-energy

In the complete model we have to calculate three corrections for this propagator. Then, we can

write

- iz‘ﬂézﬁm(sl (P) = _iztxzﬁz’n(sl (P)l - izvfzﬁz%fSl(p)Z - iz‘a2527151 (P)B' (4.7)

The first contribution is given by the diagram

P, Y161 > - p,a2f2
whose amplitude is
, 2 d’l 1 v v
~iZapya (P = p / =) M apama ™ + 1o, 1

nv

P‘V’Yl51)
+A2 (X“2527151XW "t Xazﬁzvxﬁl/“n&l) + A3( Z?ﬁzvlél (MK/\)IW
+MKA HV(MKA)MV%JJ + A4(SZ;\ﬁ2%51 (SKA);W " + SKA HV(SKA)‘uvylél )] (48)

Dézﬁz “2&2

The second one is

P, Y101 —> > —p, %2
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with an amplitude

. ai .
_12“2,32“7151(p)2 = ,uze [/ W:| le[TP (_Z - p)P - prp]a1517151 (4‘9)

ImY

X {—;2 (g"” +(¢— 1)12>] ie[Tou (—p)° — Tup(I + P) luprras [(Zizjﬁlmz} :

and the third one

P, Y101 > > p, 2B
with an amplitude
. dl . i I*1v
- 12042527151(}7)3 = .u28 [/ (27‘[)’1] Zlezgﬂvla2527151 [_lz (gl/“/ + (‘: - 1)lz>] : (4.10)
The divergent part of this amplitude is given by
. —1
s (1) = gy (M (26087 4+ €20+ TA1 + A2 4 815 + 1204)
~(& = 3)P* laspamar (4.11)
The counterterm is represented by
1161 ——8— arf)
p
and its amplitude is
i2ﬂ2ﬁ27151 (p)Cl‘ = i[52(p2 - mZ) - 5mm2]1ﬂézl32’h5] . (4.12)

Then the values of the counterterms that cancel the UV divergence are then given by

(2 —3)
0 = — 1672 (4.13)
2(2¢% +3) +7A1 + Ap + 83 + 124
(5m:—e(g+ )+ 1+ A2+ 8A3 + 4 (4.14)
167t%¢

4.3 7y vertex

For the vy vertex we have to determine two contributions.

The first correction is
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q2, 4
qs, 0
qi,v
with an amplitude
) 2 ai 1. 0 0
—iMayn = /W ie[ Ty (—1)P — Top(I = 1) )as ity (4.15)
i17252a1/31 ) 1'1’73530‘252
[ 2 _ 2 } Ze[Tpﬂ(_l - qZ)p - Typ(l)p]ﬂczﬁ27z52 [(l T+ 112)2 — mz}
' i111é143pB3
xie[Too (q1 — 1)F = Top (I + 92)° |aspaysss [(l_ql)z_mz] /
and the second one is
Q2,4
qs,0
qi,v
with an amplitude
) 2 ai . 0 0
— Mo = i / 2oyt | LT =) = (1 sy (4.16)

i1%1B17262
X

. i1%2B27303
lz—mz} ze[pr(l)P — TW)(—Z — qz)P]W(szazﬁz [(l—l-qz)z—mz}

. i1%3P3m101
xie[Too (I + q2)° — Top(q1 — D)f | y36505 [(l_ql)z_mz] :

The contribution to the 7y vertex from the diagrams shown above vanishes identically from
the charge conjugation invariance of the theory.

4.4 TTvy vertex

The corrections to the TT+y vertex are given by four diagrams. The first one is

p1, 211
qpu

P2, 7202
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with an amplitude

| a7
—ieT} 5 15 (—P1— P2, p1 p2)1 = [/ (27r)d] ie[Tou(P1)" = Top(=p1 = Dflasprmay

i171014383 ) ) ) 1173030282
X (_Pl — 1)2 — mz] ZE[TpN + pl) - Typ<p2 - l) ]txsﬁs’h& [(l _ P2>2 _ mz]
. i 17V
xie[Too (I = p2)P = Top(p2)Flasprrase [_lz (gw + (¢ — DP)] . (4.18)
The second one is
p1, %181
q K
P2, 7202
with an amplitude
—iel* | (—p— N A PYE 419
061/51’)/2(52 p1 pZ’ pl’ pZ)Z - ‘u (zn)d e g}ll/ uqﬁyyl&l ( . )

17101822 i e IVIoN T .
X [(l—pz)z—mz} [_12 (8 +(¢— DP)] ie[Too (I = p2)° = Top(P2)Flasparacy-

The third one is

p1, 211
q pu

P2, 7202
with an amplitude

. dir .
_ZerZ151’Yz§z<_p1 — P2, P1,P2)3 = VZ {/ (27'£)d] le[Tpa(Pl)p - Tap<—P1 + Z)P]alﬁmél

i1md142p2 5 i vie
X [(l_pl)z_mz] 2ie gy laypy70, |:_lz (g + (¢ — 1)lz>] , (4.20)

and the fourth one is
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p1, 2181

q. ¥

I+pi+p2 p2, 7202

with an amplitude

d]

—ierg‘lﬁm@(—m — P2, P1,P2)4 = HZS [/ W] i[/\1<1“1ﬁ171511062ﬁ32’¥252

+10¢151’Yz521062527151) + Az (XOC1}317151X062,527252 + X“1.317252X042527151)

+/\3(MZ]A‘B]’Y]5] (MK)\>“2ﬁ27252 + MZ?[;] Y202 <MKA)1¥2,527151)

. A i171%143B3
+/\4(Szx1ﬁ171(51 (SK)\)“Z,BZ'YZ§2 + Sl)élﬁl’)/ztsz (SK)\)NZ,BZ’Ylél )] |:(Z)2_n/12:|

117303022 ]

Xie[Tp (—l)p - Typ(l tpit pZ)p]%ﬁa%fss [(l +p1+ PZ)Z — m2

The divergent piece of the one-loop contribution can be written as

(£ —3)

—iel "

(g2 42) + A+ Ay + 1243
48 ( ) 1672€ (Pg + pg)(M.”p>“l/Sl'7252‘

The counterterm is

p1, 211
q pu

P2, 7202

and its amplitude

—ielly 5 05, (=11 = P2, p1,P2) et = —i€0e[Tuophy — TouP!lar ity

_egéeg(pq + Pg) (Mﬂp)ﬂqﬁWz(Sz'
The amplitude of eq.(4.22) is canceled by the corresponding counterterm with

5 — (G -3)
¢ l6m2e ’

A (FH2) A+ 12)
8 1672 '

)

ulﬁl"/zﬁz(_pl — P2, P1, PZ) =i [ 16772¢ ] [Tﬂppg - Tpﬂpfl)]alﬁwﬁz

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)
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4.5 TTyy vertex

There are 12 diagrams contributing to the TT~y vertex at one-loop.

The first one is given by

ql’ y’\/\,\/\/\/\/\/\/\/\ P]z“l,Bl
1%

q2, M P2, 7262

with an amplitude

] a1 7. i17m1d143p3
T = [ / (2n)d] e[~ Tupl®lasgrr [12 — } (4.26)
) 117393044
><1€[Tp (=DFf — T;{plp]ﬂt3ﬁ3’)'353 [lz—mz}
) 17404022
xie[Tou (=1)F = Tyl lapyyas, [lz_mz]
. 0 i s e
xze[TPT(_l) ]062,327252 2 g+ (‘: - 1)172 .
The second correction is given by
5/2,1/M p1, 1B
A
q1, M P2, 7202
and its amplitude is
. di . i1maasps
T = [ / (Zn)d] e[~ Tupl®laspr [12 o } (4.27)
) i1739304pa
Xie[Toy (—1)F — Typlf|as 730, [lz—mz]

. 17404222
XZE[TPH(_DP - Tﬂplp]vc4ﬁ4’)’454 |:12_n12:|

xie| Tyr (—1)°asprraty {_lz (g” +(& - 1>ZZT>] '

The third diagram is represented by
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p1, 211
qi, p
q2,V
P2, 7202
with an amplitude
) 441 ) 1171912383
T = [ / W] e[~ Tupl®lasgr [lz—mz} (4.28)
' 173930252
xzzezglﬂ/lﬂéaﬁﬂa% [lz—mz}
. e i . 1917
Xze[TP <_ ) ]a2ﬁ2’7252 _ﬁ g + (é_ 1>ZT .
The fourth one is
qi, m p1, 211
g2,V p2, 7202
and its amplitude
dil 17101022
. 2 )
ngrﬁl72524 = y € |:/ (27—[)d:| 218 g,W71061,31’Yl51 |:12_n/12:| (429)

. i 7]
X21€2g1/1’1:x2/52'yz§z [_lz (g” + (¢ — 1)12” .

The fifth correction is given by

g2,V p1,&1P1

qi, 1 P2, 7202
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with an amplitude

. at . i1mo%102p2
er:ﬁWz&ﬁ — yZe [/ (27t)d} Zlezgualalﬁl'y]&l [lz—mz] (4.30)
. 5 i ot 1717
x2ie gﬂTllxzﬁz’ntb _ﬁ g + (g - 1)172 .
The sixth one is
qi, p p1, 181
g2,V P2, 7202
with an amplitude
. dil ) 17101033
Zrzrﬁyyz&zﬁ = ,1128 |:/ (27.[)11:| 21628‘”01“1'317151 [12_;112:| (431)
) 117393222
xie[Tpy (—1)F — Tvplp]a3ﬁ3’y3(53 [P—mz]
. 0 i ot 1717
XZE[TP (_Z) ]“252’7252 2 § + (‘: - 1)172 :
The seventh correction is given by
g2,V p1,a1B1
qi, m P2, 7202
with amplitude
. at ) i17m%143p3
ngrﬁwz&ﬂ - yZe [/ (ZH)d} 2Ze2guala1‘31'y1(51 [lz—mz] (4.32)

' 1173930252
xie[Tou(—1)° — Tupl®|aspsyats [P—mz}

i

e Ty (1) s | 2 (87 + €= 1) )]

The eighth contribution is
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qi, 1 p1, 211

g2, v P2, 7202

and its amplitude is given by

. dil . i1710183B3
. 1173930282
Xle[Tp.”(_l)p - Typlp]a3ﬁ3’)/353 |:lz—7’}’12:|
) T - 1717
lee gl/T]-Dczﬂz’)/ztsz _17 g + (g - 1)172 .
The ninth one is
12,V p1,01B1
1 # p2, '}’252
and its amplitude
dl 1171919383
THV .2 .
lra1ﬁ172§29 - I/l £ |:/ (277:>d:| le[_Taplp]alﬁl'ylél |:lz_"12:| (4.34)

' 173930252
xie[Toy (—=1)" = Typllaspyyass [lz_mz]

. i 71T
XZlezg#Tlﬂzﬁz’Yﬁz [_12 (gm + (¢ - 1>12>] .

The tenth correction is given by

M p1, %181

G2,V P2, 7202
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with an amplitude

nv

d]
. 2 .
Zrtxlﬁlmz 10~ H ‘ [/ (27r)d} Z[Al(lalﬁwﬁllazﬂﬂzh + 104151725210621327151) (4.35)

A
+A2 (X“151’7151X0¢2527252 + Xﬂélﬁl’hfbxwzﬁz%tﬁ) + )‘3( Zlﬁnlél (MK)\)“2527252

+M§f\‘31’)/252 (MK)\)“ZﬁZ'Ylél ) + A4 (Szf\ﬁl'}q(sl (SK)\)’XZ,BZ'YZ§2 + SZ;\ﬁl’n(Sz (SK)\)“2,B27151 )]

i1mhesps] i173%3%4Pa
X [ 2 _m2 } ie[Top(—=1)° — Tupl®laspsysts [lz_mz}

) 17401022
xie[Tou (=1)f = Typl]aypyyay [lz_mz] :
The eleventh one is given by
12,V ; p1, 2161
l
! 5
qi, 4 P2, 7202
with an amplitude
—ry 2 ai 7.
Zralﬁl'yzéz 1n=H / W l[/\l(1041ﬁ1“/1511“252’7252 + 1061l51“rz(521062,52“r151) (4.36)

A
+A2 (Xa1ﬁ17151X“2ﬁ27252 + X“1,317252X0¢252’h(51) + A3(M21ﬁ17151 (MK)\)ﬂtz,Bz’Yzf&

+M§f\‘31’)/2§2 (MK)\>D‘2,B2')/151) + /\4< Zf\ﬁlmél (SK)\>0C2,B2')/252 + SZ?ﬁf}'z&z (SK/\)IXZﬁZrYl‘sl )]

i1moesps ] 17393044
X [lz—mz} ie[Tou (=1) = TyplPlus sty [lz_mz]
] 117404022
Xle[pr(_l)p — Typlp]ﬂé4ﬁ4')/4§4 |:lz—ﬂ’12:| .
The twelfth diagram is
1 H p1, 2161
g2,V ! P2, 7202
and its amplitude
UV 2¢ ddl .
Zra1ﬁ172(52 2=H / (27-[)d Z[A1(1“1ﬁ171(511042ﬁ27252 + 1061,5172521062ﬁ27151) (4.37)

A
+A2 (Xa1ﬁ1’71517f“2527252 + X“1ﬁ17252X“2ﬁ27151> + /\3<M§1ﬁ17151 (MK)L>0¢21327252

+M§?517252 (MK)‘)“ZﬁZ’YlfSl) + )\4(SZ\,3171(51 (SK?\)Wzﬁﬂszz + 52?517252 (SK/\)oczﬁz’7151)]
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i1mdasBs ] ) 117393222
[ 2 _ 2 } 2ie"guvluspaysss [ 2 — 2 ] :

The corresponding divergent piece of the one-loop correction is

2(x _
ile*VV '62 |:€ (‘: 3)

apys — L

M%}“WW” (4.38)

The counterterm is given by

71, ¥ p1, 2181
2,V P2, 7202
with an amplitude
irzrﬁfhfsz ot = 2i625921“1ﬁ1’)’252g141/‘ (4.39)

As anticipated from the Ward-Takahashi identities, the full TT-yy vertex becomes finite with J,»
given by eq.(4.24).

@:@:—f@iﬁ (4.40)

4.6 yyyy vertex

The one-loop correction to the 7y vertex involves 21 diagrams. It is important to point out
that there are 9 diagrams obtained from diagrams 1 — 9 reversing the arrow direction in the
loop. Their amplitudes are denoted by a prime.

The first correction is given by

‘13/}4 ¢71/lx

q4’ v QZ/ ,B
with an amplitude

. ai .
_lec,B;u/l = ‘uZS [/ (27‘C)d:| le[TP (_l)p - T“Plp]a1517151 (4'41)
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i11é1a2p2
[ZZ_mZ
117202033 .5 1173930181

X [lz_mQ] 2ie gVﬁlf’fsﬁs’Ys% [ 12 —m2 ] ’

] ie[TP <_l>p - TVPZP]D(zﬂz’Yﬁz

and

. ai 1.
_ZMa,Byvl’ = ‘u2€ |:/ (27‘[)‘1:| Ze[TPDélp - T“P(_l)p]7151061/51

i1*p1rds ] ) 1143837202
X [12—1712] 2ie"8uplys6503p5 [lZ—mZ]

' i1%2P271161
XZe[TPHZP - TPIP(_Z)p]Vﬁzﬂézﬁz [ 12 — m2 ] :
The correction number 2 is given by

‘13/}4 qz,lB

q4,V qi1,«

and its amplitude

, . a7 .
_lMaﬁyVZ = Vz |:/ W] Ze[Tp (_Z)p - Tﬁplp]vqﬁl’hfh

11711912282 ‘
X [ 2 — 2 ] ie[Tou(—1)" = TuplPlas o120,

i1720203B37 ) i173%301P1
[ 12— m2 ] 2ie”Gualuspyyass [ 12— m2 } ’

and

. c dil 7.
—iMapu = Vz [/ (27‘[)‘1] le[TPﬁlp - TﬁP(_l)p]’Yl510¢151

i1%1P17303 5 i1%3P371202
[ 12 — 2 ] 2ie gml“r353“3ﬁ3 [ 12— 2 }

‘ i1%2B27111
XZE[TPHZ‘D - Typ(_l)p]7252“2ﬁ2 |:l2—1’l”12:| ’

The number 3 is

(4.42)

(4.43)

(4.44)
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CI3/ ,u fh/ 4
qa, v q2, B
with an amplitude
dil i1mo1%2p2
. 2 )
_ZM“.B.”V:” - ]’l ‘ |:/ (27T)d:| 216 gﬂalalﬁl’yl§1 |: 12 _ mz :| (445)
_ 117202233
XZE[TPV(_Z)p - Typlp]azﬁQ’)/z(sZ |:lz—ﬂ’12:|
' i173%301 1
XZE[T‘D (—Z)p — Tvplp]p(3ﬁ3’)/353 |:12_n12:| 7
and
, 441 ‘ i1%1P17303
_1Mﬂlﬁ]/ll/3/ = ],[28 |:/ (Zﬂ)d:| 2162g‘30(171(51061/51 |:12_n12:| (4:.4:6)
' i1%3P371202
xie[ToulP — Typ(—1)F] 2050385 [lz—mz}
‘ i1%2B27161
xie[Toul® — Tup(—=1)"]5,600., [W] .
The diagram number 4 is represented by
qs, ¢ qi, &
q4’ 4 q2/ ,3
with amplitude
) dd] ) i1m%%2pa
— i Mopua = 4% { / (Zn)d] 216 Gy Layprmes [12 — } (4.47)

. 17202033
Xle[TP (_l)p - TVPlp]azﬁz’Yth { 12 — m2 ]

’ 1173030151
Xle[Tp (=1)f — Tﬁplp]%ﬁwy% [ZZ_mZ} !
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and
| 4] ' i1%1P17303
_lMa[Syv4’ _ ‘MZS [/ (27T)d] 21@2g,x;41y151a1/31 [12_7”2}
’ i1%3B37202
xie[Tpplf — Tpo(—1)°|ys650385 [lz—mz}
‘ i1%2B21161
xie[Toul? — Tup(—1)F 16002, [ZZ—mZ] :
The number 5 is given by
g, 72, B
qa,v &
with an amplitude
41 i171010282
. _ 2 02
_1./\/10(/5}“/5 =y [/ W:| 2ie"gpulaypryio [12—7712]
' i1720203P3
xie[Toy(—1)F — Typlf)ay 8,720, [ZZ—mZ}
. i173%01P1
Xle[Tp (—l)p - Taplp]ﬂ3l337353 [ZZ_mZ] ’
and
| 441 ' i1%1P17303
—iMapuys = 7"28 [/ (27T)d} 2162gﬁ%1%6mﬁl [lz_mz]
. i1%3P37202
xie[Toal® — Tup(—1)°] 3650385 [12_7,12}
‘ i1%2B27101
Xle[prl‘D - Tvp(_l)p]”rzfsz‘XZﬁZ |:12_mZ:| ’
The contribution number 6 is given by
03 11 qi1,«

qa, v 92 P

(4.48)

(4.49)

(4.50)
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with an amplitude

. ai .
_IM’".BIW(’ = ‘u2£ [/ (271')d:| le[TP (_Z)P - T“Plp]a1517151 (4.51)
iimamp] 17202a3P3
X [ 2 _ 2 ] 2ie"8yvlasry20, [ 22— 2 }

‘ 1173930181
xie[Top(—1)F — Tgpllaspsy305 { ]’

2 — 2
and
. a1
—iMapg = 1 [ / W} ie[Toal® — Tup(—1)F ] 500p: (4.52)

i1*P173ds ]
X [ 12 — m2 ] le[TPﬁlp B Tﬁp(_l)p]'y353a3/33

i143B372027 ) i1%2B2md
X [ 12 — m2 ] 2ie gHVl’Yz5zazﬁz [ 12 — m2 } :
The number 7 is

QB/H ql/lx

d M’\/\N\N -

2, B
with amplitude
. 2 atl . 1P 0
—lMtx,Byv7 = U W ze[Tp (— ) — Tucp ]“1,51')’151 (453)
i1md1aafa 117202033
|: 12 — mz :| Ze[TPV(_l)p - Tuplp]uczﬁzvz& |: lz - mz :|
. i17303%4P4
xie[Tou(—1)P = TyplPuspss0s [lz_mz}
' 174040151
xie[Top(—1) — Tpol)aypyass [lz_mz] /
and
. 2 at . 0 o
_ZM“5}1V7' =K /(27‘[)‘1 le[TP“l — Ty (_l) ]71(51061/31 (4.54)
i1%B1714617 11%4P47303
X [ 12— m2 ] Ze[TPﬁZP - Tﬁp(_l)p]74f54“4ﬁ4 [ 12— m2 ]

2 — m2

‘ i1%3P37202
xie[Toul? — Typ(—1)F|ys6503p5 [ }
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) i1%2B27161
ie[Topl? = Tup(—1)P] 12600085 X [lz_mz] .
The number 8 is given by
q3’ ‘u q2/ ,B
qa,v '\/\/\/\/\/\/\/\/\/ qi, &
with an amplitude
. 2 dil . 0 o
_ZM‘xﬁWS —F / (27)4 le[TP (=DF - Tﬁpl ]D‘lﬁl'Ylfsl (4.55)
j1moa2pa ] i1720203B3
X [ 12 — m2 ] le[TPH(_l)p - Tﬂplp]txzﬁz’m(Sz [ 12— m2 ]
] 17393044
xie[Toy (=1)f = Typl®]uspyys0, [Zz_mz]
_ 1174010151
XZE[szx(_l)p - Tp(plp]a4ﬁ4'y454 |:lz—1’l”l2:| ’
and
. % di . 0 o
—lMtxﬁ;WS’ = y /(27-[)11 ze[Tpﬁl — T‘Bp(—l> ],h(;l,xlﬁl (456)

11%1P17404 ) 11%4P473%
X |:l2—1’}12:| IE[Tpoclp - T“P(_l)p]'7454"‘4ﬁ4 |:lz_n12:|
' i1%3P371202
xie[Toul® — Typ(—1)F] 3650385 [lz—mz}
‘ i1%2P27101
The correction number 9 is
g3, 1 qi1,«

q4’ 4 q2/ ,B
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with amplitude

d i17101022
! 1 ] (4.57)

. d ,
_IMD(,B]'{I/g = ]/[28 |:/ (271—>d:| le[Tpal‘D - TDL (_Z)p]txllgl’)/lél |:12_Tnz
><ie[Tpvlp - TVp(_l)p]azﬁmﬁz

11720203B37 17393044
X |: 12 _ 2 :| Ze[TpﬁZP - Tﬁp(_l)p]wﬁs’m& |: 12 — m2 :|
) 174040151
xie[Toul® = Typ(—1)"]aspyyacy [lz_mz] /

and

. dil .
_ZM“5#V9/ = ‘uZe [/ (271—)d:| le[TP (_l)p - T“Plp]7151061ﬁ1 (4'58)

i1MP11ada ] 11%4Pa7303
X [ 2 _ 2 ] ie[Tou (=1)F = Tupl’ | siasps [ 2 _ 2 ]

2 _ 2
i1%2P2m1d1
12 _ mZ :| :

‘ i1“3,53’7252
e[ Typ(—1)" — Top]ysisasts [ ]

ie[TPV(_l)p - TVPZP]’72(520¢2ﬁ2 X [

The correction number 10 is given by

qs, 4 qi, &

q4’ 14 5]2/ ,B
with an amplitude

. d4l .
—iMapuvi0 = HZS [/ (27‘()‘1] Zlezgixﬂlﬂélﬁl%fﬁ (4.59)

iimawp2] 17202011
[ 2 _ 2 } 2ie gﬂvl“2527252 |: 12— m2 ] :

The number 11 is given by
qs, U qi, &

q4’ v q2/ ,B
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with an amplitude

. dil .
— Mg = T [/ (27t)d} Zlezgaylalﬁm&] (4.60)

iimampf] 17202011
X [12 2 } 2ie”gyplur7a0; [12 — ] .

and the diagram number 12 is given by

93, ¥ 92,
l I
q4’ v q1/ 114
with amplitude
, dl ,
—lMa‘Byv12 = ]«128 |:/ (271')d:| 2162g,5y10¢1/317151 (461)

i1mdaafa ] ) 17260201 B1

[lz — 2 ] 2ie”gvalaypyy,0, [ZZ—mZ] .

In this case, there is no counterterm available to cancel a potential divergence. Thus, if the
model is renormalizable, the sum of all these pure QED diagrams must be finite. By an explicit
calculation, we have found that the divergent piece of the total amplitude vanishes exactly.

—iMuppy = —iMaguy1 — iMagur — iMaguva — iMapurr — iMagus — iMapu s
—iMapuva — iMapva — iMupuys — iMapuvs — iMaguve — iMague
—iMopuy7 — iMappv7 — iMupuvs — iMapuvs — iMaguvo — iMapguo
—iMupuv10 — iMappv11 — iMapguv12 = 0. (4.62)

Therefore, the four-gamma vertex function is finite, as expected.

4.7 TTTT vertex

The last potentially divergent function is the TTTT vertex and there are 19 diagrams contribut-
ing to the total amplitude.

The first correction is given by
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p3, a3p3 p1,&1p1
Pa, 4P p2, 22
with an amplitude
' a1 7 . 117101730
iAasraspraspoaspal = K [/ (27T)d] ie[—Topl’uypry101 [lz_mz}

i vix

e[ Ty (—1)P]yatsaap [_12 (gvzl + (¢ — 1)12)]

. 1172027404
X ze[prlP]%@mm [ZZ—MZ}

, ] 171t
el Trp(~1Phapans |~ (87 + €= 1)

The second one is

p3, a3P3 p1,01B1

P, tapa P2, 02P2
and its amplitude is

' 2 di 7 . 117101730
ZAa]‘Blaz‘Bza3ﬁ3lX4ﬁ42 - ;’l |:/ (27_[)‘1:| Ze[_TU'pZP]DCZ,BZ'}’l&l |:12—77’12:|

i

) ViH
xie[Tou(—1)°] 12050385 [—12 (guy + (¢ — 1)12>]

) 1172027404
XZE[TPVIP]’Y4(54044‘B4 |: lz — mz :|

i

xie[=Tep (=) lus pras, [_12 (gm* (5_1)1(;5)} '

The third diagram is

(4.63)

(4.64)
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p3, 33 p1, 2181

Pa, xaPa P2, 22

with an amplitude

, 2 air 7. i1719173%
Iy BrasBonspanaps3 = M [/ (27‘[)‘1] 13[_Tgplp]a1,317151 [12 2 } (4.65)
. 0 i - I
XZE[TPH(_I) ]73530¢3ﬁ3 2 g+ <’§ - 1)172
) 1172027404
XZE[—TTpZP]oQ‘BZ’yQ(Sz [lz—mz]
, 0 i 7
Xle[TP (_Z) ]74540¢4ﬁ4 _17 g+ (é - 1)172 .
The fourth one is represented by
p3, a3pP3 p1,a1B1
P4, k44 p2, %22
with amplitude
. ai . i171017303
ZA“1ﬁ1a2ﬁ2ﬂé3ﬁ3tX4ﬁ44 — ‘ng |:/ (27—[)171:| Ze[_TUPZP]lXZ,BZ'Yl&l |: 2 _m2 :| (466)

el [~ (57 + €' )|

| 172027464
xie[— TTplp]ﬂllﬁ]')'Z‘SZ [ZZ_mZ]

: ] IS
Xle[TPV(_Z)p]’Y4540¢4ﬁ4 |:_;2 <g¢7v + (g - 1)12>:| .

The fifth contribution is given by
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p3, a3ps p1, 2181
Pas dapPs p2, 022
with an amplitude
. adl . i171017303
LAy By BoasBseaPs5 = HZ& [/ (27_[),1] Ze[_TU'Plp]lX1,Bl'Yl5l [lg_mz} (4.67)
' o (g i
Xle[Tp}l(_l) ]73530¢3ﬁ3 _ﬁ g+ (‘: - 1)7
2 i ot e
x2ie°grlapp, |~ 2 (8 F (S 1)ZT :
The sixth one is
p3, &3P P, a1p
P4, 24Py P2, x2p2
and the amplitude
. dil . 1171917303
ZA“1ﬁ1“2ﬁ2“353a4ﬁ46 — ‘uZS |:/ (277:>d:| 16[—Taplp]a2/52y151 |:lz—1’712:| (4:68)

, i, 4
el Ty (1 s |13 (87 + €~ D )]

. i 171r
X2162g1v1a1ﬁ1a4ﬁ4 [—12 <g‘” + (C - 1)12>] .

The seventh correction is

p3, a3P3 p1,01B1

P4, k44 P2, a2B2
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with an amplitude

d]
ZAﬂlﬂlazﬁza353a4ﬁ47 = VZs |:/ (27-[)d:| 21328;401“11510(353 (4.69)

i " VK ) 0 11720277404
X A= (87" (C =) ) | telTonl sy | 7=

el =T 1P g | 32 (87 + €~ ).

The eighth one is given by

p3,23P3 p1,a1P1
P4 %aPs P2, 22
with an amplitude
. dl .
I\ s BosBaaaa 8 = ,”28 I:/ (27T>d] Zlezgyglazﬁzaam (4.70)

i " VK ) 0 1172027404
< 8"+ C -V ) elTol lisinsps | 7=

e[~ Tep (—1)° ],y yac [—;2 (g” (e 1>lj§>} '

The ninth contribution is given by

p3, a3p3 p1,21B1
l l
P4, XaPa p2, x2p2
and its amplitude
: 2¢ dl : 2
ZA(X1,51062,32“3ﬁ3IX4‘549 = ]/l /(271_)01 216 gﬂalﬂélﬁltxsﬁﬁ (471)

v

i Y Vv . i ot o]
X [—12 (g F+(E-1) 2 >] 21€zgrv1a2ﬂza4ﬁ4 [—12 (g + (¢ — 1)12>} .

The tenth one is
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p3, a3p3 P2, 0232
! !
Pa, 0aPs p1,&1B1
with amplitude
. dil )
ZA“lﬁlt’ézﬁzD&3ﬁ3D¢4ﬁ4 10 = ]’lzg I:/ (27T)d:| 21323;401«252043/53 (4:72)

i [VI# ) i 171t
X |:—12 (gvy —+ (C — 1) 2 >:| 2182g7v1a1ﬁ1a4ﬂ4 |:_lz <gUT + (C — 1)lz>:| .

The eleventh diagram is represented by

p3, 33 p1, 2181

Pa, xaPa P2, a2

and the amplitude

. di 1.
1Aa1ﬁ1azﬁza3ﬁ3a4ﬁ4 1 = st [/ (27‘[)‘1] 1[/\1(1“1#;171511042‘327252 + 10¢1[3172521062ﬁ327151)

KA
14

+A2 (X“1517151X“2527252 + Xﬂt15172527(0¢2527151) + )‘3(M 1817161 (MK)L)azﬁz’Yth

+M§:\517252 (MKA)a2ﬁ27151) + )‘4<SZ\51%5] (SKA)azﬁz’Yﬁz + Sz‘ﬁl'yz&z (SK/\)azﬁz”/1<51)]
|:i1’71517353 i VIH

lz_mz] T (1) s [_lz (gw +(- 1)12>]

11720277404
! ] . (4.73)

Xie[Tlep]74(54a4,B4 |: 12 _ mz

The twelfth one is

p3, 303 p1, 2181

P4, K44 p2, %22
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with amplitude

) 2 a1 7. i171917303
ZAMﬁl“zﬁz%ﬂsMﬂz; 12 =H |:/ (27‘L’)d:| Ze[_TIlPZP]“lﬂl’htﬁ |:lz_mz:|

Xi[Al (17353%/331’745406454 + 1735304413417454063/53) + A2 (X7353043/53X’Y454044ﬁ4
+X7353“454X’7454063,33) + A3 (M§;\§3a3ﬁ3 (MK)\)’Y4540<454 + M";2\(530é4ﬁ4 (MK)\)“V45404353)

A A 1172027404
+)\4(57353(x3[53 (SK)\)’)'4(541X4/54 + 57353044/54 (SK/\)’7454D¢3I33)] |:lz_mz:|
i

xie[—Typ(—1)P]as 5720, [_lz (g’“’ + (& — 1)1};5)] . (4.74)

The thirteenth correction is given by

p3, a3pPs3 p1,a1B1

Pa, xaPa pa2, a2P2

with an amplitude

] 2 a1 7. 172027464
ZAt%l/31062/52043ﬁ30t4,[’34 13=H [/ (27‘[)‘1:| le[_TP‘P(_l)p]ﬂzﬁz’Yzfsz [lz_mz]

Xi[Al (106113171511“74540&4& + 1061ﬁ1064ﬁ4174547151) + A2 (Xa1ﬁ17151X7454a4/34
+Xﬂl1510¢4ﬁ47(7454’7151) + )‘3(MZ;\/517161 (MK/\)’74(54044ﬁ4 + M;?ﬁlml[ﬁ (MK/\)'Y454’7151)

A A 1171917303
A4S (Ser )it + S (Se0)scns)] | By |

2 —m2
i

IHv
Xie[TvaP]%(sMsﬁs |:_lz <g;41/ + (C:,{— 1) 12 >:| : (4-75)

The fourteenth one is

p3, a3P3 p1,01B1

P4, 04 P4 p2, a2

with an amplitude

) 2 441 ) 1171017202
Iy BragPonspanspa1d = M [/ (27_[)’1] ie[—Tyup(—1)°laypryio [lz—mz]

Xi[)‘l (17252063,531062[327353 + 17252“/353106252063,33) + A2 (X’Yz52063ﬁ3)(0<252”/353
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A A

+X72527353X¢x2ﬁ2a3/53) + A3 (M§252a353 (MK)\)“2527353 + M§z527353 (MK)‘)“Z&%&)
- o 1173937404

+)\4(572(52:x3/33 (SKA)azﬁz%fss + 572527353<SK/\)“2/52“3133)] [12_]

m?2
. 1/ l}lll/
xze[Tple]'}’4(54DC4ﬁ4 |: lz <g}4 ((:JI 1) ZZ ):| : (476)

The fifteenth contribution is given by

p3, 303 p1, 2181

Pa, X4fs p2, %232

and its amplitude

. dil .
1A0¢151062I32043l330¢4l34 15 — Vzg [/ (27_[),1] le[_TVP<_l)p]M/51%51
v HY ) 1749477303
X [ 2 <g14 (€—1)—5 12 )] Ze[TPHZP]%%asﬁs [12_,712]
XZ[A1(17252745410¢2ﬁ20¢454 + 17252044/541“2ﬁ27454) + A2 (X72527454X“2/52“4ﬁ4

+X72521¥4ﬁ4)(0‘2ﬁ274(54) + A3 (M'yzéz'y454 (MK/\)IXZ,BZMM + M%mm (MK)\)“zﬁzth)
i171017202 ]

+)\4(S§/2\527454 (SkA)wapoaas + 52252044/34 (Si2)azprsos)] [12_ .

o (4.77)

The sixteenth one is

p3, a3P3 p1,01B1

P, daPs p2,a2p2
with an amplitude

. dil )
1Aa151azﬁza3ﬁ3w4ﬁ4 16 = Vze l:/ (27_[) ] Z[A1(1“1ﬁ1ﬂ3ﬁ31’71517353 + 1“1[3173531715106353)

+A2 (X“1ﬁ1“353x71517353 + X“151’7353X’71510<3ﬁ3) + A3 (szlﬁwg,& (MK?\)’71517353

+Ma1,81'y353 (MK)L)'Y151063/33) + )‘4( a1ﬁ1w3ﬁ3 (SK)\)71(51’7353 + SD(1[31’Y353 (SK/\)715106353)]
|:117353’Y4(54

12_m2] ie[Tpv(—l)p]w&mm[ B (gzw (¢ - 1)121/)]
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1172027161
1 ] (4.78)

xie[— Typlp]azﬁz’rﬁz [ZZ_mZ

The seventeenth diagram is

p3, a3B3 p1, 2181

Pa, k44 p2, %282

and its amplitude is

dail
. 2 .
ZA“1510¢2ﬂ20¢3ﬂ30¢4ﬁ4 17 =H 8/ dz[)‘l(lvélﬂ1’735310¢2527454 + 10&151745410(2527353)

+A2 (Xﬂélﬁl’Y353XDt2[32’Y454 + X“1/317454X062/527353) + A3(Ma1ﬁ17353 (MK/\)“25274(54

+M0<1/51’Y454 (MK/\)"‘ZﬁZ'Y353) + A4 (Sw1ﬁ1’7353 (SK/\)"‘ZﬁZ'Y454 + Sa1ﬁ1’7454 (SK)‘)“Z/SZ'YBés )]

i173%mo 7
X [ 12— m2 :| Z[A1(171510¢3,331’Yz52064ﬁ4 + 171510¢4ﬁ41’¥2520¢3,33) + AZ(X71510¢3ﬂ3X72(520¢4ﬁ4

+X’h5l 0‘4,34)(7252“3[33) + A3 (M’Ylt)lﬂésﬁs (MK/\)72(52W454 + M’;;/l\élaqm (MK)\)7252063/53)
1174047202 ]

+/\4(S"x\51a3'33(SK/\)72(52044‘B4 + Sg/l\éla‘lﬁ‘l(SK?\)’Yz(sztxgﬁs)] |:lz . (479)

—m2

The eighteenth one is

p3, 303 p1,&1P1

Pa, 4P P2, %22

and its amplitude

. ai .
ZAa1ﬁ1a2ﬁ2a3[&3a4/§4 18 = VZS/ dl[)‘l(lalﬁ1a3ﬁ3171517454 + 1“151745417151043ﬁ3)

+A2 (X“1510¢3ﬁ3X"/151’Y454 + X“1ﬁ1’74(547(’¥1510¢3ﬁ3) + A3 (Ma1ﬁ1a3ﬁ3 (MK/\)’Yl51'Y454

+Mﬂé1ﬁ17454 (MK/\)7151“353) + /\4(5041510(3/53 (SK/\)71517454 + Sa1517454 (SKA)71¢51063ﬁ3)]

i173%mo ]
X [ 12— 2 } l[/\l(1725273531“2/32“4ﬁ4 + 172520¢4l341062ﬁ27353> + /\2(?(72527353)(“213204454

A
+X’7252’X4,B4X“2,32'Y353) + /\3( ’)/2(52’)/353 (MKA)“2ﬂ2“4,B4 + M§252a4ﬁ4 (MK)\)O‘Z,B2’YS§3)
174047202 ]

+/\4(S 2(52’)/363(57(/\)“2ﬁ2“4,34 + S 2520{4‘34(57()\)0‘2[327353)] |:lz_

- (4.80)
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The nineteenth correction is given by

p3, a3pPs3 P2, %22

Pa, xaPa p1,01B1

And its amplitude is

. air .
ZAmﬁmzﬁztxsﬁsMﬁzl 19 = ,”28 / WZMl(lﬂzﬁztxsﬁsl%&lw& + 10‘252’745417151063/53)

A
+A2 (X“2ﬁ2“3,33x'71517454 + X“25274(54X’7151043ﬁ3) + A3(M§252a3‘33 (MK/\)’715174154

+MZ?/527454 (MK/\)71510¢353) + Ay (529/32%53 (SK)\)7151’Y454 + SZ?/SZM(L; (SK)\)’Y1(510¢3ﬁ3 )]
i173%md0 7

X [12—7’/12:| l[/\l(1’7252’73531041/510¢4ﬁ4 + 1'7252044,34141/5173(53) + A2 (X72527353X0t1,310€454

+X72520¢4l347(“1ﬁﬂ353) + /\3(M'1;2\(52'y353 (MK?\)WlﬁlMﬁz; + M';;/z\ézmm (MKA)a1ﬁ1’7353)

1174047202 ]

+/\4(S§QL§2,}/353(SK)\>DC1/510¢4‘B4 + 55?520(4‘34(57()\)“1[517353)] |:lz—7’f’lz (481)

The divergent part of the TTTT vertex is

. 1
ZAa151a2ﬁ2a3ﬁ3a4ﬁ4 - m{34(3g4 - 882 + 6) + 2)\1 (62 (282 + C) + /\2 + 8)\3 + 12/\4)
+11/\% + 3)‘% - 8)\2)‘4} (106113104353104252“4134 + 106151“41341&2!32043%)

1
872e

o { M2 (2 (282 +€) + 4A1 + 815 — BAy) +8 (A3 — Ag) (%% + 35 — 3A4)

1
+4A§} (X“1,51“3,53X“2,B2“4,B4 + X“1ﬁ1“4ﬁ4xazﬁzlx3ﬁ3) - 16772¢ {eZgZ ()‘1 + )‘2)
+2A3 (62(—? +4AM + 4A2) + 82‘% - 24A421} (MZ;\[%W&& (MK?\)thﬁzﬂf4ﬁ4 + Mg;\ﬁlmm (MK?\)azﬁzlxsﬁs)

6472 {e4g4 + 844 (62 (2g2 B C) —4A + 1643 — 8)\4) }(Sgi\ﬁmﬁs(sx)\)wzﬁzmm
+ S 1asps (S Jagpanaps ) (4.82)

The counterterm is

p3, a3P3 p1,01B1

Pa, xsPa P2, %22
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and its amplitude

Z.Aﬂqﬁl062/52063/33'%4!34 ct — i[/\l‘sftl (1a1/31a3ﬁ3 1042!52064/34 + 1061,31064/34 1“252“3& ) (4.83)
+A2002 (XMﬁMsﬁaX&zﬁzMﬁz; + X“1ﬁ1“4ﬁ4xa2ﬁzﬂ3ﬁ3) + A30r3 (MZ?'BllX&B?, (MK/\)azﬁzmﬁz;
+M§;\ﬁ1“4,54 (MKA)ﬂzﬁMSﬂs) + /\45)\4 (SZ?,Blog& (SK/\)Dézﬁzﬂé4ﬁ4 + SZ?ﬁlmm (SK/\)Dézﬁzﬂé3ﬁ3)]r

and the corresponding counterterms that render the total amplitude finite are given in the MS

scheme by

o = —m{e4(3g4 —8¢% +6) +2M1 (2(28% + &) + Az + 843 + 1214)
+16 (Aa(eg* + 6A3) + A3(e*g* + 3M3) + 6A3F) (4.84)
+11A2 4373 — 8A2A4},

512 = ~ e |2 (€ (287 +8) 411 +815 —8A,) (4.85)
+8 (A3 — Ay) (€267 + 345 — 3A4) + 4A§},

1
ors = _m{ezgz ()\1 + )\2) + 273 (626 +4A + 4)\2) (486)

+8A% — 24A§},

1
s = e {e4g4 +8M4 (€ (282 — €) — 4A1 + 16A5 — 8A4) } (4.87)

4.8 Beta Functions

From the results obtained in eqs.(4.6,4.13,4.14,4.24,4.25,4.40,4.84,4.85,4.86,4.87) and the defini-
tion of the counterterms in eqs.(2.87,2.88), the relations between the bare and renormalized
parameters of the theory are given by

_1
e =717y Zeye, & =27y 7y Zoap® e, Aoj = Zy 22y 1A,

el R . ) (4.88)
g0 =2, Zggg, my = 2y Zym*,
the renormalization constants defined in the MS scheme are
2(7,2
MS _ e“(2¢"—1)
Z7W =1+ T (4.89)
2
MS _ MS _ oMS _ e*(¢ —3)
ZZ — ZeZ - Ze =1- 167t2¢ ' (490)
1
ZMS -1 - —— 4 4 2 2 2 2 2 12
¥ 16”2/\1€{e (3g* — 882 +6) + 211 (2287 + &) + A2 + 8)5 + 12A4)
+16 (Aa(e*g* + 6A3) + A3(e%g* + 3A3) + 6AF) (4.91)
1142+ 372 — 8A2A4},
1
MS _ 2 2
ZMS — 1 - m{)\z (% (287 + &) +4A1 +8A3 — 8Ay) (4.92)
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+8 (A3 — Ay) (287 + 345 —3A4) + 4A§},
1
2 =1~ e {98 (M +42) +205 (T + 40 +410) (4.93)

+8A2 — 24A§},

1
MS __ 4 4 2 2 _ _

2 =14 gy {efg* + 82 (¢ (287 — ¢) — 4A1 + 163 — 8Ay) }, (4.94)

ZMS — 75 4 6MS — 1 16n2€{ez(g2 FE—1) A+ At 12A3}, (4.95)

S = ZYS 6 =1 — {e2 (262 + &) + 7A1 + Az + 845 + 12/\4}. (4.96)

According to these constants, the two different relations between eg and e in eq.(4.88) collapse
to
eo = Z;7 ' pce. (4.97)

From egs. (4.88-4.96) one can extract the following beta functions® B, = yg—z and anomalous

dimensions v, = %%—;’f in the € — 0 limit:

b= gm{e 1-26) }, (4.98)

Beg = —#{g (e (% +2) + A1+ Az +1243) } (4.99)

B, = #{e‘* (38" +882 —6) =21 (¢ (262 +3) + A2 + 843 +12A4) (4.100)
16 (A4 (€28 + 6A) + As (€282 + 3A3) + 6A3) — 1143 — 303 + 8Az)a },

B, = —#{/\2 (% (267 +3) +4A, + 813 — 8A4) (4.101)
+8 (As — Ag) (€262 + 375 —3A4) + 4A§},

Br, = —#{e%z (A1 + A2) +2A3 (3¢ +4A1 +475) +8A3 — 24Aﬁ}, (4.102)

Bro = g5{ gt + 81 (2 (27 —3) =401 + 16— 8Ay) |, (4.103)

Yo = — 1617T2 {€ (287 +3) + 701 + A2 + 85 + 1224 |, (4.104)

4.9 Fixed points for S,

When a B function for some coupling in a quantum field theory has a zero at some value of
the coupling parameter it is said that this is a fixed point. The scale-dependence of a theory is
characterized by the way its coupling parameters depend on the energy-scale. This dependence
is precisely described by the beta-functions of the theory. The importance of the fixed points
is that they determine when a theory is scale-invariant. If we have a fixed point when the
coupling parameter goes to zero (free field) we say that this is a trivial fixed point.

2The general procedure to determine the beta functions is presented in Appendix B.
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In this section we want to analyze some fixed points for the function B.;. They are particular
cases for B = 0.

First, turning off the electromagnetic interactions by taking e = 0 and g = 0, the theory re-

duces to the renormalizable model of pure self-interacting terms for the tensor field analyzed

in Chapter 3:

1

Bi=—5 {11A 4271 (Az 4 8A3 + 12A4) + 32 + 4872 (4.105)
—8MAsAg + 9674 (A3 + Ag) }
1 (.5 2

Bro = == {3+ Mida + 22 (N — ) +6 (s — A0) 2}, (4.106)

1

Brs = ﬁ{B/\ﬁ — A3 (A1 + Ax + Ag) } (4.107)
1

Bra = —?{M (A1 — 45 +274) } (4.108)
1

Tn= 1 {ml Ay +8As+ 12/\4} (4.109)

If we take g = 0 we get

e3

Be = 32 (4.110)

1
By, = —@{6 (e4 + 8A§) + 241 (362 + Ay + 8A5 + 12A4) 4.111)
F11A2 + 302 — 8AxA4 + 96M4 (A3 + Ag) }

1
Br =~ 2{/\2 (362 + 4A1 + 8As — BAy) + 443 +24 (A3 — Ay)? } (4.112)

B, = 41 2{1203 = A3 (36 + 401 + 422 +4A3) |, (4.113)
1
Br= 42 {M (3¢2 + 4A1 — 1613 + 8A4) } (4.114)
Tn =1 {3e2 T 7ML+ A+ 8As 12/\4}. (4.115)
Taking ¢ = 0,A; = 0 we get
e3
Be = 82’ (4.116)
1
B, = —@{6 (¢ +8 (A3 +204As +243) ) + 1123 (4.117)
+2)1 (3 (€2 +4As) +823) |,
1
B, = —77{6 (A3 — Ag)? } (4.118)
B, = 412 {1203 = A3 (362 + 421 +424) }, (4.119)

B, = 412 {Ma (32 + 40 — 1625 +8M4) }, (4.120)
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Ym = —

1
1672

{3(e+400) + 7M1 + 80 .

If we take ¢ = 0, A3 = 0 the beta functions become

562

Br =5 2{6e 4201 (3 (2 4 40q) + Ag) + 1173

Br, = 412
2
Brs = ?;2\24,
B = —41?
T = T e

Taking ¢ = 0, A4 = 0 we get

e

3

Pe = g’

‘B/\lz_
‘3/\2:—
;B)\sz_

Ym = —

o
472
T

162

e3

8712’

+313 + 96A% — 8A2Aa ],

{2 (3% + 401 — 804) + 423 + 2403},

{ha (32 + 40 +804) |,

{3 (2 +414) + 701 + A2 .

1
— {6 (e4 + 8A§> 4241 (362 + Ay + 8A3) + 1172 +3A§},
! {2 (32 +4M1 +80) + 423 + 2423},

L 3 {7 (362 + 40 + 412 +4A3) },

{3e LA 4 A+ 8A3}

If we take ¢ = 0, A2 = 0, A3 = 0 it is obtained

Pe =

IBM =

Ym = —

e3

872’

IBM =
Br, =
Br, =

8 Q2

L {6 + 601 (2 +41g) + 1127 49673},

w2’
%{M (3¢2 + 47 + 8Ay) }

1672

{3 (2 +4A4) + 7A1}.

(4.121)

(4.122)

(4.123)

(4.124)

(4.125)
(4.126)

(4.127)

(4.128)
(4.129)
(4.130)
(4.131)

(4.132)

(4.133)
(4.134)
(4.135)
(4.136)
(4.137)

(4.138)
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If g =01 =0,A4 =0we get

Be= g (4.139)
1 4 2 2 2
B, = —8?{6 (¢ +8A%) + 221 (362 + 8A3) + 1143}, (4.140)
672
Br, = —n—f, (4.141)
1 2
B, = —H{)\g, (3¢2 + 4A; + 473) } (4.142)
T = —1=5{ (32 +7M+81s) |- (4.143)
With ¢ = 0,A3 = 0,14 = 0 we get
63
lBe - W, (4.144)
1
Br = — g5 {6 + 24 (362 + A2) + 14T+ 3A3}, (4.145)
1
Bro = — 53 { A2 (36 + 401 +4A2) (4.146)
Y [32i7a 42 (4.147)
Ym = 1672 e 1 2( .
Finally, taking ¢ = 0,A, = 0,A3 = 0, A4 = 0 we get
33
Be = 82 (4.148)
1 4 2 2
B, = —@{66 16620, + 11A1}, (4.149)
1
o= -1 {3e2 n 7/\1}. (4.150)

This trivial fixed point for the beta functions of the theory corresponds to the limit in which each
component of the tensor B*” behaves as a complex scalar field in a A¢* theory with Ay = —A/2
because the information about the spin of the field disappears when ¢ = 0.

Now we analyze the case without self-interactions. The function B,, reads
1 2 (2
Bos = —55{8 (¢ (£ +2)) |- (4.151)

Then, we can see that there is no non-trivial finite value of the gyromagnetic factor that gives a
fixed point in the absence of self-interactions.
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Conclusions

In this work, we have studied the one-loop renormalization of a model describing a spin-1 mat-
ter field in the (1,0) @ (0, 1) representation of the HLG in the Poincaré projector formalism. The
kinetic part of the Lagrangian is of Klein-Gordon type and the spin information is encoded by a
Pauli-like term and the four independent quartic self-interactions that can be built from the co-
variant basis for this representation space, given by the complete set of tensors presented in [4].
The analysis has been carried out in an arbitrary covariant gauge, with arbitrary gyromagnetic
factor and including all the independent parity conserving self-interactions.

Throughout the document we analyzed two models. We first discussed a simplified model in
which only the self-interacting terms were considered. For this particular case, was shown that
it is renormalizable and the B functions were also determined.

After studying this first case, we analyzed the Quantum Electrodynamics of the complete
model. We also showed that the 7 vertex is null, verifying in this way the charge conju-
gation invariance of the theory. In our model the 7y vertex is finite because the divergent
amplitudes that appear in the contributions to this vertex they all cancel.

Moreover, some of the obtained counterterms are equal. This is related to the Ward-Takahashi
identities and it verifies that the model is gauge invariant. We prove that the model is renormal-
izable at one-loop order. Moreover, the  functions related to the parameters of the Lagrangian
were determined and we presented some fixed points for ... The most important of these
points are the cases when g = 0, e = 0 because it recovers the functions of the simplified model
studied in Chapter 3 and when g = 0,A; = 0, A3 = 0, A4 = 0 because it describes scalar QED.
On the other hand, the §,, are all nonzero for any non-vanishing real value of the gyromagnetic
factor g, even if all self-interactions are setto A; = 0,i = 1,...,4. This means that, oppositely to
the spin 1/2 case [22], pure electrodynamics for matter fields of spin 1 is not viable for g # 0,
as self interactions are necessary to make the theory renormalizable.

The main conclusion of the work is that the theory is renormalizable for any value of the gy-
romagnetic factor, displaying a rich set of renormalization group equations. In contrast to the
analogous spin 1/2 case studied in [22] where it was demonstrated that there exists a fixed
point for ¢ = 2, there is no non-trivial finite value for the gyromagnetic factor that allows the
existence of a pure electrodynamics without the inclusion of self-interactions.
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Appendix A

General procedure to determine the

Feynman rules

The action is given by the expression

Tolga] = [ d*xL(g0). (A1)
Let’s define the functional derivative
Sa(p) 4
= 610%(p —q). A.2)
son(q) 00 (P=a) (

Specifically for the field B*f

5B*F (p)

o 1 o o
SBO(q) st p—q) = 5(5755 — 5358)5* (p — ). (A3)
For the field A¥ can also be written
SAH(p) _ slsd
A7 (q) ~ v° (p—4)- (A4)

Now let’s define the n-points function

5nr0[¢a}
5(Pﬂ1 (p1)5¢ﬂ2 (pz)"'5¢ﬂn (pn)

The n-points functions are the Green’s functions that result from the perturbative analysis in

T o (PL P2 ) (270) 26 (P14 p2 + oo+ pu) = 1(270) Y . (A5)

Quantum Field Theory. They are defined as the functional expectation value of the product of
n field operators at different positions

(21, 22, x) = (0] (x1)P(x2) - - - (x0)|0) (A.6)

Propagators
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A propagator is a Green’s function that gives the probability amplitude of a particle displacing
between two points. A propagator is related to the 2 points function as

Agya, = i[FOﬂllﬂz(p/ _p)]il' (A7)

Vertices

The vertex in momenta space is then given by the rule

irgﬂl,ﬂ2 ..... ay* (A8)
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Appendix B

General procedure to determine the
beta functions

The physics of the model must be independent of the arbitrary scale y introduced in the di-
mensional regularization. To determine the beta functions we have to use the relations given
in eq. (4.88).

In general, these relations have the form
o = Zy,&i, (B.1)

where a; stands for e, g, A;.

The first step is to determine the natural logarithm of the parameters
Ina; =alnZ,, +1Inaw;. (B.2)

Next, we have to compute the derivative with respect to the natural logarithm of u

dlnajy  dInZ, Jlnw;

dnp ~ “omp " amp (B3)
Now
dlng; _ K % (B.4)
olnpy  a; ou’ '
Defining the p functions
_ow;  0g;
we can write 51 5
dln 12 N o (B6)
The Z,;s can be written as
Zucl =1+ XD(,'/ (B.7)

and its natural logarithm as
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Then we can write

olnZ, = 0(Zy,—1) 0(Zy, — 1) 0n; 0(Zy, — 1)
olny K o ZZ_:V du; oy Zi:ﬁ“i on; (B9
Then eq.(B.3) becomes
dlna;p 9(Zy, — 1) Ba:
Sy ;mi (“aai + . =0. (B.10)

With this general description we compute all the beta functions and anomalous dimensions.
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