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❊❧❡❛③❛r ❉❛♠✐á♥ ❘❛♠ír❡③

❉✐r❡❝t♦r❡s✿

❉r✳ ❏♦sé ▼❛rí❛ ❘✐❝♦ ▼❛rtí♥❡③

❉r✳ ❏✳ ❏❡sús ❈❡r✈❛♥t❡s ❙á♥❝❤❡③

❙❛❧❛♠❛♥❝❛✱ ●t♦✳✱ ❆❜r✐❧✱ ✷✵✶✽



❆ ♠✐s ♣❛❞r❡s ② ❤❡r♠❛♥❛s✳
❆ ❧❛ ✈✐❞❛ ♠✐s♠❛ ② ❛q✉❡❧❧❛ s✐♥❣✉❧❛r✐❞❛❞ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦

q✉❡ ❞✐♦ ❝♦♠✐❡♥③♦ ❛❧ ✉♥✐✈❡rs♦ ② ❛❧ t✐❡♠♣♦ ♠✐s♠♦✳

✷



■ ✇♦✉❧❞ r❛t❤❡r ❤❛✈❡ q✉❡st✐♦♥s t❤❛t ❝❛♥✬t
❜❡ ❛♥s✇❡r❡❞ t❤❛♥ ❛♥s✇❡rs t❤❛t ❝❛♥✬t ❜❡ q✉❡st✐♦♥❡❞

❘✐❝❤❛r❞ ❋❡②♥♠❛♥

✸



❆❣r❛❞❡❝✐♠✐❡♥t♦s

❆❣r❛❞❡③❝♦ ❛ t♦❞❛ ♠✐ ❢❛♠✐❧✐❛✱ ❛ ♠✐s ♣❛❞r❡s ❖❧❣❛ ② ❊❧❡❛③❛r✱ ♣♦r ❡❧ ❡♥♦r♠❡ s❛❝r✐✜❝✐♦ q✉❡ ❤✐❝✐❡r♦♥
♣❛r❛ ❞❛r♥♦s ✉♥❛ ❡❞✉❝❛❝✐ó♥ ❛ ♠✐s ❤❡r♠❛♥❛s ② ❛ ♠í✱ ♣♦r t♦❞❛ ❧❛ ♣❛❝✐❡♥❝✐❛ q✉❡ t✉✈✐❡r♦♥ ♣❛r❛ ❝♦♥♠✐❣♦✱
♣♦r s❡r ❡❧ ❛♣♦②♦ ② ❧❛ ♠♦t✐✈❛❝✐ó♥ ❛ ❧♦ ❧❛r❣♦ ❞❡ t♦❞❛ ♠✐ ❢♦r♠❛❝✐ó♥ ❛❝❛❞é♠✐❝❛✳ ❆❣r❛❞❡③❝♦ ❡♥♦r♠❡♠❡♥t❡
❛ ♠✐ ♠❛❞r❡ ♣♦r ❧❛s ❛t❡♥❝✐♦♥❡s ② ❝✉✐❞❛❞♦s ❛ ❧♦ ❧❛r❣♦ ❞❡ t♦❞♦ ❡st❡ ❞✐❢í❝✐❧ r❡❝♦rr✐❞♦ ❞❡ ❧❛ ✈✐❞❛✳ ❍❛❣♦
❡s♣❡❝✐❛❧ ♠❡♥❝✐ó♥ ❛ ♠✐ ♣❛❞r❡✱ s✐❡♥❞♦ ❡s❛ ♣❡rs♦♥✐t❛ t❛♥ ✐♠♣♦rt❛♥t❡ ❡♥ ♠✐ ✈✐❞❛✱ ♠✐ ♠❡❥♦r ❛♠✐❣♦✱ ♠✐
❜❛♥❞❡r❛ ② ✉♥ ❡①❝❡❧❡♥t❡ ♣❛❞r❡✳ ❆ ♠✐s ❤❡r♠❛♥❛s ❏❛❝q✉❡❧✐♥❡ ② ❙❛r❤❛✐✱ ❣r❛❝✐❛s ♣♦r s✐❡♠♣r❡ ❛♣♦②❛r♠❡
② ♣♦r ❝r❡❡r ❡♥ ♠✐✳

❆❣r❛❞❡③❝♦ ❡♥♦r♠❡♠❡♥t❡ ❛❧ ❉r✳ ❏♦sé ▼❛rí❛ ❘✐❝♦✱ ♠✐ ❛s❡s♦r✱ ♣♦r ❞❛r♠❡ ❡❧ ❡♥♦r♠❡ ♣r✐✈✐❧❡❣✐♦ ② ❧❛
♦♣♦rt✉♥✐❞❛❞ ❞❡ tr❛❜❛❥❛r ❝♦♥ é❧ ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❡st❡ tr❛❜❛❥♦ ❞❡ t❡s✐s✱ ♣♦r t♦❞❛ s✉ ♣❛❝✐❡♥❝✐❛✱ s✉
❛♣♦②♦✱ s✉ ❝♦♥✜❛♥③❛ ② s✉s ❜✉❡♥♦s ❞❡s❡♦s✳ ❆❣r❛❞❡③❝♦ ❛ ❡❧ ❝♦❞✐r❡❝t♦r ❉r✳ ❏✳ ❏❡sús ❈❡r✈❛♥t❡s ❙á♥❝❤❡③
② s✐♥♦❞❛❧❡s ❉r✳ ❏♦sé ❈♦❧í♥ ❱❡♥❡❣❛s ② ❉r✳ ▲✉③ ❆♥t♦♥✐♦ ❆❣✉✐❧❡r❛ ❈♦rtés✱ ♣♦r s✉s ♦❜s❡r✈❛❝✐♦♥❡s✱ r❡✲
❝♦♠❡♥❞❛❝✐♦♥❡s✱ ❝♦rr❡❝❝✐♦♥❡s ② ♣♦r t♦❞♦ s✉ t✐❡♠♣♦ ✐♥✈❡rt✐❞♦ ❡♥ ❧❛ r❡✈✐s✐ó♥ ❞❡ ❡st❡ tr❛❜❛❥♦ ❞❡ t❡s✐s✳

❆ ❧❛ ❯♥✐✈❡rs✐❞❛❞ ❞❡ ●✉❛♥❛❥✉❛t♦✱ ♣♦r ❛❜r✐r♠❡ ❧❛s ♣✉❡rt❛s✱ ❛❝♦❣❡r♠❡ ② ❞❛r♠❡ ✉♥❛ ❢♦r♠❛❝✐ó♥
❛❝❛❞é♠✐❝❛✱ ♣r♦❢❡s✐♦♥❛❧ ② ❤✉♠❛♥❛✳ ❆❣r❛❞❡③❝♦ ❛ ♠✐s ❝♦♠♣❛ñ❡r♦s ② ❛♠✐❣♦s✿ ❘♦❝í♦✱ ■❧s❡✱ ❆♥❞r❡❛ ②
❍✉❣♦ ❍❡r♥á♥❞❡③❀ ♣♦rq✉❡ s✐♥ ❡❧❧♦s ♥♦ ❤✉❜✐❡r❛ s✐❞♦ t❛♥ ❞✐✈❡rt✐❞❛✱ ❛❧♦❝❛❞❛✱ ❝♦♠♣❡t✐t✐✈❛ ❡ ✐♥t❡♥s❛ ❡st❛
❤❡r♠♦s❛ ❡t❛♣❛ ❞❡ ♠✐ ✈✐❞❛✳

✐✈



❘❡s✉♠❡♥

❊❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦ ❞❡ t❡s✐s ❛♥❛❧✐③❛ ② ❞❡s❛rr♦❧❧❛ ♣r♦❜❧❡♠❛s ❞❡ ❞✐♥á♠✐❝❛ ❞❡ ❧❛ ♣❛rtí❝✉❧❛ ② ❞❡ ❞✐✲
♥á♠✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦ ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❞✐st✐♥t❛s ❢✉❡♥t❡s ❜✐❜❧✐♦❣rá✜❝❛s✱ ❡♠♣❧❡❛♥❞♦ ❡❧ ♣r♦❣r❛♠❛
❞❡ s✐♠✉❧❛❝✐ó♥ ❞❡ s✐st❡♠❛s ♠❡❝á♥✐❝♦s ❆❞❛♠s ❝© ♠ás ❡s♣❡❝í✜❝❛♠❡♥t❡ ✉♥♦s ❞❡ s✉s ♠ó❞✉❧♦s ❝♦♥♦❝✐❞♦
❝♦♠♦ ▼❛❝❤✐♥❡r②✳ ❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❡ ❡s❢✉❡r③♦ ❡s ❛✉①✐❧✐❛r ❧❛ ❡♥s❡ñ❛♥③❛ ❞❡ ❧❛ ■♥❣❡♥✐❡rí❛ ▼❡❝á♥✐❝❛ ②
▼❡❝❛tró♥✐❝❛✳ ❚♦❞♦s ❡st♦s ♣r♦❜❧❡♠❛s s❡ ❛♥❛❧✐③❛♥ ❞❡ ❢♦r♠❛ ❛♥❛❧ít✐❝❛ ❡♠♣❧❡❛♥❞♦ ♠❡❞✐♦s tr❛❞✐❝✐♦♥❛✲
❧❡s✱ ♣❛r❛ ❞❡s♣✉és ❝♦♠♣❛r❛r s✉s r❡s♣✉❡st❛s ❝♦♥ ❧❛s ♦❜t❡♥✐❞❛s ♠❡❞✐❛♥t❡ ❡❧ ♣r♦❣r❛♠❛ ❞❡ s✐♠✉❧❛❝✐ó♥
❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳ ❊st❡ tr❛❜❛❥♦ ✐♥❝❧✉②❡ ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡ ❝♦♠♦ ♠♦❞❡❧❛r ❡st♦s s✐st❡♠❛s
♠❡❝á♥✐❝♦s ② ❝♦♠♦ ✈❛r✐❛r s✉s ♣❛rá♠❡tr♦s✱ ❝♦♥ ❡❧ ✜♥ ❞❡ q✉❡ ❡❧ ✉s✉❛r✐♦ ♣✉❡❞❛ r❡❝r❡❛r ❞✐❝❤♦s ♣r♦❜❧❡♠❛s
s✐♥ ♥✐♥❣ú♥ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛✳

❆❜str❛❝t

❚❤❡ ♣r❡s❡♥t ❇✳ ❙❝✳ t❤❡s✐s ❛♥❛❧②③❡s ♣r♦❜❧❡♠s ❢r♦♠ t❤❡ ❞②♥❛♠✐❝ ♦❢ ❛ ♣❛rt✐❝❧❡ ❛♥❞ ❞②♥❛♠✐❝ ♦❢ r✐❣✐❞
❜♦❞✐❡s ♦❜t❛✐♥❡❞ ❢r♦♠ ❞✐✛❡r❡♥t t❡①t❜♦♦❦s ❛♥❞ s✐♠✉❧❛t❡s t❤❡ s②st❡♠s ✉s✐♥❣ t❤❡ ♣r♦❣r❛♠s ❆❞❛♠s ❝©✱
♠♦r❡ s♣❡❝✐✜❝❛❧❧② t❤❡ ♠♦❞✉❧❡ ▼❛❝❤✐♥❡r② ♦❢ ❆❞❛♠s ❝©✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❡✛♦rt ✐s t♦ ♣r♦✈✐❞❡ ❛♥
❛❞❞✐t✐♦♥❛❧ t♦♦❧ ❢♦r t❤❡ ❧❡❛r♥✐♥❣ ♦❢ ▼❡❝❤❛♥✐❝❛❧ ❛♥❞ ▼❡❝❤❛tr♦♥✐❝ ❊♥❣✐♥❡❡r✐♥❣✳ ❆❧❧ t❤❡ ♣r♦❜❧❡♠s ✇❡r❡
❛♣♣r♦❛❝❤❡❞ ✉s✐♥❣ ❛♥❛❧②t✐❝❛❧ t♦♦❧s ✉s✐♥❣ t❤❡ tr❛❞✐t✐♦♥❛❧ ♠❡t❤♦❞s ❡♠♣❧♦②❡❞ ✐♥ ▼❡①✐❝❛♥ ✉♥✐✈❡rs✐t✐❡s
❛♥❞ t❤❡♥ t❤✐s ❛♣♣r♦❛❝❤ ✐s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳ ❚❤❡ ♣r❡✲
s❡♥t ✇♦r❦ ❛❧s♦ ✐♥❝❧✉❞❡s ❛ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣❝✐ó♥ ♦❢ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡s❡ s②st❡♠s ❛♥❞ ✐ts ♣❛r❛♠❡t❡rs❀
❢♦r t❤❡ ✉s❡r ❝❛♥ ❡❛s✐❧② r❡❞♦ ❜② ❤✐♠✴❤❡rs❡❧❢ t❤❡s❡ ♣r♦❜❧❡♠s✳

✺



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉❝❝✐ó♥✳

❊♥ ❡st❡ ❝❛♣ít✉❧♦ s❡ ♣r❡s❡♥t❛ ❡❧ ❝♦♥t❡①t♦ ❞❡❧ tr❛❜❛❥♦ ❞❡ t❡s✐s✱ ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ q✉❡ s❡
❞❡s❡❛ r❡s♦❧✈❡r✱ ❧♦s ♦❜❥❡t✐✈♦s ❞❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦✱ ❡❧ ❡st❛❞♦ ❞❡ ❛rt❡ ② ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡❧ r❡st♦ ❞❡ ❧❛
t❡s✐s✳

✶✳✶✳ ❈♦♥t❡①t♦ ❞❡❧ tr❛❜❛❥♦ ❞❡ t❡s✐s✳

P❛r❛ ♥❛❞✐❡ ❡s ✉♥❛ s♦r♣r❡s❛ q✉❡ ❧❛ ❡❞✉❝❛❝✐ó♥ ♥❛❝✐♦♥❛❧ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ♠❡❞✐♦ ❞❡ ✉♥❛ ❝r✐s✐s ❡str✉❝✲
t✉r❛❧ q✉❡ ❞✉r❛ ❛❧ ♠❡♥♦s ✺✵ ❛ñ♦s✳ ▲❛s ❝❛✉s❛s s♦♥ ♠✉❝❤❛s✱ ❛❧❣✉♥❛s ❞❡ ❡❧❧❛s s♦♥✿

❊❧ ❛❜❛♥❞♦♥♦ ❞❡ ❧♦s ❡stá♥❞❛r❡s ♠í♥✐♠♦s ♣❛r❛ ❛❝r❡❞✐t❛r ✉♥ ❛ñ♦ ❡s❝♦❧❛r ❡♥ ❧❛ ❡❞✉❝❛❝✐ó♥ ♣r✐♠❛r✐❛
② s❡❝✉♥❞❛r✐❛✱ ✈❡❛ ❖❊❈❉ ❬✸✶❪✱ ♣á❣✐♥❛ ✺✳

▲❛ ❢❛❧t❛ ❞❡ ❛♣❧✐❝❛❝✐ó♥ ② ❡♥ ❛❧❣✉♥♦s ❝❛s♦s ❧❛ ✐♥❡①✐st❡♥❝✐❛ ❞❡ ❡stá♥❞❛r❡s ♠í♥✐♠♦s ♣❛r❛ ❛❝❝❡❞❡r
❛ ❧❛ ❡♥s❡ñ❛♥③❛ ♠❡❞✐❛ s✉♣❡r✐♦r ② s✉♣❡r✐♦r✳

▲❛ ❞❡✜❝✐❡♥t❡ ② ❡♥ ♦❝❛s✐♦♥❡s ✐♥❡①✐st❡♥t❡ ✐♥❢r❛❡str✉❝t✉r❛ ❡❞✉❝❛t✐✈❛ ✖❞❡s❞❡ ❧❛ ❛✉s❡♥❝✐❛ ❞❡ ❡❞✐✜✲
❝✐♦s ❡ ✐♥st❛❧❛❝✐♦♥❡s s❛♥✐t❛r✐❛s✱ ❤❛st❛ ❧❛ ❛✉s❡♥❝✐❛ ❞❡ ❧♦s ♣r♦❢❡s♦r❡s ❡♥ ❧❛s ♣r✐♠❛r✐❛s ② s❡❝✉♥❞❛r✐❛s
r✉r❛❧❡s ♣♦r ❧❛ ❢❛❧t❛ ❞❡ ❝❛♠✐♥♦s✱ ❧❛ ✈✐♦❧❡♥❝✐❛ ❝♦t✐❞✐❛♥❛ ❡♥ ♠✉❝❤❛s ❝♦♠✉♥✐❞❛❞❡s ♦ ♣♦r ✐rr❡s♣♦♥✲
s❛❜✐❧✐❞❛❞ ❞❡ ❧♦s ♣r♦♣✐♦s ♠❛❡str♦s✖ ❛❧❣✉♥❛s ❞❡ ❡st❛s ❞❡✜❝✐❡♥❝✐❛s s❡ ❛❝❛rr❡❛♥✱ ❝♦♥ ❛❧❣✉♥♦s
♠❛t✐❝❡s✱ ❛ ❧❛s ♣r✐♠❛r✐❛s ② s❡❝✉♥❞❛r✐❛s ✉r❜❛♥❛s ② ❛ ❧❛s ✐♥st✐t✉❝✐♦♥❡s ❞❡ ❡♥s❡ñ❛♥③❛ ♠❡❞✐❛ s✉✲
♣❡r✐♦r ② s✉♣❡r✐♦r✱ ✈❡❛ ❈❛st❛ñ❡❞❛ ❱❛❧❧❡ ② ❘❡❜♦❧❧❡❞♦ ●ó♠❡③✱ ❬✸✷❪ ② ❈❛rr♦♥✱ ●✳ ② ❈❤❞❛✉ ❚✳ ◆✳✱
❬✶✵❪✱ ♣á❣✐♥❛s ✶✹✹✱ ✶✻✶✱ ✶✾✷✱ ✷✹✶ ② ✷✻✶✳

❊❧ ✐♥❝r❡♠❡♥t♦ ♥♦ ♣❧❛♥❡❛❞♦ ❞❡ ❧❛ ♠❛trí❝✉❧❛✱ ❡♥ ♣❛rt✐❝✉❧❛r ❡♥ ❧♦s ♥✐✈❡❧❡s ❞❡ ❡♥s❡ñ❛♥③❛ ♠❡❞✐❛
s✉♣❡r✐♦r ② s✉♣❡r✐♦r✱ ♣❛r❛ s❛t✐s❢❛❝❡r ♠❡t❛s ✐♠♣✉❡st❛s ♣♦r ❧❛s ✐♥st❛♥❝✐❛s q✉❡ ♣r♦♣♦r❝✐♦♥❛♥ ❧♦s
r❡❝✉rs♦s ❡❝♦♥ó♠✐❝♦s ♣❛r❛ ❧❛ ♦♣❡r❛❝✐ó♥ ❞❡ ❡s❛s ✐♥st✐t✉❝✐♦♥❡s✱ ♦ ❛✉t♦✐♠♣✉❡st❛s ♣❛r❛ ✏❝✉♠♣❧✐r✑
♣r♦❣r❛♠❛s ❞❡ ❞❡s❛rr♦❧❧♦ r❡❛❧✐③❛❞♦s ❛❧ ✈❛♣♦r ② s✐♥ ❡❧ ❝♦♥❝✉rs♦ ❞❡ ❧❛ ❝♦♠✉♥✐❞❛❞ ❞❡ ❧❛ ✐♥st✐t✉❝✐ó♥✱
✈❡❛ ●✐❧✲❆♥tó♥✱ ❬✶✺❪✱ ❏❛②❛r❛♠ ❬✷✵❪ ② ❑❡♥t ❬✷✸❪✳

❊❧ ❝♦♥✈❡♥❝✐♠✐❡♥t♦✱ ♣♦r ♣❛rt❡ ❞❡ ❧♦s ❡st✉❞✐❛♥t❡s ❞❡ ❡♥s❡ñ❛♥③❛ s❡❝✉♥❞❛r✐❛✱ ♠❡❞✐❛ s✉♣❡r✐♦r
② s✉♣❡r✐♦r✱ ❞❡ q✉❡ ❧❛ ♦❜t❡♥❝✐ó♥ ❞❡ ✉♥ tít✉❧♦ ♣r♦❢❡s✐♦♥❛❧ ②❛ ♥♦ ❝♦♥st✐t✉②❡ ✉♥❛ ❣❛r❛♥t✐❛ ❞❡
♠♦✈✐❧✐❞❛❞ s♦❝✐♦❡❝♦♥ó♠✐❝❛✱ ✈❡❛ ❈❛st❛ñ❡❞❛ ❱❛❧❧❡ ② ❘❡❜♦❧❧❡❞♦ ●ó♠❡③✱ ❬✸✷❪✳

✶



▲❛ ♦❝✉rr❡♥❝✐❛ ❞❡ ❝❛s♦s ❞❡ ❝♦rr✉♣❝✐ó♥ ❡♥ ❛❧❣✉♥❛s ✐♥st✐t✉❝✐♦♥❡s ❞❡ ❡♥s❡ñ❛♥③❛ s✉♣❡r✐♦r✱ ✈❡❛
❍❛❧❧❛❝❦ ② P♦✐ss♦♥ ❬✶✼❪✱ ▲✐♥❛r❡s ❬✷✺❪ ② ❏❛②❛r❛♠ ❬✷✵❪✳

❊❧ ❡♠♣❧❡♦✱ ❡♥ ✐♥st✐t✉❝✐♦♥❡s ❞❡ ❡❞✉❝❛❝✐ó♥ s✉♣❡r✐♦r✱ ❞❡ ❝✉rrí❝✉❧❛s ❛♥t✐❝✉❛❞❛s✱ ✐♥❝♦rr❡❝t❛♠❡♥t❡
❛❝t✉❛❧✐③❛❞❛s ♦ q✉❡ ♥♦ s❡ r❡✈✐s❛♥ ❞✉r❛♥t❡ ♠✉❝❤♦s ❛ñ♦s✳

▲❛ ✐♠♣♦s✐❝✐ó♥ ✐rr❡✢❡①✐✈❛ ❞❡ ♠♦❞❡❧♦s ❡❞✉❝❛t✐✈♦s q✉❡ ♥♦ ❤❛♥ s✐❞♦ ♣r♦❜❛❞♦s s✉✜❝✐❡♥t❡♠❡♥t❡
♦ ♣❛r❛ ❧♦s ❝✉❛❧❡s ❧❛s ✐♥st✐t✉❝✐♦♥❡s ❞❡ ❡❞✉❝❛❝✐ó♥ s✉♣❡r✐♦r ♥♦ t✐❡♥❡♥ ❧♦s r❡❝✉rs♦s ♠❛t❡r✐❛❧❡s ②
❤✉♠❛♥♦s ♣❛r❛ ✐♠♣❧❡♠❡♥t❛r❧♦s ❝♦rr❡❝t❛♠❡♥t❡✱ ✈❡❛ ❆❧❧❛✐s ❬✶❪✱ ❈❛r❛❜❛ñ❛✲▼♦r❛❧❡s ❬✾❪✱ ❍②❧❛♥❞✱
❬✶✾❪ ② ▲✉♠ ❬✷✻❪✳

❊s ✐♠♣♦rt❛♥t❡ r❡❝♦♥♦❝❡r q✉❡ ♥♦ t♦❞♦ ❡s ❛♣♦❝❛❧í♣t✐❝♦ ❡♥ ❡❧ ❝❛♠♣♦ ❞❡ ❧❛ ❡❞✉❝❛❝✐ó♥✱ ❡♥ ❣❡♥❡r❛❧✱ ② ❡♥
❡❧ ❝❛s♦ ❞❡ ❧❛ ❡❞✉❝❛❝✐ó♥ s✉♣❡r✐♦r ❡♥ ♣❛rt✐❝✉❧❛r✳ ❊s s✐❡♠♣r❡ ♣♦s✐❜❧❡ ❡♥❝♦♥tr❛r ❡❥❡♠♣❧♦s ❞❡ ❡st✉❞✐❛♥t❡s✱
♣r♦❢❡s♦r❡s ❡ ✐♥st✐t✉❝✐♦♥❡s q✉❡ ♣r♦❝✉r❛♥✱ ❞❡♥tr♦ ❞❡ s✉s ❧✐♠✐t❛❝✐♦♥❡s✱ ❡♥❝❡♥❞❡r✱ ❡♥ s❡♥t✐❞♦ ✜❣✉r❛❞♦✱
✏✉♥❛ ❧✉③ ❡♥ ❧❛ ♦s❝✉r✐❞❛❞✑✳

❊st❡ ❡s ❡❧ ❝♦♥t❡①t♦ ❡♥ ❡❧ q✉❡ s❡ ❞❡s❛rr♦❧❧❛ ❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦ ❞❡ t❡s✐s✳

✶✳✷✳ ❉❡s❝r✐♣❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛✳

❊♥ ❧❛s ❧✐❝❡♥❝✐❛t✉r❛s ❞❡ ■♥❣❡♥✐❡rí❛ ▼❡❝á♥✐❝❛ ❡ ■♥❣❡♥✐❡rí❛ ▼❡❝❛tró♥✐❝❛ q✉❡ ♦❢❡rt❛ ❧❛ ❉✐✈✐s✐ó♥ ❞❡
■♥❣❡♥✐❡rí❛s ❞❡❧ ❈❛♠♣✉s ■r❛♣✉❛t♦✲❙❛❧❛♠❛♥❝❛ ❞❡ ❧❛ ❯♥✐✈❡rs✐❞❛❞ ❞❡ ●✉❛♥❛❥✉❛t♦ ✉♥❛ ❞❡ ❧❛s s❡❝✉❡♥❝✐❛s
❞❡ ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡ ♠ás ❞❡♠❛♥❞❛♥t❡s✱ ❞❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ❞❡ ❧♦s ❛❧✉♠♥♦s✱ ❡s ❧❛ q✉❡
❝♦♥s✐st❡ ❞❡ ❧❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡✿✶

✶✳ ❉✐♥á♠✐❝❛ ❞❡ ❧❛ ♣❛rtí❝✉❧❛✳

✷✳ ❉✐♥á♠✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✳

✸✳ ❆♥á❧✐s✐s ② sí♥t❡s✐s ❞❡ ♠❡❝❛♥✐s♠♦s✳

✹✳ ❉✐♥á♠✐❝❛ ❞❡ ♠❛q✉✐♥❛r✐❛✳

✺✳ ❱✐❜r❛❝✐♦♥❡s ♠❡❝á♥✐❝❛s✳

▲♦s í♥❞✐❝❡s ❞❡ r❡♣r♦❜❛❝✐ó♥ ❡♥ ❡st❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡ ② ❡♥ ♦tr❛s ❞❡❧ ár❡❛ ❜ás✐❝❛ ❝♦♠ú♥ s♦♥
♠✉② ❛❧t♦s ② ❝♦♥tr✐❜✉②❡♥ ❛ q✉❡ ✉♥ ♥ú♠❡r♦ ❡❧❡✈❛❞♦ ❞❡ ❡st✉❞✐❛♥t❡s t❛r❞❡♥ ✉♥♦ ♦ ❞♦s ❛ñ♦s ♠ás q✉❡ ❧♦s
✉s✉❛❧♠❡♥t❡ r❡q✉❡r✐❞♦s ♣❛r❛ ❝♦♠♣❧❡t❛r s✉s ❡st✉❞✐♦s ♣r♦❢❡s✐♦♥❛❧❡s ② t✐t✉❧❛rs❡✳ ❊❧ ♣r♦❜❧❡♠❛ ❡s ❞❡ t❛❧
♠❛❣♥✐t✉❞ q✉❡ ❡♥ ❧❛ ú❧t✐♠❛ r❡✈✐s✐ó♥ ❞❡❧ ♣r♦❣r❛♠❛✱ r❡❛❧✐③❛❞❛ ❞❡s♣✉és ❞❡ ❝❛s✐ ✶✺ ❛ñ♦s✱ s❡ s♦❧✐❝✐tó r❡❧❛✲
❥❛r ❧♦s ♣r❡r❡q✉✐s✐t♦s ❞❡ ❡st❛ s❡❝✉❡♥❝✐❛ ❞❡ ✉♥✐❞❛❞❡s ♣❛r❛ ❛♠✐♥♦r❛r ❡❧ r❡tr❛s♦ ❡♥ ❡❧ ❡❣r❡s♦ ❞❡ ❛❧✉♠♥♦s✳✷

✶❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r q✉❡ ❧❛s ❞♦s ú❧t✐♠❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡ s♦♥ ♦♣t❛t✐✈❛s ♣❛r❛ ❧❛ ❧✐❝❡♥❝✐❛t✉r❛ ❡♥ ✐♥❣❡♥✐❡rí❛
♠❡❝❛tró♥✐❝❛✳

✷P❛r❛❞ó❥✐❝❛♠❡♥t❡✱ ❛ ♣❡s❛r ❞❡ q✉❡ ❧❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡ s♦♥ ✐❞é♥t✐❝❛s ❡♥ ❛♠❜❛s ❧✐❝❡♥❝✐❛t✉r❛s✱ ❧♦s ♣r❡r❡q✉✐s✐t♦s
♥♦ ❧♦ s♦♥✳

✷



❯♥ ❛♥á❧✐s✐s ❡♠♣ír✐❝♦ ❞❡ ❧♦s ❛❧t♦s í♥❞✐❝❡s ❞❡ r❡♣r♦❜❛❝✐ó♥ ❡♥ ❡st❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡✱ ❡♥
♣❛rt✐❝✉❧❛r ❧❛s ❞❡ ❉✐♥á♠✐❝❛ ❞❡ ❧❛ ♣❛rtí❝✉❧❛ ② ❉✐♥á♠✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✱ ✐♥❞✐❝❛ q✉❡ ❛❞❡♠ás ❞❡ ❧❛s
♣r♦❜❧❡♠❛s ❣❡♥❡r❛❧❡s ♠❡♥❝✐♦♥❛❞♦s ❡♥ ❧❛ s❡❝❝✐ó♥ ✶✳✶ ✖q✉❡ ❝♦♥❞✉❝❡♥ ❛ ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ❡st✉❞✐❛♥t❡s ❡♥
❡s❛s ✉♥✐❞❛❞❡s ❝♦♥ ✉♥ ❞é❜✐❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ ❡ ✐♥t❡❣r❛❧✱ tr✐❣♦♥♦♠❡trí❛✱ á❧❣❡❜r❛ ②✱
❡♥ ❛❧❣✉♥♦s ❝❛s♦s✱ ❛r✐t♠ét✐❝❛✖ ❛❧❣✉♥❛s ❞❡ ❧❛s ❝❛✉s❛s ❞❡ ❡st♦s í♥❞✐❝❡s ❞❡ r❡♣r♦❜❛❝✐ó♥ s♦♥✿

✶✳ ▲❛s ❝❛r❡♥❝✐❛s ♣❡❞❛❣ó❣✐❝❛s ❞❡❧ ♣❡rs♦♥❛❧ ❞♦❝❡♥t❡✱ ✈❡❛ ❇❡r♥❛s❝♦♥✐ ♣á❣✐♥❛ ✹✺✱ ❬✻❪ ② ❬✷✼❪✳

✷✳ ▲❛ ❢❛❧t❛ ❞❡ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡❧ ♣❡rs♦♥❛❧ ❞♦❝❡♥t❡ ❛❝❡r❝❛ ❞❡❧ ❝♦♥t❡♥✐❞♦ ❞❡ ❧❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥✲
❞✐③❛❥❡✱ ✈❡❛ ❬✷✼❪✳

✸✳ ❊❧ r❡q✉❡r✐♠✐❡♥t♦✱ ✐♥❡①✐st❡♥t❡ ❡♥ ♦tr❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡✱ ❞❡ ❝♦♠♣r❡♥❞❡r ❧♦s ❢❡♥ó♠❡♥♦s
❢ís✐❝♦s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❧♦s ♣r♦❜❧❡♠❛s ❛ r❡s♦❧✈❡r ② q✉❡ s❡ tr❛❞✉❝❡♥✱ ✉s✉❛❧♠❡♥t❡✱ ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦
❞❡ ✉♥ ♣r♦❝❡s♦ ❞❡ s♦❧✉❝✐ó♥✱ q✉❡ ♣✉❡❞❡ t❡♥❡r ✉♥ ❜✉❡♥ ♥ú♠❡r♦ ❞❡ ♣❛s♦s✳ P❛r❛ ♠✉❝❤♦s ❡st✉❞✐❛♥✲
t❡s ❡st❡ r❡q✉❡r✐♠✐❡♥t♦ r❡♣r❡s❡♥t❛ ✉♥ r❡t♦ ✐♠♣♦rt❛♥t❡✱ ♣✉❡s ❢r❡❝✉❡♥t❡♠❡♥t❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ✉♥
♣r♦❜❧❡♠❛✱ ❡♥ ♦tr❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡✱ ❝♦♥st❛ ❞❡ ✉♥ ú♥✐❝♦ ♣❛s♦ ♦ r❡q✉✐❡r❡ ú♥✐❝❛♠❡♥t❡
❧❛ s✉st✐t✉❝✐ó♥ ❞❡ ❞❛t♦s ❡♥ ✉♥❛ ❢ór♠✉❧❛✳

✹✳ ▲❛ ❢❛❧t❛ ❞❡ ❡q✉✐♣♦ ❡①♣❡r✐♠❡♥t❛❧ q✉❡ ♦❢r❡③❝❛ ✉♥❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ❧❛ ❝♦♠♣r❡♥s✐ó♥ ❞❡ ❧♦s ❢❡♥ó✲
♠❡♥♦s ❢✉♥❞❛♠❡♥t❛❧❡s ❡st✉❞✐❛❞♦s ❡♥ ❡st❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡✳

✺✳ ▲❛ ❢❛❧t❛ ❞❡ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❢♦r♠❛❧ ❞❡ ♣r♦❣r❛♠❛s ❞❡ s✐♠✉❧❛❝✐ó♥✱ q✉❡ ❛ ❢❛❧t❛ ❞❡ ❡q✉✐♣♦ ❡①♣❡r✐✲
♠❡♥t❛❧✱ ♣❡r♠✐t❛ ♦❢r❡❝❡r ✉♥❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ❧❛ ❝♦♠♣r❡♥s✐ó♥ ❞❡ ❧♦s ❢❡♥ó♠❡♥♦s ❢✉♥❞❛♠❡♥t❛❧❡s
❡st✉❞✐❛❞♦s ❡♥ ❡st❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡✳

❊st❛ ú❧t✐♠❛ ❝❛✉s❛❀ ❡s ❞❡❝✐r✱ ❧❛ ❝❛r❡♥❝✐❛ ❞❡ ♣r♦❣r❛♠❛s ❞❡ s✐♠✉❧❛❝✐ó♥✱ q✉❡ ❛ ❢❛❧t❛ ❞❡ ❡q✉✐♣♦
❡①♣❡r✐♠❡♥t❛❧✱ ♣❡r♠✐t❛ ♦❢r❡❝❡r ✉♥❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ❧❛ ❝♦♠♣r❡♥s✐ó♥ ❞❡ ❧♦s ❢❡♥ó♠❡♥♦s ❢✉♥❞❛♠❡♥t❛❧❡s
❡st✉❞✐❛❞♦s ❡♥ ❡st❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡✱ ❡s ❧❛ q✉❡ ♣r♦♣♦♥❡ ❛♠✐♥♦r❛r ❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦ ❞❡
t❡s✐s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡s ♥❡❝❡s❛r✐♦ r❡❝♦♥♦❝❡r tr❡s ♣✉♥t♦s ✐♠♣♦rt❛♥t❡s✿

✶✳ ◗✉❡ r❡s♦❧✈❡r ♦ ❛♠✐♥♦r❛r ❡st❛ ú❧t✐♠❛ ❝❛✉s❛ ♥♦ ❛❜s✉❡❧✈❡ ❛ ❧❛ ✐♥st✐t✉❝✐ó♥ ❞❡ ❡❞✉❝❛❝✐ó♥ s✉♣❡r✐♦r ❞❡
s✐♠✉❧tá♥❡❛♠❡♥t❡ r❡s♦❧✈❡r✱ ♦ ❛❧ ♠❡♥♦s✱ ❛♠✐♥♦r❛r ❧❛ ❢❛❧t❛ ❞❡ ❡q✉✐♣♦ ❡①♣❡r✐♠❡♥t❛❧ q✉❡ ♦❢r❡③❝❛
✉♥❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ❧❛ ❝♦♠♣r❡♥s✐ó♥ ❞❡ ❧♦s ❢❡♥ó♠❡♥♦s ❢✉♥❞❛♠❡♥t❛❧❡s ❡st✉❞✐❛❞♦s ❡♥ ❡st❛s
✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡✳

✷✳ ◗✉❡ ❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦ ❞❡ t❡s✐s ú♥✐❝❛♠❡♥t❡ s❡ ❝♦♥❝❡♥tr❛ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡
❞❡ ❉✐♥á♠✐❝❛ ❞❡ ❧❛ ♣❛rtí❝✉❧❛ ② ❉✐♥á♠✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✳ ❆❧❣✉♥♦s ❞❡ ❡st♦s r❡s✉❧t❛❞♦s s❡
❡①t✐❡♥❞❡♥ t❛♠❜✐é♥ ❛ ❧❛ ✉♥✐❞❛❞ ❞❡ ❛♣r❡♥❞✐③❛❥❡ ❞❡ ❆♥á❧✐s✐s ② sí♥t❡s✐s ❞❡ ♠❡❝❛♥✐s♠♦s✳

✸✳ ◗✉❡ ❡s ♠✉② ✐♠♣♦rt❛♥t❡ ❛s❡❣✉r❛rs❡ q✉❡ ❧♦s r❡s✉❧t❛❞♦s ❛rr♦❥❛❞♦s ♣♦r ❧♦s ♣r♦❣r❛♠❛s ❞❡ s✐♠✉❧❛✲
❝✐ó♥ s❡❛♥ ❝♦rr❡❝t♦s✱ ♣✉❡s✱ ❡♥ ❝❛s♦ ❝♦♥tr❛r✐♦✱ ❡❧ ❡❢❡❝t♦ s♦❜r❡ ❧♦s ❡st✉❞✐❛♥t❡s ❞❡ ❡st❛s ✉♥✐❞❛❞❡s
❞❡ ❛♣r❡♥❞✐③❛❥❡ s❡rá ❛ú♥ ♠ás ♣❡r❥✉❞✐❝✐❛❧✳

❊s ✐❣✉❛❧♠❡♥t❡ ♥❡❝❡s❛r✐♦ r❡❝♦♥♦❝❡r q✉❡ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ♠❡❝❛♥✐s♠♦s ❢♦r♠❛❞♦s ♣♦r ❜❛rr❛s rí❣✐❞❛s✱ ❡❧
♣r♦❣r❛♠❛ ❞❡ ❝ó♠♣✉t♦ ❆❞❛♠s ❝© ❞❡ ❧❛ ❝♦♠♣❛ñí❛ ▼❙❈ ② ♦tr♦s s✐♠✐❧❛r❡s ②❛ ♣r♦✈❡❡♥ ❞❡ ❤❡rr❛♠✐❡♥t❛s
♠✉② s❛t✐s❢❛❝t♦r✐❛s ♣❛r❛ s✉ s✐♠✉❧❛❝✐ó♥ ② q✉❡ ❡stás ②❛ s❡ ❤❛♥ ❡♠♣❧❡❛❞♦ ❞❡ ♠❛♥❡r❛ ♠ás ♦ ♠❡♥♦s
❝♦♥t✐♥✉❛ ❡♥ ❧❛ ❡♥s❡ñ❛♥③❛ ❞❡ ❧❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡ ❝♦rr❡s♣♦♥❞✐❡♥t❡s✳ ◆♦ ♦❜st❛♥t❡✱ s✉ ❡♠♣❧❡♦
♥♦ ❡stá ❡①❡♥t♦ ❞❡ ❡rr♦r❡s ❝♦♠♦ ❧♦s ✐♥❞✐❝❛❞♦s ❡♥ Pér❡③✲❙♦t♦ ❡t ❛❧✱ ❬✸✸❪✳

✸



✶✳✸✳ ❖❜❥❡t✐✈♦s✳

❯♥❛ ✈❡③ ❡st❛❜❧❡❝✐❞♦s ❡❧ ❝♦♥t❡①t♦ ❞❡❧ tr❛❜❛❥♦ ② ❧❛ ❥✉st✐✜❝❛❝✐ó♥ ❞❡❧ ♠✐s♠♦✱ s❡ ✐♥❞✐❝❛ ❝✉❛❧ ❡s ❡❧
♦❜❥❡t✐✈♦ ② ❝✉❛❧❡s ❧❛s ♠❡t❛s ❞❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦ ❞❡ t❡s✐s✳ ❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❡ tr❛❜❛❥♦ ❡s ❡❧
❞❡s❛rr♦❧❧♦ ❞❡ ✉♥❛ ♠❡t♦❞♦❧♦❣í❛ ♣❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡ s✐st❡♠❛s ♠❡❝á♥✐❝♦s q✉❡ ✐♥❝❧✉②❛♥
❝❛❜❧❡s✱ ❝❛❞❡♥❛s✱ ❜❛♥❞❛s ② ❡♥❣r❛♥❡s ② s✉ ❡♠♣❧❡♦ ❡♥ ❧❛ ❡♥s❡ñ❛♥③❛ ❞❡ ❧❛s ✉♥✐❞❛❞❡s ❞❡
❛♣r❡♥❞✐③❛❥❡ ❞❡ ❉✐♥á♠✐❝❛ ❞❡ ❧❛ ♣❛rtí❝✉❧❛ ② ❉✐♥á♠✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✳ ▲❛ ❝♦♥s❡❝✉❝✐ó♥ ❞❡
❡st❡ ♦❜❥❡t✐✈♦ r❡q✉❡r✐rá ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❞✐❢❡r❡♥t❡s t✐♣♦s ❞❡ ♣r♦❜❧❡♠❛s ♣r❡s❡♥t❛❞♦s ❡♥ ❧♦s ❧✐❜r♦s ❞❡
t❡①t♦✱ ♠ás ❡♠♣❧❡❛❞♦s ❡♥ ❧❛ ❡♥s❡ñ❛♥③❛ ❛ ♥✐✈❡❧ ♥❛❝✐♦♥❛❧✱ ♠❡❞✐❛♥t❡ ❧♦s ♠ét♦❞♦s q✉❡ tr❛❞✐❝✐♦♥❛❧♠❡♥t❡
s❡ ❡♠♣❧❡❛♥ ② ❧❛ ❝♦♠♣❛r❛❝✐ó♥ ❝rít✐❝❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s✱ ❞❡ ❡st❛ ♠❛♥❡r❛✱ ❝♦♥ ❧♦s ♦❜t❡♥✐❞♦s
♠❡❞✐❛♥t❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡ ❧♦s ♠✐s♠♦s ♣r♦❜❧❡♠❛s ♠❡❞✐❛♥t❡ ❧❛s ❤❡rr❛♠✐❡♥t❛s ♣r♦♣♦r❝✐♦♥❛❞❛s ♣♦r ❡❧
♠ó❞✉❧♦ ▼❛❝❤✐♥❡r② ✐♥❝❧✉✐❞♦ ❡♥ ❧❛s ✈❡rs✐♦♥❡s ♠ás r❡❝✐❡♥t❡s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© ❞❡ ❧❛ ❝♦♠♣❛ñí❛
▼❙❈✳ ❊s ♥❡❝❡s❛r✐♦ ♠❡♥❝✐♦♥❛r q✉❡ ❧❛ ❛❞✐❝✐ó♥ ❞❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r② ❡s t❛♥ r❡❝✐❡♥t❡ q✉❡ ❧♦s ♠❛♥✉❛❧❡s
❝♦rr❡s♣♦♥❞✐❡♥t❡s ♥♦ ❡stá♥ r❡❞❛❝t❛❞♦s ❞❡ ♠❛♥❡r❛ ❝♦♥s✐st❡♥t❡❀ ♣♦r ❧♦ t❛♥t♦✱ ❧♦s ❞✐❢❡r❡♥t❡s ❡❥❡♠♣❧♦s
❝♦♥t❡♥✐❞♦s ❡♥ ❡st❡ tr❛❜❛❥♦ ❞❡ t❡s✐s ♣❛❧✐❛rá♥ ❧♦s ❡rr♦r❡s ✉ ♦♠✐s✐♦♥❡s ❞❡ ❧♦s ♠❛♥✉❛❧❡s s✉♠✐♥✐str❛❞♦s
♣♦r ❧❛ ❝♦♠♣❛ñí❛✳

▲❛s ♠❡t❛s q✉❡ ✐♠♣❧✐❝❛ ❧❛ ❝♦♥s❡❝✉❝✐ó♥ ❞❡❧ ♦❜❥❡t✐✈♦ ❛♥t❡s ✐♥❞✐❝❛❞♦ r❡q✉✐❡r❡ ♣❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s
❞✐❢❡r❡♥t❡s t✐♣♦s ❞❡ s✐st❡♠❛s✿ ❝❛❜❧❡s✱ ❝❛❞❡♥❛s✱ ❜❛♥❞❛s ② ❡♥❣r❛♥❡s✱ ❧❛ ❡①♣❧✐❝❛❝✐ó♥ s♦♠❡r❛ ❞❡ ❧❛s ❝❛✲
r❛❝t❡ríst✐❝❛s ♠ás ✐♠♣♦rt❛♥t❡s ❞❡ ❧♦s s✐st❡♠❛s ♠❡❝á♥✐❝♦s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡s♦s ❡❧❡♠❡♥t♦s ♠❡❝á♥✐❝♦s✱
❧❛ ❡①♣❧✐❝❛❝✐ó♥ ❞❡ ❧♦s r❡q✉❡r✐♠✐❡♥t♦s ❞❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r② ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© ♣❛r❛ s✐♠✉❧❛r
❡s♦s s✐st❡♠❛s ♠❡❝á♥✐❝♦s✱✸ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣r♦❜❧❡♠❛s q✉❡ ❞❡ ♠❛♥❡r❛ ♠ás ❝♦♠♣❧❡t❛ r❡♣r❡s❡♥t❡♥ ❡❧
❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❝❛❞❛ ✉♥♦ ❞❡ ❡s♦s t✐♣♦s ❞❡ s✐st❡♠❛s✱ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡ ❡s♦s s✐st❡♠❛s ♠❡❞✐❛♥t❡ ❡❧
♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✱ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❡s♦s s✐st❡♠❛s ♠❡❞✐❛♥t❡ ❧♦s ♠ét♦❞♦s ❞❡ ❡♥s❡ñ❛♥③❛ tr❛❞✐❝✐♦♥❛❧❡s ②
❧❛ ❝♦♠♣❛r❛❝✐ó♥ ❝rít✐❝❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❡♠♣❧❡❛♥❞♦ ❛♠❜♦s ♣r♦❝❡❞✐♠✐❡♥t♦s✳

❚r❡s ♠❡t❛s ✉♥ ❝✉❛♥t♦ t❛♥t♦ ✐♥❡s♣❡r❛❞❛s q✉❡ s❡ ♦❜t✉✈✐❡r♦♥ ❞✉r❛♥t❡ ❧❛ r❡❛❧✐③❛❝✐ó♥ ❞❡ ❡st❡ tr❛❜❛❥♦
❞❡ t❡s✐s ❢✉❡r♦♥✿

✶✳ ◗✉❡ ❧❛s t❛r❡❛s ♥❡❝❡s❛r✐❛s ♣❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡ ❧♦s ❞✐❢❡r❡♥t❡s s✐st❡♠❛s ♠❡❝á♥✐❝♦s ♠❡❞✐❛♥t❡
❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© ❢r❡❝✉❡♥t❡♠❡♥t❡ r❡q✉✐❡r❡ q✉❡ ❡❧ ✉s✉❛r✐♦✱ s❡❛ ❡st✉❞✐❛♥t❡ ♦ ✐♥str✉❝t♦r✱
❡♥❢r❡♥t❡ ❧❛ r❡❛❧✐❞❛❞ ❞❡ q✉❡ ❧♦s ❝✉❡r♣♦s q✉❡ ❡s ♥❡❝❡s❛r✐♦ ✐♥❝❧✉✐r ❡♥ ❧♦s s✐st❡♠❛s ♠❡❝á♥✐❝♦s s♦♥
❝✉❡r♣♦s tr✐❞✐♠❡♥s✐♦♥❛❧❡s ② q✉❡ ♣❛r❛ s✉ ❝♦♠♣❧❡t❛ ❞❡s❝r✐♣❝✐ó♥ s❡ r❡q✉✐❡r❡ ♠ás ✐♥❢♦r♠❛❝✐ó♥ q✉❡
❧❛ ✉s✉❛❧♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❞❛ ♣♦r ❧♦s ❧✐❜r♦s ❞❡ t❡①t♦✳ ❊st❡ r❡q✉✐s✐t♦ ❛❝❡r❝❛ ♠ás ❛ ❧♦s ❡st✉❞✐❛♥t❡s
❛ ❧❛ ♣r❛①✐s ❞❡ s✉ ❞❡s❡♠♣❡ñ♦ ♣r♦❢❡s✐♦♥❛❧ ② ❧♦s ♦❜❧✐❣❛ ❛ ❞✐s❝❡r♥✐r ❛q✉❡❧❧❛s ♣r♦♣✐❡❞❛❞❡s q✉❡ s♦♥
✐♥❞✐s♣❡♥s❛❜❧❡s ♣❛r❛ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛✱ ✉s✉❛❧♠❡♥t❡ s✉♠✐♥✐str❛❞❛s ♣♦r ❧♦s ❧✐❜r♦s ❞❡ t❡①t♦✱
❞❡ ❧❛s q✉❡ s♦♥ ♥❡❝❡s❛r✐❛s ♣❛r❛ ❞❡s❝r✐❜✐r ❞❡ ♠❛♥❡r❛ ♣r❡❝✐s❛ ✉♥ ❡❧❡♠❡♥t♦ ♠❡❝á♥✐❝♦ ♣❡r♦ q✉❡ ♥♦
t✐❡♥❡♥ ✐♥✢✉❡♥❝✐❛ ❡♥ ❡❧ r❡s✉❧t❛❞♦ ❞❡❧ ♣r♦❜❧❡♠❛ ② s✉ s✐♠✉❧❛❝✐ó♥✳

✷✳ ◗✉❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡ ❧♦s s✐st❡♠❛s ♠❡❝á♥✐❝♦s ❡♥ ❧♦s q✉❡ s❡ ✐♥❝❧✉②❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ♠ás✐❝❛s ❡
✐♥❡r❝✐❛❧❡s ❞❡ ❝❛❜❧❡s✱ ❝❛❞❡♥❛s ♦ ❜❛♥❞❛s ♣r❡s❡♥t❛♥✱ ❝♦♠♦ ❡s ❞❡ ❡s♣❡r❛rs❡✱ ✉♥❛ r❡s♣✉❡st❛ tr❛♥s✐✲
t♦r✐❛ s❡❣✉✐❞❛ ❞❡ ❧❛ r❡s♣✉❡st❛ ❡st❛❝✐♦♥❛r✐❛ ❞❡❧ s✐st❡♠❛✳ ❆❤♦r❛ ❜✐❡♥✱ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❧♦s ♣r♦❜❧❡♠❛s

✸❊st❛ ♠❡t❛ ❡s ♥❡❝❡s❛r✐❛✱ ♣✉❡s s❡ ❞❡s❡❛ q✉❡ ❡❧ tr❛❜❛❥♦ ❞❡ t❡s✐s s✐r✈❛ ❝♦♠♦ ✉♥❛ ❤❡rr❛♠✐❡♥t❛ ❞✐❞á❝t✐❝❛ ♣❛r❛ ❧❛
❡♥s❡ñ❛♥③❛ ❞❡ ❧❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡ ♠❡♥❝✐♦♥❛❞❛s✳

✹



❞❡ ❧♦s ❧✐❜r♦s ❞❡ t❡①t♦ ✉s✉❛❧♠❡♥t❡ ❝♦♥❝✐❡r♥❡ ú♥✐❝❛♠❡♥t❡ ❝♦♥ ❧❛ r❡s♣✉❡st❛ ❡st❛❝✐♦♥❛r✐❛ ❞❡❧ s✐s✲
t❡♠❛ ♠❡❝á♥✐❝♦✱ s✐♥ ✐♥❞✐❝❛❝✐ó♥ ❛❧❣✉♥❛ ❞❡ ❧❛ r❡s♣✉❡st❛ tr❛♥s✐t♦r✐❛❀ ♠✐❡♥tr❛s q✉❡ ❡♥ ❧❛ ♣r❛①✐s✱ ❧❛
r❡s♣✉❡st❛ tr❛♥s✐t♦r✐❛ ❞❡ ❡s♦s s✐st❡♠❛s ❡stá s✐❡♠♣r❡ ♣r❡s❡♥t❡ ❡♥ ♠❡♥♦r ♦ ♠❛②♦r ♠❡❞✐❞❛✳ ❉❡ ❡st❛
♠❛♥❡r❛✱ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡ ❡st♦s s✐st❡♠❛s ♣❡r♠✐t❡ ❛❧ ✐♥str✉❝t♦r ❛❞✈❡rt✐r✱ ❛ s✉s ❡st✉❞✐❛♥t❡s✱ ❞❡
q✉❡ ❧❛ ❡♥s❡ñ❛♥③❛ t❡ór✐❝❛ ❞❡ ❛❧❣✉♥♦s ❞❡ ❡st♦s t❡♠❛s ❡stá✱ ❡♥ ❡s♦s ❝❛s♦s✱ ❛❧❡❥❛❞❛ ❞❡ ❧❛ r❡❛❧✐❞❛❞✳

✸✳ ◗✉❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡ ❧♦s s✐st❡♠❛s ♠❡❝á♥✐❝♦s ❡♥ ❧♦s q✉❡ s❡ ✐♥❝❧✉②❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ♠ás✐❝❛s
❡ ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ♣♦❧❡❛s ♦ ❝❛t❛r✐♥❛s ♣r❡s❡♥t❡s ❡♥ ❛❧❣✉♥♦s ❞❡ ❡s♦s s✐st❡♠❛s ♣❡r♠✐t❡ ✐❧✉str❛r
❞❡ ♠❛♥❡r❛ s❡♥❝✐❧❧❛ ❡❧ ❡❢❡❝t♦ ❞❡ ❧❛ ✐♥❡r❝✐❛ ❡♥ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❡s♦s s✐st❡♠❛s✳ ❊st❡ ❞❡t❛❧❧❡ ❡s
♣❛rt✐❝✉❧❛r♠❡♥t❡ ✐♠♣♦rt❛♥t❡ ❡♥ ❧❛ tr❛♥s✐❝✐ó♥ ❞❡ ❧❛ ❡♥s❡ñ❛♥③❛ ❞❡ ❧❛ ❉✐♥á♠✐❝❛ ❞❡ ❧❛ ♣❛rtí❝✉❧❛✱
❡♥ ❧❛ ❝✉❛❧ ✉s✉❛❧♠❡♥t❡ s❡ s✉♣♦♥❡ q✉❡ ♣♦❧❡❛s ♦ ❝❛t❛r✐♥❛s s♦♥ ❞❡ ♠❛s❛ ❡ ✐♥❡r❝✐❛ ❞❡s♣r❡❝✐❛❜❧❡✱ ❛
❧❛ ❡♥s❡ñ❛♥③❛ ❞❡ ❧❛ ❉✐♥á♠✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✱ ❞♦♥❞❡ ❡s ♣♦s✐❜❧❡ ② ❝♦♥✈❡♥✐❡♥t❡ ❝♦♥s✐❞❡r❛r ❧❛s
♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ♣♦❧❡❛s ♦ ❝❛t❛r✐♥❛s✳

✶✳✹✳ ❊st❛❞♦ ❞❡❧ ❛rt❡✳

▲♦s ❡s❢✉❡r③♦s ♣❛r❛ ✐♥❝♦r♣♦r❛r ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡ s✐st❡♠❛s ♠❡❝á♥✐❝♦s ♣❛r❛ ❧❛ ❡♥s❡ñ❛♥③❛ ❞❡ ❧❛ ✐♥❣❡✲
♥✐❡rí❛ s♦♥ ♠✉② ❞✐✈❡rs♦s ② ✈❛♥ ❞❡s❞❡ ❡❧ ❡♠♣❧❡♦ ❞❡ s♦❢t✇❛r❡ ♠❛t❡♠át✐❝♦ ❝♦♠♦ ▼❛t❤❈❛❞ ❝©✱ ▼❛♣❧❡ ❝©

✖❡♥tr❡ ♦tr♦s ♣r♦❣r❛♠❛ ♣❛r❛ ❡❧ ❛♥á❧✐s✐s ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s r❡s✉❧t❛♥t❡s✖ ❡❧ ❡♠♣❧❡♦ ❞❡ ♣r♦❣r❛♠❛s
❞❡ s✐♠✉❧❛❝✐ó♥ ❝♦♠♦ ❙✐♠✉❧✐♥❦ ❝© ♣❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s q✉❡ r❡s✉❧t❛♥ ❞❡
r❡s♦❧✈❡r ✉♥ s✐st❡♠❛ ♠❡❝á♥✐❝♦✱ ❤❛st❛ ♣r♦❣r❛♠❛s ❞❡s❛rr♦❧❧❛❞♦s ❛ ♣❛rt✐r ❞❡ ❧❡♥❣✉❛❥❡s ❞❡ ♣r♦❣r❛♠❛❝✐ó♥
❢✉♥❞❛♠❡♥t❛❧❡s✱ ❝♦♠♦ ❈✰✰ ♦ ❱✐s✉❛❧❇❛s✐❝ ❝©✱ ❤❛st❛ ❛q✉❡❧❧♦s ❜❛s❛❞♦s ❡♥ ❧❡♥❣✉❛❥❡s ❞❡ ❛❧t♦ ♥✐✈❡❧ ❝♦♠♦
▼❛t▲❛❜ ❝© ♦ ❙❝✐❧❛❜ ❝© ❡t❝✱ ♦ ✐♥❝❧✉②❡♥ ❡❧ ✉s♦ ❞❡ ❧❛❜♦r❛t♦r✐♦s ✈✐rt✉❛❧❡s✱ q✉❡ s❡ ❡♠♣❧❡❛♥ ❛ ♣❛rt✐r ❞❡❧ ✉s♦
❞❡❧ ✐♥t❡r♥❡t✳

❊♥ ❡❧ ❝❛♠♣♦ ❡s♣❡❝í✜❝♦ ❞❡ ❧❛ ❉✐♥á♠✐❝❛✱ ②❛ s❡❛ ❞❡ ❧❛ ♣❛rtí❝✉❧❛ ♦ ❞❡ ❝✉❡r♣♦ rí❣✐❞♦✱ ❡❧ ♥ú♠❡r♦ ❞❡
❝♦♥tr✐❜✉❝✐♦♥❡s s❡ r❡❞✉❝❡ ❝♦♥s✐❞❡r❛❜❧❡♠❡♥t❡✱ ❛❧❣✉♥❛s ❞❡ ❡❧❧❛s ❡stá♥ ❡♥❢♦❝❛❞❛s ❛ ♣r♦❜❧❡♠❛s r❡❧❛t✐✈❛✲
♠❡♥t❡ ❡❧❡♠❡♥t❛❧❡s ❝♦♠♦ ❙❛♥t♦s✲❇❡♥✐t♦ ❡t ❛❧✳ ❬✸✺❪ ♦ ▲❡❡ ② ❍✉❛♥❣ ❬✷✹❪ ♦ ❜✐❡♥ ❛❧ ❡st✉❞✐♦ ❡st❛❞íst✐❝♦ ❞❡
❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❞✐❢❡r❡♥t❡s ♠ét♦❞♦s ❞❡ ❡♥s❡ñ❛♥③❛✱ ✈❡❛ ❍❛ ❬✶✻❪✳ ❊♥tr❡ ❧❛s r❡❢❡r❡♥✲
❝✐❛s ❡♥❝♦♥tr❛❞❛s ❤❛② tr❡s q✉❡ s❡ ❛♣r♦①✐♠❛♥ ❛❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❡ tr❛❜❛❥♦✱ ❧❛ ♣r✐♠❡r❛ ❞❡❜✐❞❛ ❇❡r♥❤❛r❞✱
❬✼❪✱ ♠✉❡str❛ ♠✉② ♣♦❝♦s ❞❡t❛❧❧❡s ❞❡ ❧❛s s✐♠✉❧❛❝✐♦♥❡s ♣r♦♣✉❡st❛s ② ♣❛r❡❝❡♥ r❡❛❧✐③❛❞❛s ❡♥ ✉♥ ❧❡♥❣✉❛❥❡
❞❡ ♣r♦❣r❛♠❛❝✐ó♥ ❡❧❡♠❡♥t❛❧✱ ❧❛ s❡❣✉♥❞❛ ❞❡s❛rr♦❧❧❛❞❛ ♣♦r ❉❡❧✐❦t❛s✱ ❬✶✷❪ ❡stá ♦r✐❡♥t❛❞❛ ♣❛r❛ ❡❧ ❡st✉❞✐♦
❞❡ ❧❛ ❊stát✐❝❛✱ ✜♥❛❧♠❡♥t❡✱ ❧❛ t❡r❝❡r❛ ❞❡❜✐❞❛ ❛ ❆③✐s ❡t ❛❧✳ ❬✹❪✱ ♠✉❡str❛ ✉♥ ❧❛❜♦r❛t♦r✐♦ ✈✐rt✉❛❧ ♣❛r❛ ❧❛
❡♥s❡ñ❛♥③❛ ❞❡ ❧♦s tr❡♥❡s ❞❡ ❡♥❣r❛♥❡s ② ♣❛r❡❝❡ s❡r ❞❡s❛rr♦❧❧❛❞♦ ❛ ♣❛rt✐r ❞❡ ❧❡♥❣✉❛❥❡s ❞❡ ♣r♦❣r❛♠❛❝✐ó♥
❢✉♥❞❛♠❡♥t❛❧❡s✳

❆ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❧❛s r❡❢❡r❡♥❝✐❛s ♠❡♥❝✐♦♥❛❞❛s✱ ❡❧ ♦❜❥❡t✐✈♦ ❞❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦ ❡s ❡♠♣❧❡❛r ✉♥ ♣r♦✲
❣r❛♠❛ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞❡ s✐st❡♠❛s ♠❡❝á♥✐❝♦s ②❛ ❡st❛❜❧❡❝✐❞♦ ② ❞❡ ❡♠♣❧❡♦ ❢r❡❝✉❡♥t❡ ❡♥ ❧❛ ❝♦♠✉♥✐❞❛❞
❞❡ ✐♥❣❡♥✐❡r♦s ♣r❛❝t✐❝❛♥t❡s ♣❛r❛ ♠❡❥♦r❛r ❧❛ ❡♥s❡ñ❛♥③❛ ❞❡ ❧❛ ❉✐♥á♠✐❝❛ ❞❡ ♣❛rtí❝✉❧❛s ② ❈✉❡r♣♦s rí❣✐❞♦s
② ❛❧ ♠✐s♠♦ t✐❡♠♣♦✱ ✐♥tr♦❞✉❝✐r ❛❧ ❡st✉❞✐❛♥t❡ ❛❧ ❡♠♣❧❡♦ ❞❡ ❡s❛s ❤❡rr❛♠✐❡♥t❛s q✉❡ ❧❡ s❡rá♥ ❞❡ ✉t✐❧✐❞❛❞
❡♥ s✉ ♣rá❝t✐❝❛ ♣r♦❢❡s✐♦♥❛❧✳

✶✳✺✳ ❉❡s❝r✐♣❝✐ó♥ ❞❡ ❧❛ t❡s✐s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ❞❡s❝r✐❜❡ ❡❧ ❝♦♥t❡♥✐❞♦ ❞❡❧ r❡st♦ ❞❡ ❧♦s ❝❛♣ít✉❧♦s ❞❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦ ❞❡ t❡s✐s✳ ❊❧
❝❛♣ít✉❧♦ ✷ ❝♦♥t✐❡♥❡ ❧♦s ❢✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ❞❡ ❧❛ ♦♣❡r❛❝✐ó♥ ❞❡ s✐st❡♠❛s ♠❡❝á♥✐❝♦s q✉❡ ✐♥❝❧✉②❡♥ ❧❛s

✺



♣♦❧❡❛s ♣❛r❛ ❝❛❜❧❡s ② ❜❛♥❞❛s✱ ❝❛❞❡♥❛s✱ ❝❛t❛r✐♥❛s ② ❡♥❣r❛♥❡s✳ ❊st❡ ❝❛♣ít✉❧♦ ❝♦♥t✐❡♥❡ ❧♦s ❢✉♥❞❛♠❡♥t♦s
t❡ór✐❝♦s ♥❡❝❡s❛r✐♦s ♣❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡✿

✶✳ ❙✐st❡♠❛s ♠❡❝á♥✐❝♦s q✉❡ ✐♥❝❧✉②❡♥ ❝❛❜❧❡s✱ ♣♦❧❡❛s ② ❝❛❜r❡st❛♥t❡s✳✹

✷✳ ❙✐st❡♠❛s ♠❡❝á♥✐❝♦s q✉❡ ✐♥❝❧✉②❡♥ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✳

✸✳ ❙✐st❡♠❛s ♠❡❝á♥✐❝♦s q✉❡ ✐♥❝❧✉②❡♥ ❜❛♥❞❛s ✖♣❧❛♥❛s✱ s✐♥❝r♦♥✐③❛❞❛s ② ♣♦❧② ❱✖ ② ♣♦❧❡❛s✳

✹✳ ❙✐st❡♠❛s ♠❡❝á♥✐❝♦s q✉❡ ✐♥❝❧✉②❡♥ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s✱ ❛❞❡♠ás ❡st❛ s❡❝❝✐ó♥ ✐♥❝❧✉②❡ ✉♥❛ ♣❡✲
q✉❡ñ❛ ✐♥tr♦❞✉❝❝✐ó♥ ❛ ❧❛ ❣❡♦♠❡trí❛ ❞❡ ❧♦s ♣❡r✜❧❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s✱ ❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r② ♣❡r♠✐t❡
❛♥❛❧✐③❛r ❡♥❣r❛♥❡s r❡❝t♦s✱ ❤❡❧✐❝♦✐❞❛❧❡s✱ ❝ó♥✐❝♦s✱ ❞❡ t♦r♥✐❧❧♦ ❤❡❧✐❝♦✐❞❛❧ ❡ ❤✐♣♦✐❞❛❧❡s✱ ✐♥❝❧✉②❡♥❞♦
❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❡♠♣❧❡❛r ❝r❡♠❛❧❧❡r❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s ❡♥❣r❛♥❡s r❡❝t♦s ② ❤❡❧✐❝♦✐❞❛❧❡s✳

❊❧ ❝❛♣ít✉❧♦ ✸ ❝♦♥t✐❡♥❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡❧ ár❡❛ ❞❡ ❝✐♥ét✐❝❛ ② ❝✐♥❡♠át✐❝❛ ❞❡ ♣❛rtí❝✉❧❛s
② ❝✉❡r♣♦ rí❣✐❞♦✱ r❡s✉❡❧t♦s ♠❡❞✐❛♥t❡ ❧♦s ♠ét♦❞♦s tr❛❞✐❝✐♦♥❛❧❡s ② ♠❡❞✐❛♥t❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❝♦♥ ❧❛s ❤❡✲
rr❛♠✐❡♥t❛s ❞❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r②✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❝❛❞❛ ♣r♦❜❧❡♠❛ ✐♥❝❧✉②❡ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ❞❡ ❧♦s
r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❛♠❜❛s ♠❡t♦❞♦❧♦❣í❛s✳

❊❧ ❝❛♣ít✉❧♦ ✹ ❝♦♥t✐❡♥❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❧❛ ✉♥✐❞❛❞ ❞❡ ❛♣r❡♥❞✐③❛❥❡ ❞❡ ❧❛ ❞✐♥á♠✐❝❛
❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✱ t❛♥t♦ ❞❡❧ ár❡❛ ❞❡ ❝✐♥❡♠át✐❝❛ ❝♦♠♦ ❞❡ ❝✐♥ét✐❝❛✱ r❡s✉❡❧t♦s ♠❡❞✐❛♥t❡ ❧♦s ♠ét♦❞♦s
tr❛❞✐❝✐♦♥❛❧❡s ② ♠❡❞✐❛♥t❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❝♦♥ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r②✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱
❝❛❞❛ ♣r♦❜❧❡♠❛ ✐♥❝❧✉②❡ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ❞❡ ❧♦s r❡s✉❧t❛❞♦s✳

❊❧ ❝❛♣ít✉❧♦ ✺ ❝♦♥t✐❡♥❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❧❛ ✉♥✐❞❛❞ ❞❡ ❛♣r❡♥❞✐③❛❥❡ ❞❡ ❧❛ ❞✐♥á♠✐❝❛
❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✱ t❛♥t♦ ❞❡❧ ár❡❛ ❞❡ ❝✐♥❡♠át✐❝❛ ❝♦♠♦ ❞❡ ❝✐♥ét✐❝❛✱ r❡s✉❡❧t♦s ♠❡❞✐❛♥t❡ ❧♦s ♠ét♦❞♦s
tr❛❞✐❝✐♦♥❛❧❡s ② ♠❡❞✐❛♥t❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❝♦♥ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r②✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱
❝❛❞❛ ♣r♦❜❧❡♠❛ ✐♥❝❧✉②❡ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❛♠❜❛s ♠❡t♦❞♦❧♦❣í❛s✳

❊❧ ❝❛♣ít✉❧♦ ✻ ❞❡ ❡♥❣r❛♥❡s ❞❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r② ♣❡r♠✐t❡ ❛♥❛❧✐③❛r ❧♦s s✐st❡♠❛s ❞❡ ❡♥❣r❛♥❡s ❝♦♥
❞✐❢❡r❡♥t❡s ♥✐✈❡❧❡s ❞❡ s♦✜st✐❝❛❝✐ó♥✿ ❉❡s❞❡ ❡❧ ♥✐✈❡❧ ❞❡♥♦♠✐♥❛❞♦ ❈♦✉♣❧❡r q✉❡ ú♥✐❝❛♠❡♥t❡ t♦♠❛ ❡♥
❝✉❡♥t❛ ❧❛s r❡❧❛❝✐♦♥❡s ❝✐♥❡♠át✐❝❛s ❞❡ ❧♦s ❡♥❣r❛♥❡s ❡♥ ❝♦♥t❛❝t♦✱✺ ♣❛s❛♥❞♦ ♣♦r ❡❧ ♥✐✈❡❧ ❙✐♠♣❧✐✜❡❞ q✉❡
t♦♠❛ ❡♥ ❝✉❡♥t❛ ❡❧ ♠ó❞✉❧♦ ❞❡❧ ❞✐❡♥t❡✱ ❡❧ á♥❣✉❧♦ ❞❡ ♣r❡s✐ó♥✱ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ② ❤✉❡❧❣♦ ❡♥tr❡ ❞✐❡♥t❡s
✖❜❛❝❦❧❛s❤✖❡ ✐♥❡r❝✐❛❀ ❛ ♣❛rt✐r ❞❡ ❡s♦s r❡s✉❧t❛❞♦s✱ ❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r② ❞❡t❡r♠✐♥❛ ❧❛s ❢✉❡r③❛s ❞❡
❝♦♥t❛❝t♦ ❡♥ ❛✉s❡♥❝✐❛ ❞❡ ❢r✐❝❝✐ó♥ ② ❧❛ r❡❧❛❝✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s✱ ❡❧ ❝❛♣ít✉❧♦ ❝♦♥t✐❡♥❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡
♣r♦❜❧❡♠❛s ❞❡ ❧❛ ✉♥✐❞❛❞ ❞❡ ❛♣r❡♥❞✐③❛❥❡ ❞❡ ❧❛ ❞✐♥á♠✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✱ t❛♥t♦ ❞❡❧ ár❡❛ ❞❡ ❝✐♥❡♠á✲
t✐❝❛ ❝♦♠♦ ❞❡ ❝✐♥ét✐❝❛✱ r❡s✉❡❧t♦s ♠❡❞✐❛♥t❡ ❧♦s ♠ét♦❞♦s tr❛❞✐❝✐♦♥❛❧❡s ② ♠❡❞✐❛♥t❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❝♦♥
❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡❧ ♥✐✈❡❧ ❙✐♠♣❧✐✜❡❞ ❞❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r②✳ ❊①✐st❡♥ ♦tr♦s ♥✐✈❡❧❡s ❞❡ s♦✜st✐❝❛❝✐ó♥
❞❡♥♦♠✐♥❛❞♦s ❉❡t❛✐❧❡❞ ② ✸❉ ❈♦♥t❛❝t q✉❡ ♣❡r♠✐t❡♥ r❡❛❧✐③❛r ❛♥á❧✐s✐s ♠ás ❞❡t❛❧❧❛❞♦s ② ❞✐r✐❣✐❞♦s
❤❛❝✐❛ ❡❧ ❞✐s❡ñ♦ ❞❡ ❧♦s ❡♥❣r❛♥❡s ❜❛s❛❞♦s ❡♥ ❝♦♥s✐❞❡r❛❝✐♦♥❡s ❞❡ r❡s✐st❡♥❝✐❛ ❛ ❧❛ ❢❛t✐❣❛ ❞❡ ❧♦s ❞✐❡♥t❡s
❞❡ ❡♥❣r❛♥❡ ② ❛ ❧❛ ❢❛t✐❣❛ ❞❡ ❧❛ s✉♣❡r✜❝✐❡s ❞❡ ❧♦s ❞✐❡♥t❡s ❞❡ ❡♥❣r❛♥❡✳ ◆✐♥❣✉♥♦ ❞❡ ❡st♦s ♥✐✈❡❧❡s ❡s
♥❡❝❡s❛r✐♦ ♣❛r❛ ❧♦s ♣r♦♣ós✐t♦s ❞❡ ❡st❡ tr❛❜❛❥♦✳

✹❊♥ ❡❧ ❡s♣❛ñ♦❧ q✉❡ ❝♦♠ú♥♠❡♥t❡ s❡ ❡♠♣❧❡❛ ❡♥ ▼é①✐❝♦ ❡s ♠ás ❢r❡❝✉❡♥t❡ ❧❧❛♠❛r❧♦s ♠❛❧❛❝❛t❡s✳
✺❊st❡ ♥✐✈❡❧ ♥✉♥❝❛ ♣✉❞♦ ❡♠♣❧❡❛rs❡ ❡♥ ❡❧ tr❛♥s❝✉rs♦ ❞❡ ❡st❡ tr❛❜❛❥♦ ❞❡ t❡s✐s✳

✻



▲♦s ❆♣é♥❞✐❝❡s ❆ ② ❈ ❝♦♥t✐❡♥❡♥✱ ❧♦s ❢✉♥❞❛♠❡♥t♦s ❜ás✐❝♦s ❛❝❡r❝❛ ❞❡ ❧❛ t❡♦rí❛ ❞❡ ❝♦♥t❛❝t♦s ❞❡ ❍❡rt③✱
❞♦♥❞❡ s❡ ❡①♣❧✐❝❛♥ ❧♦s ❞✐st✐♥t♦s ♠♦❞❡❧♦s ❡♥ ❧❛ ♠❡❝á♥✐❝❛ ❞❡ ❝♦♥t❛❝t♦s✱ ❧❛ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❡ ❧❛s ❢✉❡r③❛s
❞❡ ❝♦♥t❛❝t♦✱ ❧❛s ❞✐st✐♥t❛s ár❡❛s ❞❡ ❝♦♥t❛❝t♦ ❡♥tr❡ ❞✐st✐♥t♦s ❝✉❡r♣♦s ② ♣♦r ú❧t✐♠♦ ❧❛s ❡❝✉❛❝✐♦♥❡s q✉❡
❞❡✜♥❡♥ ❡❧ ❝♦♥t❛❝t♦ ❡♥tr❡ ✉♥❛ ❡s❢❡r❛ ② ✉♥ s❡♠✐ ❡s♣❛❝✐♦ ② ❡❧ ❝♦♥t❛❝t♦ ❡♥tr❡ ❞♦s ❡s❢❡r❛s✳ ❊❧ ❆♣é♥❞✐❝❡
❇ ❝♦♥t✐❡♥❡ ❧♦s ❢✉♥❞❛♠❡♥t♦s ❜ás✐❝♦s ❞❡ ❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚✱ ❢✉♥❝✐ó♥ ❡♠♣❧❡❛❞❛ ♣♦r ❆❞❛♠s ❝© ❙♦❧✈❡r
② s✉ ❡str❡❝❤❛ r❡❧❛❝✐ó♥ ❝♦♥ ❧❛ t❡♦rí❛ ❞❡ ❝♦♥t❛❝t♦s ❞❡ ❍❡rt③✱ ❛❞❡♠ás ❞❡ ❡①♣❧✐❝❛r ❝♦♥ ♠ás ❞❡t❛❧❧❡ ❧♦s
♣❛rá♠❡tr♦s q✉❡ ❝♦♥❢♦r♠❛♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❧❛ ❢✉❡r③❛ ♥♦r♠❛❧ ❞❡ ❝♦♥t❛❝t♦✳

❊❧ ❆♣é♥❞✐❝❡ ❉ ❡①♣❧✐❝❛ ❧❛ ♦♣❡r❛❝✐ó♥ ❞❡ ♦r✐❡♥t❛❝✐ó♥✱ ❡st❛ ♦♣❡r❛❝✐ó♥ ♣❡r♠✐t❡ ♠♦❞✐✜❝❛r ❧❛ ♦r✐❡♥t❛❝✐ó♥
❞❡ ❧♦s ❡❥❡s ❞❡ r♦t❛❝✐ó♥ ❞❡ ❧❛ ♣♦❧❡❛ ♦ ❝✉❛❧q✉✐❡r ♦tr♦ ❝✉❡r♣♦ ❝♦♥ r❡s♣❡❝t♦ ❛ ♦tr♦ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✳
❊st❛ ♦♣❡r❛❝✐ó♥ ❞❡ ♦r✐❡♥t❛❝✐ó♥ ❡♠♣❧❡❛ ❧♦s á♥❣✉❧♦s ❞❡ ❊✉❧❡r✱ ♠✐❡♥tr❛s q✉❡ ❡❧ ❆♣é♥❞✐❝❡ ❊ ❡①♣❧✐❝❛
t♦❞♦s ❧♦s ♣❛rá♠❡tr♦s r❡q✉❡r✐❞♦s ♣❛r❛ ❧❛ ❝r❡❛❝✐ó♥ ❞❡ ✉♥❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡♥ ✉♥ ♣❛r ♣r✐s♠át✐❝♦✱
❡♥tr❡ ❧♦s ❝✉❛❧❡s s❡ ❡♥❝✉❡♥tr❛♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❢r✐❝❝✐ó♥ ❡stát✐❝♦ ② ❞✐♥á♠✐❝♦✱ ❡❧ s♦❧❛♣❛♠✐❡♥t♦ ✐♥✐❝✐❛❧
② ✜♥❛❧✱ ❢❛❝t♦r ❞❡ ❛♠♦rt✐❣✉❛♠✐❡♥t♦✱ ❞❡❢♦r♠❛❝✐ó♥ ♠á①✐♠❛ ❞❡❜✐❞❛ ❛ ❧❛ ❢r✐❝❝✐ó♥ ❡stát✐❝❛ ❡♥tr❡ ♦tr♦s✳
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❈❛♣ít✉❧♦ ✷

❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s✳

❊♥ ❡st❡ ❝❛♣ít✉❧♦ s❡ ♣r❡s❡♥t❛♥ ❧♦s ❢✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ❞❡ ❧♦s s✐st❡♠❛s ♠❡❝á♥✐❝♦s q✉❡ ❝♦♥t✐❡✲
♥❡♥✿ P♦❧❡❛s ② ❝❛❜❧❡s✱ ♣♦❧❡❛s ② ❜❛♥❞❛s✱ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s ② ❡♥❣r❛♥❡s✳ Ú♥✐❝❛♠❡♥t❡ ❧♦s ❞❡t❛❧❧❡s
✐♥❞✐s♣❡♥s❛❜❧❡s ♣❛r❛ ❡♠♣❧❡❛r ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r② s❡ ❡①♣❧✐❝❛rá♥ ❞❡ ♠❛♥❡r❛ ♠✉②
s♦♠❡r❛✳

✷✳✶✳ ❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ❞❡ s✐st❡♠❛s ❞❡ ♣♦❧❡❛s ♣❛r❛ ❝❛❜❧❡s

② ❜❛♥❞❛s✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ❙❡r✈✐❝✐♦ ◆❛❝✐♦♥❛❧ ❞❡ ❆♣r❡♥❞✐③❛❥❡ ✭❙❊◆❆✮ ❬✸✻❪✱ ✉♥❛ ♣♦❧❡❛ s❡ ❝♦♥s✐❞❡r❛ ✉♥
s✐st❡♠❛ ❞❡ tr❛s♠✐s✐ó♥ ❧✐♥❡❛❧ q✉❡ ❡stá ❢♦r♠❛❞♦ ♣♦r ✉♥ ❝✉❡r♣♦ ❝✐r❝✉❧❛r q✉❡ ❝✉❡♥t❛ ❝♦♥ ✉♥ ♠♦✈✐♠✐❡♥t♦
❞❡ r♦t❛❝✐ó♥ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❡❥❡ ✜❥♦ ✉s✉❛❧♠❡♥t❡ ❜❛r✐❝é♥tr✐❝♦ ② q✉❡ ❛❧r❡❞❡❞♦r ❞❡ t♦❞❛ s✉ ♣❡r✐❢❡r✐❛ s❡
❢♦r♠❛ ✉♥❛ ❝❛♥❛❧❡t❛ ❝♦♥♦❝✐❞❛ ❝♦♠♦ ❣❛r❣❛♥t❛✱ ❞❡❧ ✐♥❣❧és ✏t❤r♦❛t✑✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✶✱ ❧❛ ❝✉❛❧ s✐♠♣❧✐✜❝❛
❡❧ ❝♦♥t❛❝t♦ ❡♥tr❡ ❡❧ ❝❛❜❧❡ ♦ ❜❛♥❞❛ ② ❧❛ ♣♦❧❡❛✳

▲❛ ♣♦❧❡❛ ❡stá ❝♦♥❢♦r♠❛❞❛ ♣♦r tr❡s ♣❛rt❡s ♣r✐♠♦r❞✐❛❧❡s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✶✳

✭❛✮ ❈✉❡r♣♦✿ ❡s ❧❛ ♣❛rt❡ ❞❡ ❧❛ ♣♦❧❡❛ ❡♥❝❛r❣❛❞❛ ❞❡ ✉♥✐r ❡❧ ❝✉❜♦ ② ❧❛ ❧❧❛♥t❛✳ ❈✉❛♥❞♦ ❡❧ t❛♠❛ñ♦ ❞❡❧
❝✉❡r♣♦ s❡❛ r❡❧❛t✐✈❛♠❡♥t❡ ♣❡q✉❡ñ♦ ést❡ t✐❡♥❞❡ ❛ s❡r ❢❛❜r✐❝❛❞♦ ❝♦♠♦ ✉♥ ❝✉❡r♣♦ só❧✐❞♦✱ ♣❡r♦ ❛
♠❡❞✐❞❛ q✉❡ ❡❧ t❛♠❛ñ♦ ❞❡❧ ❝✉❡r♣♦ ❛✉♠❡♥t❡ ést❛s s❡rá♥ ❢❛❜r✐❝❛❞❛s ❝♦♥ ❜r❛③♦s✱ ❝♦♥ ❡❧ ♦❜❥❡t♦ ❞❡
❞✐s♠✐♥✉✐r ❧❛ ♠❛s❛ ② ♣♦r ❡♥❞❡ ❡❧ ♣❡s♦ ❞❡ ❧❛ ♣♦❧❡❛✳

✭❜✮ ❈✉❜♦✿ ❡s ✉♥ ♣❡q✉❡ñ♦ ❛❣✉❥❡r♦ ♣♦r ❡❧ ❝✉❛❧ ❡❧ ❡❥❡ ❞❡ r♦t❛❝✐ó♥ s❡ ❡♥s❛♠❜❧❛ ❝♦♥ ❧❛ ♣♦❧❡❛✳

✭❝✮ ●❛r❣❛♥t❛✿ ❡s ❧❛ ♣❛rt❡ ❞❡ ❧❛ ♣♦❧❡❛ ❞♦♥❞❡ ❡①✐st❡ ❝♦♥t❛❝t♦ ❝♦♥ ❡❧ ❝❛❜❧❡ ♦ ❜❛♥❞❛ ② ❞♦♥❞❡ ❧❧❡❣❛
❛ ❡①✐st✐r ♠❛②♦r ❞❡s❣❛st❡✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❙❧♦❝✉♠✱ ❬✸✼❪✱ ❝✉❛♥❞♦ ✉♥ ❝❛❜❧❡✱ ❝♦rr❡❛ ♦ ❜❛♥❞❛ s❡ ✉t✐❧✐③❛ ♣❛r❛ tr❛♥s♠✐t✐r ♠♦✈✐✲
♠✐❡♥t♦ ♦ ♣❛r❛ ❧❡✈❛♥t❛r ✉♥❛ ❝❛r❣❛ ② s❡ ✉t✐❧✐③❛ ✉♥❛ ♣♦❧❡❛ ✜❥❛✱ ❧❛ ❡✜❝✐❡♥❝✐❛ ❞❡ ❧❛ tr❛♥s♠✐s✐ó♥ ❞✐s♠✐♥✉②❡
② ❡❧ ❝❛❜❧❡✱ ❝♦rr❡❛ ♦ ❜❛♥❞❛ t✐❡♥❞❡♥ ❛ ❞❡s❣❛st❛rs❡ rá♣✐❞❛♠❡♥t❡ ♣♦r r♦③❛♠✐❡♥t♦ ② ❡❧ ❝❛❧♦r ❣❡♥❡r❛❞♦ ❡♥
❡❧ ♣✉♥t♦ ❞❡ ❝♦♥t❛❝t♦✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✸✳ P❛r❛ ❡✈✐t❛r ❡s♦s ♣r♦❜❧❡♠❛s s❡ ❞❡❜❡ ❡♠♣❧❡❛r ✉♥❛ ♣♦❧❡❛ q✉❡
♣❡r♠✐t❛ ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦t❛❝✐ó♥✱ ②❛ q✉❡ ❞❡ ❡st❛ ♠❛♥❡r❛ ❡❧ ❝♦♥t❛❝t♦ ❡s ❞❡ r♦❞❛❞✉r❛ ❡♥tr❡ ❧❛ ♣♦❧❡❛
② ❡❧ ❝❛❜❧❡✱ ❝♦rr❡❛ ♦ ❧❛ ❜❛♥❞❛✳ ▼❛s ❛ú♥✱ ♣❛r❛ ❡✈✐t❛r ❞❛ñ♦ ♣♦r ❢❛t✐❣❛✱ s❡ r❡❝♦♠✐❡♥❞❛ ❡♠♣❧❡❛r ♣♦❧❡❛s

✽



❋✐❣✉r❛ ✷✳✶✿ ❊❧❡♠❡♥t♦s ❜ás✐❝♦s ❞❡ ❧❛s ♣♦❧❡❛s ♣❛r❛ ❝❛❜❧❡✳

❝✉②♦ r❛❞✐♦ s❡❛ ❞❡ ♣♦r ❧♦ ♠❡♥♦s ✷✵ ✈❡❝❡s ❡❧ ❞✐á♠❡tr♦ ♥♦♠✐♥❛❧ ❞❡❧ ❝❛❜❧❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ ✉t✐❧✐③❛r ♣♦❧❡❛s
♣❛r❛ ❝❛❜❧❡s ♠❡tá❧✐❝♦s✳

▲❛s ❛♣❧✐❝❛❝✐♦♥❡s ♠ás ❝♦♠✉♥❡s ❞❡ ❧❛s ♣♦❧❡❛s ❡s ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ♣♦t❡♥❝✐❛ ❞❡s❞❡ ✉♥ ♣✉♥t♦ ❛ ♦tr♦✱
❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❧✐♥❡❛❧ ♦ r♦t❛t♦r✐♦ ② ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ♠♦❞✐✜❝❛r ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡ ✉♥❛
❢✉❡r③❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✸✳ ❆❞❡♠ás ❧❛s ♣♦❧❡❛s ♣✉❡❞❡♥ ❣❡♥❡r❛r ✉♥❛ r❡❧❛❝✐ó♥ ❞❡ tr❛♥s♠✐s✐ó♥ ❞✐r❡❝t❛♠❡♥t❡
✈✐♥❝✉❧❛❞❛ ❝♦♥ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❣✐r♦ ❞❡ ❧❛ ♣♦❧❡❛ ❞❡ ❡♥tr❛❞❛ ② ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❣✐r♦ ❞❡ ❧❛ ♣♦❧❡❛ ❞❡ s❛❧✐❞❛✱
❝✉❛♥❞♦ ❧❛ tr❛♥s♠✐s✐ó♥ ❡s ♠❡❞✐❛♥t❡ ♣♦❧❡❛s ② ❜❛♥❞❛s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✷ ② ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✶✮✳

i =
rB
rA

=
wA

wB

✭✷✳✶✮

❋✐❣✉r❛ ✷✳✷✿ ❘❡❧❛❝✐ó♥ ❞❡ tr❛♥s♠✐s✐ó♥ ♠❡❞✐❛♥t❡ ♣♦❧❡❛s ② ❜❛♥❞❛s✳

✾



❋✐❣✉r❛ ✷✳✸✿ Pr♦♣✐❡❞❛❞❡s ❞❡ ❧❛s ♣♦❧❡❛s✳

▲❛s ❝♦rr❡❛s ② ❝❛❜❧❡s s♦♥ ♠✉② ❝♦♠✉♥❡s ♣❛r❛ ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ♣♦t❡♥❝✐❛✱ ❡s♦ s❡ ❞❡❜❡ ❛ q✉❡ ❛♠❜♦s
t✐❡♥❡♥ ❝✐❡rt❛ ❡❧❛st✐❝✐❞❛❞ q✉❡ ❧❡s ♣❡r♠✐t❡ ❛❝♦♣❧❛rs❡ ❛❧r❡❞❡❞♦r ❞❡ ❝✉❡r♣♦s ❝♦♥ ♣❡r✜❧ ❝✐r❝✉❧❛r ② ❝♦♥ ✉♥❛
❡✜❝✐❡♥❝✐❛ r❡❧❛t✐✈❛♠❡♥t❡ ❛❧t❛✱ ♣♦r ❧♦ t❛♥t♦✱ s❡ ♣✉❡❞❡ ❝❧❛s✐✜❝❛r ❧❛s ♣♦❧❡❛s ❡♥ ❞♦s ❝❛t❡❣♦rí❛s✿ ♣♦❧❡❛s
♣❛r❛ ❝❛❜❧❡ ② ♣♦❧❡❛s ♣❛r❛ ❜❛♥❞❛s ♦ ❝♦rr❡❛s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✹✳

✭❛✮ ❈❛❜❧❡ ✭❜✮ ❇❛♥❞❛s tr❛♣❡③♦✐❞❛❧❡s ✭❝✮ ❇❛♥❞❛s ❡str✐❛❞❛s ✭❞✮ ❇❛♥❞❛s ❧✐s❛s

❋✐❣✉r❛ ✷✳✹✿ ❙❡❝❝✐♦♥❡s ❞❡ ❧♦s ❞✐❢❡r❡♥t❡s t✐♣♦s ❞❡ ♣♦❧❡❛s✳

▲❛s ♣♦❧❡❛s ♣❛r❛ ❝❛❜❧❡ ♣♦s❡é♥ ✉♥❛ ❣❛r❣❛♥t❛ ❝♦♥ ✉♥ ♣❡r✜❧ s❡♠✐❝✐r❝✉❧❛r ❞♦♥❞❡ ❡♥tr❛ ❡♥ ❝♦♥t❛❝t♦
❝♦♥ ❡❧ ❝❛❜❧❡ ❞❡ ❛❝❡r♦✱ ❡st❡ t✐♣♦ ❞❡ ♣♦❧❡❛ s❡ ❡♠♣❧❡❛♥ ♣❛r❛ ❡❧❡✈❛r ❝❛r❣❛s ② ♣❛r❛ tr❛❝❝✐ó♥✳ P♦r ♦tr♦
❧❛❞♦✱ ❧❛s ♣♦❧❡❛s ♣❛r❛ ❜❛♥❞❛s✱ ♣♦s❡é♥ ✉♥❛ ❣❛r❣❛♥t❛ ❝♦♥ ✉♥ ♣❡r✜❧ tr❛♣❡③♦✐❞❛❧✱ ❧✐s♦ ♦ ❡str✐❛❞♦✱ ② s❡
❡♠♣❧❡❛♥ ♣❛r❛ tr❛♥s♠✐t✐r ♠♦✈✐♠✐❡♥t♦ ❡♥tr❡ ❡❥❡s ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ✉♥❛ r❡❧❛❝✐ó♥ ❞❡ tr❛♥s♠✐s✐ó♥✱ ✈❡❛ ❧❛
❡❝✉❛❝✐ó♥ ✭✷✳✶✮✳

✶✵



✷✳✷✳ ❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ❞❡ ♣♦❧❡❛s ♣❛r❛ ❝❛❜❧❡s✳

❇ás✐❝❛♠❡♥t❡ ❧❛ ❢✉♥❝✐ó♥ ♣r✐♠♦r❞✐❛❧ ❞❡ ✉♥❛ ♣♦❧❡❛ ♣❛r❛ ❝❛❜❧❡ ❞❡ ❛❝❡r♦ ❡s ❧❡✈❛♥t❛r ② ❛rr❛str❛r ❝❛r❣❛s
② s❡ ❝❧❛s✐✜❝❛♥ ❡♥ ❞♦s t✐♣♦s ♣r✐♥❝✐♣❛❧❡s✿ ♣♦❧❡❛s ✜❥❛s ② ♣♦❧❡❛s ♠ó✈✐❧❡s✳

▲❛s ♣♦❧❡❛s ✜❥❛s ♠❛♥t✐❡♥❡♥ s✉ ❡❥❡ ❞❡ r♦t❛❝✐ó♥ ✜❥♦ ❡♥ ✉♥ ♣✉♥t♦ ❡♥ ❡❧ ❡s♣❛❝✐♦✱ ❡st♦ ❧✐♠✐t❛ ❡❧ ♠♦✲
✈✐♠✐❡♥t♦ ❞❡ ❧❛ ♣♦❧❡❛ ú♥✐❝❛♠❡♥t❡ ❛ r♦t❛❝✐ó♥ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❡❥❡ ✜❥♦ ✉s✉❛❧♠❡♥t❡ ❜❛r✐❝é♥tr✐❝♦❀ ❡st♦
q✉✐❡r❡ ❞❡❝✐r✱ q✉❡ ❧❛ ♣♦❧❡❛ ♥♦ ♣♦❞rá tr❛s❧❛❞❛rs❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ ♠✐❡♥tr❛s q✉❡ ❧❛s ♣♦❧❡❛s ♠ó✈✐❧❡s ♥♦
s♦❧❛♠❡♥t❡ ♣♦s❡❡♥ ♠♦✈✐♠✐❡♥t♦ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❡❥❡✱ s✐♥♦ q✉❡ ❞✐❝❤♦ ❡❥❡ ❞❡ r♦t❛❝✐ó♥ ♣✉❡❞❡ ❞❡s♣❧❛③❛rs❡
❡♥ ❡❧ ❡s♣❛❝✐♦✱ ❡♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❧❛s ♣♦❧❡❛s ♠ó✈✐❧❡s ✈❛♥ ✉♥✐❞❛s ❛ ❧❛ ❝❛r❣❛ ② s❡ ❞❡s♣❧❛③❛♥ ❥✉♥t♦ ❝♦♥ ❡❧❧❛✳

❖❜❡r❣✱ ❬✸✵❪✱ ❤❛❝❡ ♠✉❝❤♦ é♥❢❛s✐s ❡♥ ❧❛ ❣❛♥❛♥❝✐❛ ♠❡❝á♥✐❝❛ q✉❡ ❛♠❜♦s t✐♣♦s ❞❡ ♣♦❧❡❛s ❣❡♥❡r❛♥✱
s❡❣ú♥ ❡❧ ❛✉t♦r ❧❛ ♣♦❧❡❛ ✜❥❛ ♥♦ ❣❡♥❡r❛ ♥✐♥❣ú♥ t✐♣♦ ❞❡ ❣❛♥❛♥❝✐❛ ♠❡❝á♥✐❝❛ ♣♦r ❧♦ q✉❡ s✉ ❢✉♥❝✐ó♥ ❡s❡♥✲
❝✐❛❧ ❡s ❧❛ r❡❞✉❝❝✐ó♥ ❞❡❧ r♦③❛♠✐❡♥t♦ ❡♥tr❡ ❧❛ ♠✐s♠❛ ♣♦❧❡❛ ② ❡❧ ❝❛❜❧❡❀ ❞❡ ❡s❛ ♠❛♥❡r❛ s❡ ❧♦❣r❛ r❡❞✉❝✐r
❡❧ ❞❡s❣❛st❡ ❡♥tr❡ ❡❧ ❝❛❜❧❡ ② ❧❛ ♣♦❧❡❛ ② ♣♦r ❝♦♥s❡❝✉❡♥❝✐❛ ❛✉♠❡♥t❛r ❧❛ ✈✐❞❛ út✐❧ ❞❡ ❛♠❜❛s✳ ▼✐❡♥tr❛s
t❛♥t♦ ❧❛s ♣♦❧❡❛s ♠ó✈✐❧❡s s♦♥ ✉♥ ♠❡❝❛♥✐s♠♦ q✉❡ ❣❡♥❡r❛ ❣❛♥❛♥❝✐❛ ♠❡❝á♥✐❝❛✱ ❧♦ q✉❡ ♣❡r♠✐t❡ ✈❡♥❝❡r
♠❛s ❢á❝✐❧♠❡♥t❡ ✉♥❛ ❝❛r❣❛ ♦ r❡s✐st❡♥❝✐❛❀ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧♦ ❛♥t❡r✐♦r✱ só❧♦ ❡s ♥❡❝❡s❛r✐♦ ❛♣❧✐❝❛r ✉♥❛
❢✉❡r③❛ ✐❣✉❛❧ ♦ ❧✐❣❡r❛♠❡♥t❡ ♠❛②♦r ❛ ❧❛ ♠✐t❛❞ ❞❡ ❧❛ ❢✉❡r③❛ ♣r♦❞✉❝✐❞❛ ♣♦r ❧❛ ❝❛r❣❛ ♦ r❡s✐st❡♥❝✐❛✳ ▲❛
❝♦♠❜✐♥❛❝✐ó♥ t❛♥t♦ ❞❡ ♣♦❧❡❛s ✜❥❛s ② ♠ó✈✐❧❡s s❡ ❧❡ ❝♦♥♦❝❡ ❝♦♠♦ ♣♦❧✐♣❛st♦✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✺✳

❈♦♥s✐❞❡r❛♥❞♦ ✉♥ s✐st❡♠❛ ♣♦❧✐♣❛st♦ ❝♦♥ n ♥ú♠❡r♦ ❞❡ ♣♦❧❡❛s ♠ó✈✐❧❡s ② q✉❡ r❡q✉✐❡r❡ ✈❡♥❝❡r ✉♥❛
r❡s✐st❡♥❝✐❛ T ✱ ♥❡❝❡s✐t❛ ❛♣❧✐❝❛r ✉♥❛ ❢✉❡r③❛ ❧✐❣❡r❛♠❡♥t❡ ♠❛②♦r ❛ F = T/2n✳

❋✐❣✉r❛ ✷✳✺✿ P♦❧✐♣❛st♦ ♣❛r❛ ❡❧❡✈❛❝✐ó♥ ❞❡ ❝❛r❣❛✳

❈♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✺✱ s✐ s❡ q✉✐❡r❡ ❧❡✈❛♥t❛r ✉♥❛ ❝❛r❣❛ ❞❡ 150N ✱ ❡s ♥❡❝❡s❛r✐♦ ❛♣❧✐❝❛r
✉♥❛ ❢✉❡r③❛ F ❧✐❣❡r❛♠❡♥t❡ ♠❛②♦r ❛ 75N ♣❛r❛ ✈❡♥❝❡r ❧❛ ❝❛r❣❛✱ ❡st♦ ❞❡❜✐❞♦ ❛ q✉❡ ❡❧ s✐st❡♠❛ ❞❡ ♣♦❧❡❛s

✶✶



❝♦♥t✐❡♥❡ ✉♥❛ ♣♦❧❡❛ ♠ó✈✐❧ ② ♦tr❛ ✜❥❛✱ ❛♣❧✐❝❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r s❡ ♦❜t✐❡♥❡✿

F =
150N

2
= 75N

❊s ♥❡❝❡s❛r✐♦ ❛❝❧❛r❛r q✉❡ ❡st♦s ❛♥á❧✐s✐s ❞❡s♣r❡❝✐❛♥ ❝♦♠♣❧❡t❛♠❡♥t❡ ❡❧ ♣❡s♦ t❛♥t♦ ❞❡ ❧❛ ♣♦❧❡❛s ❝♦♠♦
❞❡ ❧❛ ❝✉❡r❞❛✱ ② ♣♦r ❝♦♥s❡❝✉❡♥❝✐❛ s✉s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛✳

✷✳✷✳✶✳ ❉✐♠❡♥s✐♦♥❡s ❞❡ ❧❛ ♣♦❧❡❛ ♣❛r❛ ❝❛❜❧❡s✳

▲❛ ♣♦❧❡❛ ♣❛r❛ ❝❛❜❧❡ ❡stá ❝♦♥❢♦r♠❛❞❛ ♣♦r tr❡s s❡❝❝✐♦♥❡s ✐♠♣♦rt❛♥t❡s✱ ❧❛ ❣❛r❣❛♥t❛✱ ❡❧ ❝✉❡r♣♦ ②
❡❧ ❝✉❜♦ ❝♦♠♦ s❡ ❡①♣❧✐❝ó ❞❡ ❢♦r♠❛ ❣❡♥❡r❛❧ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✶✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✶✳ ❊st♦s ❡❧❡♠❡♥t♦s s❡
❞❡s❝r✐❜❡♥ ❝♦♥ ♠ás ❞❡t❛❧❧❡ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✻✳

❋✐❣✉r❛ ✷✳✻✿ ❉✐♠❡♥s✐♦♥❛♠✐❡♥t♦ ❞❡ ✉♥❛ ♣♦❧❡❛ ♣❛r❛ ❝❛❜❧❡s✳

▲❛ ♣♦❧❡❛ ❡stá ❝♦♥❢♦r♠❛❞❛ ♣♦r tr❡s ❞✐á♠❡tr♦s ❢✉♥❞❛♠❡♥t❛❧❡s✱ ❡❧ ❞✐á♠❡tr♦ ❡①t❡r✐♦r✱ ♦✉ts✐❞❡ ❞✐❛✲
♠❡t❡r✱ ❡❧ ❞✐á♠❡tr♦ ♣r✐♠✐t✐✈♦✱ ♣✐t❝❤ ❞✐❛♠❡t❡r✱ ② ❡❧ ❞✐á♠❡tr♦ ❞❡ r♦❞❛♠✐❡♥t♦✱ tr❡❛❞ ❞✐❛♠❡t❡r✱ ❡st♦s
♣❛rá♠❡tr♦s ❝♦♥❢♦r♠❛♥ ❡❧ ❝✉❡r♣♦ ❞❡ ❧❛ ♣♦❧❡❛✳ ▲❛ ❛♥❝❤✉r❛ ❞❡ ❧❛ ♣♦❧❡❛✱ ✇✐❞t❤✱ ❡❧ ❞✐á♠❡tr♦ ❞❡ ❧❛ r❛♥✉r❛✱
❣r♦♦✈❡ ❞✐❛♠❡t❡r✱ ❡❧ á♥❣✉❧♦ ❞❡ ❧❛ ❣❛r❣❛♥t❛ ② ❧❛ ♣r♦❢✉♥❞✐❞❛❞ ❞❡ ❧❛ ❝❛♥❛❧❡t❛ ❢♦r♠❛♥ ❧❛ ❣❛r❣❛♥t❛ ❞❡ ❧❛
♣♦❧❡❛✳ ❙❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡❧ ár❡❛ ❞❡ ❝♦♥t❛❝t♦ ❡♥tr❡ ❡❧ ❝❛❜❧❡ ② ❧❛ ♣♦❧❡❛ q✉❡ t✐❡♥❡ ✉♥ ✈❛❧♦r ❡♥tr❡ ❧♦s ✶✸✺◦

② ✶✺✵◦✱ ❛❧❣✉♥♦s ❛✉t♦r❡s ❝♦♠♦ ❈❖❉❊▲❈❖ ❬✶✶❪ ♠❡♥❝✐♦♥❛♥ ✉♥ á♥❣✉❧♦ ❞❡ ❝♦♥t❛❝t♦ ❡♥tr❡ ✶✷✵◦ ② ✶✺✵◦✳
❊st♦s ♣❛rá♠❡tr♦s s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛ ❛❧ ♠♦♠❡♥t♦ ❞❡ ❞✐s❡ñ❛r ✉♥❛ ♣♦❧❡❛ ♣❛r❛ ❝❛❜❧❡ ❡♥ ▼❙❈ ❆❞❛♠s ❝©✳

❖tr♦ ❛s♣❡❝t♦ q✉❡ ❞❡❜❡ ❝♦♥s✐❞❡r❛rs❡ ❛❧ s❡❧❡❝❝✐♦♥❛r ✉♥❛ ♣♦❧❡❛ ❡s ❡❧ ❞✐á♠❡tr♦ ❞❡ r♦❞❛♠✐❡♥t♦ ❞❡ ❧❛
❣❛r❣❛♥t❛✳ ❊①✐st❡♥ ❞♦s ❝❛s♦s✿

✶✳ ❊❧ ❞✐á♠❡tr♦ ❞❡ r♦❞❛♠✐❡♥t♦ ❡s ♠ás ♣❡q✉❡ñ♦ q✉❡ ❡❧ ❞✐á♠❡tr♦ ❞❡❧ ❝❛❜❧❡✳

❆❧ t❡♥❡r ❧❛ ❣❛r❣❛♥t❛ ❞❡ ❧❛ ♣♦❧❡❛ ✉♥ ❞✐á♠❡tr♦ ❞❡ r♦❞❛♠✐❡♥t♦ ♠ás ♣❡q✉❡ñ♦ q✉❡ ❡❧ ❞❡❧ ❝❛❜❧❡
❣❡♥❡r❛ ✉♥❛ ♠❛②♦r ♣r❡s✐ó♥ ❡♥ ❡❧ ár❡❛ ❞❡ ❝♦♥t❛❝t♦ ❣❡♥❡r❛♥❞♦ ❢❛t✐❣❛ ❡♥ ❡❧ ❝❛❜❧❡✳ ▲♦s ❡s❢✉❡r③♦s
❞❡ ✢❡①✐ó♥ ❤❛rá♥ q✉❡ s❡ ♠❛rq✉❡♥ ❧❛s ❤✉❡❧❧❛s ❞❡❧ ❝❛❜❧❡ s♦❜r❡ t♦❞❛ ❧❛ ❣❛r❣❛♥t❛ ② ❤❛rá q✉❡ ❡❧
♠✐s♠♦ s❡ ❞❡s❣❛st❡ ♠ás rá♣✐❞❛♠❡♥t❡ ♣♦r ❛❜r❛s✐ó♥ ♦ r♦③❛♠✐❡♥t♦✳

✶✷



✷✳ ❊❧ ❞✐á♠❡tr♦ ❞❡ r♦❞❛♠✐❡♥t♦ ❡s ♠ás ❣r❛♥❞❡ q✉❡ ❡❧ ❞✐á♠❡tr♦ ❞❡❧ ❝❛❜❧❡✳

❙✐ ❧❛ ♣♦❧❡❛ ❝✉❡♥t❛ ❝♦♥ ✉♥ ❞✐á♠❡tr♦ ❞❡ r♦❞❛♠✐❡♥t♦ ♠✉❝❤♦ ♠ás ❣r❛♥❞❡ q✉❡ ❡❧ ❞✐á♠❡tr♦ ❞❡❧ ❝❛❜❧❡✱
❡st♦ ❤❛rá q✉❡ ❡❧ ❝❛❜❧❡ ♥♦ s❡❛ s♦♣♦rt❛❞♦ ❞❡ ❢♦r♠❛ ❝♦rr❡❝t❛ ❝r❡á♥❞♦s❡ ❡s❢✉❡r③♦s tr❛♥s✈❡rs❛❧❡s
② ♣r♦✈♦❝❛♥❞♦ ❛♣❧❛st❛♠✐❡♥t♦ ❡♥ ❡❧ ♠✐s♠♦ ② ♣♦r ❝♦♥s❡❝✉❡♥❝✐❛ ♣r♦✈♦❝❛♥❞♦ ❞❛ñ♦ ♣♦r ❞✐st♦rs✐ó♥
♦ ❞❡❢♦r♠❛❝✐ó♥ ❝♦♠♦ ❡❧ ❛❧❛r❣❛♠✐❡♥t♦ ❞❡❧ ❝❛❜❧❡✳ ❊st♦s ❢❡♥ó♠❡♥♦s ❛❝❡❧❡r❛♥ ❡❧ ❞❛ñ♦ ♣♦r ❢❛t✐❣❛ ②
r❡❞✉❝❡♥ ❧❛ ✈✐❞❛ út✐❧ ❞❡❧ ❝❛❜❧❡✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✼ ② ❈❖❉❊▲❈❖ ❬✶✶❪✳

✭❛✮ ❘❡❧❛❝✐ó♥ ❝♦rr❡❝t❛ ✭❜✮ ❈❛❜❧❡ ❞❡♠❛s✐❛❞♦ ❣r❛♥❞❡ ✭❝✮ ❈❛❜❧❡ ❞❡♠❛s✐❛❞♦ ♣❡q✉❡ñ♦

❋✐❣✉r❛ ✷✳✼✿ ❘❡❧❛❝✐ó♥ ❡♥tr❡ ❡❧ ❞✐á♠❡tr♦ ❞❡❧ ❝❛❜❧❡ ② ❡❧ ❞✐á♠❡tr♦ ❞❡ r♦❞❛♠✐❡♥t♦ ❞❡ ❧❛ ♣♦❧❡❛✳

❙✐ s❡ ❡♠♣❧❡❛ ✉♥ ❝❛❜❧❡ ❞❡ ❛❝❡r♦ ❝♦♥ ✉♥ ❞✐á♠❡tr♦ ♠✉❝❤♦ ♠ás ♣❡q✉❡ñ♦ q✉❡ ❡❧ ❞✐á♠❡tr♦ ❞❡ r♦❞❛✲
♠✐❡♥t♦ ❞❡ ❧❛ ♣♦❧❡❛✱ ❝♦♥ ❡❧ t✐❡♠♣♦ s❡ ❢♦r♠❛rá ✉♥ ❝❛♥❛❧ ❜❛❥♦ ❡❧ ❞✐á♠❡tr♦ ❞❡ r♦❞❛♠✐❡♥t♦ ❞❡ ❧❛ ♣♦❧❡❛✱
✈❡❛ ❧❛ ♣❛rt❡ ❝❡♥tr❛❧ ❞❡ ❧❛ ✜❣✉r❛ ✷✳✽✳ ❙✐ ❞❡s♣✉és ❞❡ ❡st❛ s✐t✉❛❝✐ó♥ s❡ r❡♠♣❧❛③❛ ❡❧ ❝❛❜❧❡ ♠ás ♣❡q✉❡ñ♦
♣♦r ♦tr♦ ❞❡ ❧❛ ♠❡❞✐❞❛ ❝♦rr❡❝t❛✱ ❡❧ ❝♦♥t❛❝t♦ ❡♥tr❡ ❡❧ ❝❛❜❧❡ ② ❧❛ ♣♦❧❡❛ ❞❛ñ❛rá ❧❛ ♣♦❧❡❛ ♣♦r ❧❛ ❡❧ ❝❛♥❛❧
❣❡♥❡r❛❞♦ ❡♥ ❧❛ ♣❡r✐❢❡r✐❛ ❞❡ ❧❛ ❣❛r❣❛♥t❛✱ ✈❡❛ ❧❛ ♣❛rt❡ ❞❡r❡❝❤❛ ❞❡ ❧❛ ✜❣✉r❛ ✷✳✽✳

❋✐❣✉r❛ ✷✳✽✿ ❊❢❡❝t♦ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❞❡ r❛❞✐♦s ✐♥❛♣r♦♣✐❛❞❛ ❡♥tr❡ ❡❧ ❝❛❜❧❡ ② ✉♥❛ ♣♦❧❡❛✳

✶✸



❈♦♠♦ s❡ ♠❡♥❝✐♦♥ó ❡❧ á♥❣✉❧♦ ❞❡ ❝♦♥t❛❝t♦ q✉❡ ❞❡❜❡ ❡①✐st✐r ♣❛r❛ q✉❡ ❡❧ ❝❛❜❧❡ ② ❧❛ ♣♦❧❡❛ ❢✉♥❝✐♦♥❡♥
❝♦rr❡❝t❛♠❡♥t❡ ❞❡❜❡ t❡♥❡r ✉♥ ✈❛❧♦r ❡♥tr❡ 120◦ ✲ 150◦ ♦ 135◦ ✲ 150◦✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ♣r♦❢✉♥❞✐❞❛❞ ❞❡
❧❛ ❣❛r❣❛♥t❛ ❞❡❜❡ s❡r ♣♦r ❧♦ ♠❡♥♦s ✶✳✺ ✈❡❝❡s ❡❧ ❞✐á♠❡tr♦ ♥♦♠✐♥❛❧ ❞❡❧ ❝❛❜❧❡ ♠✐❡♥tr❛s q✉❡ ❡❧ ❞✐á♠❡tr♦
❞❡ r♦❞❛❞✉r❛ ❞❡❜❡ s❡r ♣♦r ❧♦ ♠❡♥♦s ✶✳✵✽ ❡❧ ❞✐á♠❡tr♦ ♥♦♠✐♥❛❧ ❞❡❧ ❝❛❜❧❡✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✾✳

✭❛✮ ➪r❡❛ ❞❡ ❝♦♥t❛❝t♦ ❞❡❧ ❝❛❜❧❡✳ ✭❜✮ P❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛ ❣❛r❣❛♥t❛✳

❋✐❣✉r❛ ✷✳✾✿ ❙❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛ ❣❛r❣❛♥t❛ ❞❡ ❧❛ ♣♦❧❡❛✳

✷✳✸✳ ❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ✉♥❛ ✈✐s✐ó♥ ❣❡♥❡r❛❧ ❞❡ ❧♦s ❞✐✈❡rs♦s t✐♣♦s ❞❡ ❝❛❞❡♥❛s✱ s✉s ✉s♦s✱ s✉s
✈❡♥t❛❥❛s ② ❞❡s✈❡♥t❛❥❛s ❛❧ ✐❣✉❛❧ q✉❡ s✉s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❞✐s❡ñ♦✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ❆♠❡r✐❝❛♥ ❈❤❛✐♥ ❆ss♦❝✐❛t✐♦♥ ❬✸❪✱ ❧❛ ❝❛❞❡♥❛ ♣✉❡❞❡ ❝♦♥s✐❞❡r❛rs❡ ❝♦♠♦ ✉♥❛ ❝r❡✲
♠❛❧❧❡r❛ ✢❡①✐❜❧❡ ② ❝♦♥t✐♥✉❛ q✉❡ s❡ ❡♥❣r❛♥❛ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ♣❛r ❞❡ r✉❡❞❛s ❞❡♥t❛❞❛s ♦ ❝❛t❛r✐♥❛s✱
✏s♣r♦❝❦❡ts✑✳ ▲❛ ❝❛❞❡♥❛ ♣✉❡❞❡ ✉s❛rs❡ ❝♦♥ ❡❧ ♣r♦♣ós✐t♦ ❞❡ tr❛♥s♠✐t✐r ♣♦t❡♥❝✐❛ ❞❡s❞❡ ✉♥❛ ❢✉❡♥t❡✱ ♦ ♣❛✲
r❛ ❡❧ tr❛♥s♣♦rt❡ ❞❡ ❞✐st✐♥t♦s ♠❛t❡r✐❛❧❡s✳ ❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ❞❡s❝r✐❜❡♥ ❞♦s t✐♣♦s ❞❡ ❝❛❞❡♥❛s✿ ❝❛❞❡♥❛s
❞❡ r♦❞✐❧❧♦s ② ❝❛❞❡♥❛s s✐❧❡♥❝✐♦s❛s✱ ❡st♦s ❞♦s t✐♣♦s ❞❡ ❝❛❞❡♥❛s s♦♥ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡
✉♥ s✐st❡♠❛ ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s ❡♥ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳ ❙❡ s❛❜❡ q✉❡ ❧❛s ❝❛❞❡♥❛s ❞❡ r♦❞✐❧❧♦ s✐r✈❡♥
♣❛r❛ ❝✉❛❧q✉✐❡r t✐♣♦ ❞❡ ❛♣❧✐❝❛❝✐ó♥ ♠✐❡♥tr❛s q✉❡ ❧❛ ❝❛❞❡♥❛ s✐❧❡♥❝✐♦s❛ s❡ ✉t✐❧✐③❛ ❡s❡♥❝✐❛❧♠❡♥t❡ ♣❛r❛
❛♣❧✐❝❛❝✐♦♥❡s ❞❡ tr❛♥s♠✐s✐ó♥ ❞❡ ♣♦t❡♥❝✐❛✳

▲❛s ♣r✐♥❝✐♣❛❧❡s ❢✉♥❝✐♦♥❡s ② ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ❧❛s ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s s♦♥ s✐♠✐❧❛r❡s ❛ ❧❛s ❞❡ ❧❛s
❜❛♥❞❛s ② ♣♦❧❡❛s✱ ❡♥tr❡ ❧❛s ❝✉❛❧❡s s❡ ❡♥❝✉❡♥tr❛♥ ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ♣♦t❡♥❝✐❛✱ ❧♦s tr❛♥s♣♦rt❛❞♦r❡s ②

✶✹



❧♦s ❡❧❡✈❛❞♦r❡s ❞❡ ❝❛♥❣✐❧♦♥❡s✳ ▲♦s s✐st❡♠❛s ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s s♦♥ ❛♣❧✐❝❛❜❧❡s ❝✉❛♥❞♦ ❧❛ ❞✐st❛♥✲
❝✐❛ ❡♥tr❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❡❥❡s ❞❡ r♦t❛❝✐ó♥ ❞❡ ❧❛ ♣♦❧❡❛ ❝♦♥❞✉❝t♦r❛ ② ❝♦♥❞✉❝✐❞❛ ❡s ❞❡♠❛s✐❛❞❛♠❡♥t❡
❝♦rt❛ ♣❛r❛ ✉s❛r ❜❛♥❞❛s ② ❞❡♠❛s✐❛❞❛♠❡♥t❡ ❣r❛♥❞❡ ♣❛r❛ ✉s❛r ❡♥❣r❛♥❡s✳ ❯s✉❛❧♠❡♥t❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s
❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡❥❡s ❞❡ ❧❛s ❝❛t❛r✐♥❛s s♦♥ ♠❡♥♦r❡s q✉❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡❥❡s ❞❡ ❧❛s
♣♦❧❡❛s✱ ♣✉❡s ❧❛s ❝❛❞❡♥❛s ♣✉❡❞❡♥ tr❛♥s♠✐t✐r ♣♦t❡♥❝✐❛s ❝♦♥s✐❞❡r❛❜❧❡s ❛ ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ♠❡♥♦r❡s✳

▲❛ ✈❡♥t❛❥❛s q✉❡ ♣r❡s❡♥t❛♥ ❧♦s s✐st❡♠❛s ❞❡ tr❛♥s♠✐s✐ó♥ ♠❡❞✐❛♥t❡ ❝❛❞❡♥❛ s♦♥✿

▲❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❡♠♣❧❡❛r❧♦s t❛♥t♦ ♣❛r❛ ❞✐st❛♥❝✐❛s ❝♦rt❛s ② ❧❛r❣❛s ❡♥tr❡ ❧♦s ❝❡♥tr♦s ❞❡ ❧❛s
❝❛t❛r✐♥❛s✳

▲❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❛❝❝✐♦♥❛r ✉♥ ♥ú♠❡r♦ ❡❧❡✈❛❞♦✱ ♠❛②♦r ❛ ❞♦s✱ ❞❡ ❡❥❡s q✉❡ r♦t❛♥ ❡♥ ❧❛ ♠✐s♠❛
❞✐r❡❝❝✐ó♥ ♦ ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ♦♣✉❡st❛✱ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ ú♥✐❝❛ ❝❛❞❡♥❛ ② ❛ ♣❛rt✐r ❞❡ ✉♥❛ s♦❧❛
❝❛t❛r✐♥❛✳

▲♦s s✐st❡♠❛s ❞❡ ❝❛❞❡♥❛s ♥♦ ♣r❡s❡♥t❛♥ ❞❡s❧✐③❛♠✐❡♥t♦✱ s♦♥ ❝♦♠♣❛❝t♦s ② ♥♦ r❡q✉✐❡r❡♥ t❡♥s✐ó♥
✐♥✐❝✐❛❧ ❝♦♠♦ ❡s ❡❧ ❝❛s♦ ❞❡ ❧❛s ♣♦❧❡❛s✳

❙✐ ❡stá♥ ❜✐❡♥ ❞✐s❡ñ❛❞♦s ♣r❡s❡♥t❛♥ ✉♥❛ ✈✐❞❛ út✐❧ r❡❧❛t✐✈❛♠❡♥t❡ ❧❛r❣❛✱ s♦♥ ♣♦❝♦ s❡♥s✐❜❧❡s ❛❧ ár❡❛
❡♥ q✉❡ s❡ tr❛❜❛❥❛♥✱ ♣❡r♠✐t✐❡♥❞♦ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❛❧t❛s ② ❜❛❥❛s t❡♠♣❡r❛t✉r❛s✱ ❛❧ ✐❣✉❛❧ q✉❡ ❡♥
♣r❡s❡♥❝✐❛ ❞❡ ❛❧❣ú♥ ♠❛t❡r✐❛❧ ❡①tr❛ñ♦✳

❱❡❛ ❡❧ ❝❛tá❧♦❣♦ ❘❡♥♦❧❞✱ ❬✸✹❪✳

❊①✐st❡♥ ❛❧❣✉♥❛s ❝♦♥s✐❞❡r❛❝✐♦♥❡s ❛❧ ♠♦♠❡♥t♦ ❞❡ ✐♠♣❧❡♠❡♥t❛r ✉♥ s✐st❡♠❛ ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s
♣❛r❛ s✉ ❜✉❡♥ ❢✉♥❝✐♦♥❛♠✐❡♥t♦✳

▲♦s ❡❥❡s ❞❡ r♦t❛❝✐ó♥ t✐❡♥❡♥ q✉❡ s❡r ♣❛r❛❧❡❧♦s ② ❧❛s r✉❡❞❛s ❞❡♥t❛❞❛s ❞❡❜❡♥ ❡st❛r ✉❜✐❝❛❞❛s ❡♥ ❡❧
♠✐s♠♦ ♣❧❛♥♦✳

❊s ♣r❡❢❡r✐❜❧❡ q✉❡ ❧♦s ❡❥❡s ❞❡ r♦t❛❝✐ó♥ s❡ ❡♥❝✉❡♥tr❡♥ ❝♦♠♣❧❡t❛♠❡♥t❡ ❤♦r✐③♦♥t❛❧❡s✱ ❞❡ ❡st❛ ♠❛♥❡r❛
s❡ ❡✈✐t❛ ❡❧ ✉s♦ ❞❡ ❛❧❣ú♥ ❛♣♦②♦ ❧❛t❡r❛❧✳

❘❡q✉✐❡r❡♥ ❞❡ ✉♥ ❜✉❡♥ ♠❛♥t❡♥✐♠✐❡♥t♦✱ ❧✐♠♣✐❡③❛ ♣❡r✐ó❞✐❝❛ ❞❡ ❧❛ ❝❛❞❡♥❛ ② ❝❛t❛r✐♥❛✱ ❛❧ ✐❣✉❛❧ q✉❡
❡❧ ár❡❛ ❞♦♥❞❡ s❡ ❡♥❝✉❡♥tr❡♥ tr❛❜❛❥❛♥❞♦✳

◆❡❝❡s✐t❛♥ ✉♥❛ ❧✉❜r✐❝❛❝✐ó♥ ❛❞❡❝✉❛❞❛ ② ♣❡r✐ó❞✐❝❛✳

▲♦s s✐st❡♠❛s ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s ♥♦ s♦♥ ❛❞❡❝✉❛❞♦s ❝✉❛♥❞♦ s❡ r❡q✉✐❡r❡ ✉♥ ♠♦✈✐♠✐❡♥t♦ ❞❡
♣r❡❝✐s✐ó♥✳ P✉❡s ❡❧ ❡❢❡❝t♦ ♣♦❧✐❣♦♥❛❧ ♦ ❝♦r❞❛❧ ❣❡♥❡r❛ r✉✐❞♦ ② ✈✐❜r❛❝✐♦♥❡s s♦❜r❡ ❧❛ ❝❛❞❡♥❛✳

P❛r❛ ❡✈✐t❛r ❡❧ ❛❧❛r❣❛♠✐❡♥t♦ ❞❡ ❧❛ ❝❛❞❡♥❛ ❡s ♥❡❝❡s❛r✐♦ ♣❡r♠✐t✐r ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❞❡✱ ❛❧ ♠❡♥♦s✱
✉♥♦ ❞❡ ❧♦s ❡❥❡s✱ ❞❡ ♠❛♥❡r❛ q✉❡ ❧❛ ❝❛❞❡♥❛ ♣✉❡❞❛ t❡♥s❛rs❡ ♦ ❜✐❡♥ ❡♠♣❧❡❛r ✉♥ ♣✐ñó♥ t❡♥s♦r s♦❜r❡
❡❧ r❛♠❛❧ ✢♦❥♦✳

✶✺



✷✳✸✳✶✳ ❈❛❞❡♥❛s ❞❡ r♦❞✐❧❧♦s✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ❆♠❡r✐❝❛♥ ❈❤❛✐♥ ❆ss♦❝✐❛t✐♦♥✱ ❬✸❪✱ ❡❧ ♣r✐♥❝✐♣❛❧ ♣r♦♣ós✐t♦ ❞❡ ❧♦s r♦❞✐❧❧♦s ❡s ❡❧
r❡❞✉❝✐r ❧❛s ❢✉❡r③❛s ❞❡ ❢r✐❝❝✐ó♥✱ ❛❞❡♠ás ❞❡ ❛②✉❞❛r ❛ ❡♥❣r❛♥❛r ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❞✐❡♥t❡s ❞❡ ❧❛s ❝❛t❛r✐♥❛s
♦ ♣✐ñó♥ ② ♣♦❞❡r tr❛♥s❢❡r✐r ❝✉❛❧q✉✐❡r ❛❝❝✐ó♥ ❞❡s❧✐③❛♥t❡ ❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ♠✐❡♠❜r♦s ✐♥t❡r♥♦s ❞❡ ❧❛
❝❛❞❡♥❛✳ ❖tr❛ ❢✉♥❝✐ó♥ ❞❡ ❧♦s r♦❞✐❧❧♦s ❡s ❧❛ ❞❡ s❡r✈✐r ❝♦♠♦ ❣✉í❛ ❛❧ ♠♦♠❡♥t♦ ❡♥ q✉❡ ❧❛ ❝❛❞❡♥❛ s❡ ❛❝♦♣❧❛
❝♦♥ ❧♦s ❞✐❡♥t❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛ ♦ ♣❛r❛ ♣♦❞❡r tr❛♥s♣♦rt❛r ❛❧❣ú♥ ♠❛t❡r✐❛❧✳

▲❛s ❝❛❞❡♥❛s ❞❡ r♦❞✐❧❧♦s ❡stá♥ ❝♦♥❢♦r♠❛❞❛s ♣♦r ✉♥❛ ❤✐❧❡r❛ ❞❡ r♦❞✐❧❧♦s ♦ ♣♦r ♠ú❧t✐♣❧❡s ❤✐❧❡r❛s✱ ✈❡❛
❧❛ ✜❣✉r❛ ✷✳✶✶✳ ❊♥ ❧♦s s✐st❡♠❛s ❞❡ ❝❛❞❡♥❛s ♠ú❧t✐♣❧❡s✱ ❧❛s ❤✐❧❡r❛s ❞❡ ❝❛❞❡♥❛s ✈❛♥ ✉♥✐❞❛s ✉♥❛ ❛ ❧❛❞♦
❞❡ ♦tr❛✱ ❝♦♠♦ s❡ ♦❜s❡r✈❛ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✶✶✳

❋✐❣✉r❛ ✷✳✶✵✿ ❈♦♠♣♦♥❡♥t❡s ❞❡ ✉♥❛ ❝❛❞❡♥❛ ❞❡ r♦❞✐❧❧♦s ❞❡ ✉♥❛ ❤✐❧❡r❛✳

▲♦s ♣r✐♥❝✐♣❛❧❡s ❝♦♠♣♦♥❡♥t❡s ❞❡ ✉♥❛ ❝❛❞❡♥❛ ❞❡ r♦❞✐❧❧♦s s♦♥✿

✶✳ ❆ ❘♦❞✐❧❧♦ ✏❘♦❧❧❡r✑✳

✷✳ ❇ ❇✉❥❡ ✏❇✉s❤✐♥❣✑✳

✸✳ ❈ P❡r♥♦ ✏P✐♥✑✳

✹✳ ❉ P❧❛❝❛ ❞❡ ✉♥✐ó♥ ❡①t❡r♥❛ ✏P✐♥ ❧✐♥❦ ♣❧❛t❡ ✲ ❖✉t❡r ❧✐♥❦ ♣❧❛t❡✑✳

✺✳ ❊ P❧❛❝❛ ❞❡ ✉♥✐ó♥ ✐♥t❡r♥❛ ✏❘♦❧❧❡r ❧✐♥❦ ♣❧❛t❡ ✲ ■♥❡r ❧✐♥❦ ♣❧❛t❡✑✳

▲❛s ❞✐♠❡♥s✐♦♥❡s ♥♦♠✐♥❛❧❡s ❞❡ ❧❛s ❝❛❞❡♥❛s s♦♥ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧❡s ❛❧ ♣❛s♦ ❞❡ ❧❛
❝❛❞❡♥❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✶✶✳ P❛r❛ ♠ás ✐♥❢♦r♠❛❝✐ó♥ r❡✈✐s❛r ❡❧ ❝❛tá❧♦❣♦ ❘❡♥♦❧❞ ❬✸✹❪✳ ▲❛ ♥♦♠❡♥❝❧❛t✉r❛
❡♠♣❧❡❛❞❛ ❡♥ ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ✉♥❛ ❝❛❞❡♥❛ ❞❡ r♦❞✐❧❧♦s ❡stá ❞❛❞❛ ♣♦r✿

p P❛s♦ ❞❡ ❧❛ ❝❛❞❡♥❛✳
B ❆♥❝❤✉r❛ ✐♥t❡r✐♦r ❞❡❧ ❜✉❥❡✳
C ❉✐á♠❡tr♦ ❞❡❧ r♦❞✐❧❧♦✳
H1 ▲♦♥❣✐t✉❞ ❞❡❧ ♣❡r♥♦✱ ❝❛❞❡♥❛s ❞❡ ✉♥❛ s♦❧❛ ❤✐❧❡r❛✳
H2 ▲♦♥❣✐t✉❞ ❞❡❧ ♣❡r♥♦✱ ❝❛❞❡♥❛s ❞❡ ❞♦s ❤✐❧❡r❛s✳
F ❆♥❝❤♦ ❞❡ ❧❛ ♣❧❛❝❛ ❡①t❡r✐♦r✳
E ❆♥❝❤♦ ❞❡ ❧❛ ♣❧❛❝❛ ✐♥t❡r✐♦r✳

✶✻



❋✐❣✉r❛ ✷✳✶✶✿ ❉✐♠❡♥s✐♦♥❛♠✐❡♥t♦ ❞❡ ✉♥❛ ❝❛❞❡♥❛ ❞❡ r♦❞✐❧❧♦s✳

✷✳✸✳✷✳ ❈❛❞❡♥❛ s✐❧❡♥❝✐♦s❛✳

▲❛ ❝❛❞❡♥❛ s✐❧❡♥❝✐♦s❛ t❛♠❜✐é♥ ❝♦♥♦❝✐❞❛s ❝♦♠♦ ❝❛❞❡♥❛ ❞❡ ❞✐❡♥t❡s ✐♥✈❡rt✐❞♦s✱ ✈❡❛ ❆♠❡r✐❝❛♥ ❈❤❛✐♥
❆ss♦❝✐❛t✐♦♥ ❬✸❪✱ s❡ ❡♥❝✉❡♥tr❛ ❢♦r♠❛❞❛ ♣♦r ♣❧❛❝❛s ❞❡ ❡s❧❛❜♦♥❡s ❞❡♥t❛❞♦s ✉♥✐❞❛s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥♦ ♦
❞♦s ♣❡r♥♦s ② ❧❛s ❥✉♥t❛s ❞❡ ❧♦s ❝♦♠♣♦♥❡♥t❡s ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♣❡r♠✐t❡ ✉♥❛ ✢❡①✐ó♥ ❧✐❜r❡ ❡♥tr❛ ❝❛❞❛
♣❛s♦✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✶✷✳

▲❛s ❝❛❞❡♥❛s s✐❧❡♥❝✐♦s❛s tr❛♥s♠✐t❡♥ ♣♦t❡♥❝✐❛ ❞❡ ❢♦r♠❛ s✉❛✈❡ ② ❡✜❝✐❡♥t❡✳

▲❛s ❝❛❞❡♥❛s s✐❧❡♥❝✐♦s❛s tr❛♥s♠✐t❡♥ ♣♦t❡♥❝✐❛ ❛ ✈❡❧♦❝✐❞❛❞❡s r❡❧❛t✐✈❛♠❡♥t❡ ❛❧t❛s✱ ❛ ❝♦♠♣❛r❛❝✐ó♥
❞❡ ❧♦s ♦tr♦s t✐♣♦s ❞❡ ❝❛❞❡♥❛✱ ❝♦♠♦ ❧❛ ❝❛❞❡♥❛ ❞❡ r♦❞✐❧❧♦s✳

▲❛s ❝❛❞❡♥❛s s✐❧❡♥❝✐♦s❛s r❡❞✉❝❡♥ ❝♦♥s✐❞❡r❛❜❧❡♠❡♥t❡ ❡❧ r✉✐❞♦ ② ❧❛s ✈✐❜r❛❝✐♦♥❡s✳

▲❛s ❝❛❞❡♥❛s s✐❧❡♥❝✐♦s❛s ♣✉❡❞❡♥ t❡♥❡r ✉♥ í♥❞✐❝❡ ♦ ❢❛❝t♦r ❞❡ tr❛♥s♠✐s✐ó♥ ❡❧❡✈❛❞♦✳

▲❛s ❝❛❞❡♥❛s s✐❧❡♥❝✐♦s❛s ♣✉❡❞❡♥ ❡♠♣❧❡❛rs❡ ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❛❧t❛s t❡♠♣❡r❛t✉r❛ ② ❤ú♠❡❞❛s✳

▲❛s ❝❛❞❡♥❛s s✐❧❡♥❝✐♦s❛s ❞✐s♠✐♥✉②❡♥ ❡❧ ✐♠♣❛❝t♦ ❡♥tr❡ ❧❛ ❝❛❞❡♥❛ ② ❧❛s ❝❛t❛r✐♥❛s✳

✷✳✸✳✸✳ ❆♥á❧✐s✐s ❣❡♦♠étr✐❝♦ ② ❝✐♥❡♠át✐❝♦ ❞❡ ❧❛ ❝❛❞❡♥❛ ❞❡ r♦❞✐❧❧♦✳

▲❛ ✜❣✉r❛ ✷✳✶✸ ♠✉❡str❛ ✉♥❛ ♣❛rt❡ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ ❝❛❞❡♥❛ ❞❡ r♦❞✐❧❧♦s ② ❝❛t❛r✐♥❛✱ ❞♦♥❞❡ ❧❛ ❝❛t❛✲
r✐♥❛ r♦t❛ ❡♥ s❡♥t✐❞♦ ❛♥t✐❤♦r❛r✐♦✳

✶✼



❋✐❣✉r❛ ✷✳✶✷✿ P❡r✜❧ ❞❡ ✉♥❛ ❝❛❞❡♥❛ s✐❧❡♥❝✐♦s❛ ❞❡ ✉♥❛ ❤✐❧❡r❛✳

❍❛❝✐❡♥❞♦ ✉♥ ❛♥á❧✐s✐s tr✐❣♦♥♦♠étr✐❝♦✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡①♣r❡s✐ó♥ ❞❡❧ ❞✐á♠❡tr♦ ❞❡ ♣❛s♦ ❞❡ ❧❛ ❝❛t❛r✐♥❛✱
❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✶✸✭❜✮✳

sen
(α

2

)

=
p
2

D
2

✭✷✳✷✮

❆❞❡♠ás ❞❡ ❧❛ ♠✐s♠❛ ✜❣✉r❛ ✷✳✶✸✭❜✮ ❡❧ á♥❣✉❧♦ ❞❡ ♣❛s♦✱ ❞❡ ✉♥ ❡s❧❛❜ó♥ ❞❡ ❧❛ ❝❛❞❡♥❛ ❡stá ❞❛❞❛ ♣♦r✿

α =
360◦

Z
✭✷✳✸✮

❉♦♥❞❡ Z ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛✳

❙✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✷✳✸ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✷✮✱ s❡ ♦❜t✐❡♥❡ q✉❡✿

D =
p

sen
(

180◦

Z

) ✭✷✳✹✮

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❇✉❞②♥❛s ❡t ❛❧✳ ❬✽❪✱ ❡❧ á♥❣✉❧♦ α/2 s❡ ❧❡ ❝♦♥♦❝❡ ❝♦♠♦ á♥❣✉❧♦ ❞❡ ❛rt✐❝✉❧❛❝✐ó♥✱ ②
❡s ❡❧ á♥❣✉❧♦ ❛ tr❛✈és ❞❡❧ ❝✉❛❧ ❡❧ ❡s❧❛❜ó♥ ② r♦❞✐❧❧♦ ❞❡ ❧❛ ❝❛❞❡♥❛ ❡♥tr❛ ❡♥ ❝♦♥t❛❝t♦ ❝♦♥ ❧❛ ❝❛t❛r✐♥❛✳
❊st❡ ❝♦♥t❛❝t♦ ✐♥✐❝✐❛❧ ❣❡♥❡r❛ ✉♥ ✐♠♣❛❝t♦ ❡♥tr❡ ❧♦s r♦❞✐❧❧♦s ❞❡ ❧❛ ❝❛❞❡♥❛ ② ❧♦s ❞✐❡♥t❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛✱
❣❡♥❡r❛♥❞♦ ❞❡s❣❛st❡ t❛♥t♦ ❡♥ ❧♦s ❞✐❡♥t❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛ ❝♦♠♦ ❡♥ ❧♦s r♦❞✐❧❧♦s ② ❜✉❥❡s ❞❡ ❧❛ ❝❛❞❡♥❛✳

▲❛ ❧♦♥❣✐t✉❞ ❞❡ ❧❛ ❝❛❞❡♥❛✱ L✱ ❡stá ❞❛❞♦ ♣♦r✿

L =
2C

p
+

(Z2 − Z1)

2
+

[

p (Z2 − Z1)
2

4π2C

]

❞♦♥❞❡ p ❡s ❡❧ ♣❛s♦ ❞❡ ❧❛ ❝❛❞❡♥❛✱ C ❡s ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❞❡ ❧❛s ❝❛t❛r✐♥❛s ② Z1 ② Z2 s♦♥ ❡❧
♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛ ♠♦tr✐③ ② ❧❛ ❝❛t❛r✐♥❛ ❝♦♥❞✉❝✐❞❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❚r❛❜❛❥❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❞❡ ❧❛s
❝❛t❛r✐♥❛s✳

C =
p

4



L− (Z2 − Z1)

2
+

√

(

L− Z2 − Z1

2

)2

− (Z2 − Z1)
2

4π2




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❋✐❣✉r❛ ✷✳✶✸✿ ❆♥á❧✐s✐s ❣❡♦♠étr✐❝♦ ❞❡ ✉♥❛ ❝❛❞❡♥❛ ❞❡ r♦❞✐❧❧♦s✳

✷✳✸✳✹✳ ❊❢❡❝t♦ ♣♦❧✐❣♦♥❛❧ ❡♥ ❝❛❞❡♥❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ❛♥❛❧✐③❛rá ❡❧ ❡❢❡❝t♦ ♣♦❧✐❣♦♥❛❧ q✉❡ ❛♣❛r❡❝❡ ❡♥ s✐st❡♠❛s ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✳
❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✶✹✱ ❧♦s r♦❞✐❧❧♦s ❞❡ ✉♥❛ ❝❛❞❡♥❛✱ ❛❧ ❡st❛r ❡♥ ❝♦♥t❛❝t♦ ❝♦♥ ❧❛
❝❛t❛r✐♥❛✱ ❢♦r♠❛♥ ✉♥ ♣♦❧í❣♦♥♦ ✖q✉❡ s✐ t♦❞❛ ❧❛ ❝❛t❛r✐♥❛ ❡st✉✈✐❡r❛ ❡♥✈✉❡❧t❛ ♣♦r ❧❛ ❝❛❞❡♥❛ t❡♥❞rí❛ Z
❧❛❞♦s✱ ❞♦♥❞❡ Z ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛✳ ❆❧ r♦t❛r ❧❛ ❝❛t❛r✐♥❛✱ ❡❧ r❛❞✐♦ ❞❡s❞❡ ❡❧ ❝❡♥tr♦
❞❡ ❧❛ ❝❛t❛r✐♥❛ ❛❧ ❝❡♥tr♦ ❞❡ ❧♦s r♦❞✐❧❧♦s ❞❡ ❧❛ ❝❛❞❡♥❛ ✈❛r✐❛✱ ❡st❡ ❢❡♥ó♠❡♥♦ ♦❝❛s✐♦♥❛ ❞♦s ❡❢❡❝t♦s✿

❯♥ ♠♦✈✐♠✐❡♥t♦ ✈❡rt✐❝❛❧ ❞❡ ❧♦s tr❛♠♦s ❞❡ ❧❛ ❝❛❞❡♥❛✱ ❡♥tr❡ ❧❛s ❝❛t❛r✐♥❛s✱ q✉❡ ❡stá♥ ❧✐❜r❡s✳ ❊st❡
♠♦✈✐♠✐❡♥t♦ ✈❡rt✐❝❛❧✱ ❝✉②♦ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♣♦r δ✱ ♣✉❡❞❡ ♦❝❛s✐♦♥❛r ✈✐❜r❛❝✐♦♥❡s
q✉❡ ❝♦♥❞✉❝❡♥ ❛ ✉♥ ❞❡t❡r✐♦r♦ ❡①tr❡♠❛❞❛♠❡♥t❡ rá♣✐❞♦ ❞❡ ❧❛s ❝❛t❛r✐♥❛s ② ❝❛❞❡♥❛s✳

❯♥ ❝❛♠❜✐♦ ❡♥ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝❛❞❡♥❛✱ q✉❡ s❡ ❝♦♥♦❝❡ ❝♦♠♦ ❡❢❡❝t♦ ♣♦❧✐❣♦♥❛❧ ② q✉❡ ❞❡r✐✈❛ ❡♥
❧❛ ❝♦♥♦❝✐❞❛ ❝♦♠♦ ✈❡❧♦❝✐❞❛❞ ❝♦r❞❛❧✳

▲❛ ✜❣✉r❛ ✷✳✶✹ ♠✉❡str❛ ❧❛ ❧í♥❡❛ q✉❡ ❝♦♥❡❝t❛ ❧♦s ❝❡♥tr♦s ❞❡ ❧♦s r♦❞✐❧❧♦s ❞❡ ❧❛ ❝❛❞❡♥❛ ❡♥ ❧❛ ♣❛rt❡
q✉❡ ♥♦ ❡stá ❡♥✈♦❧✈✐❡♥❞♦ ❛ ❧❛s ❝❛t❛r✐♥❛s✱ ❡st❛ ❧í♥❡❛ ✖s✉♣✉❡st❛ r❡❝t❛✖ s❡ ❝♦♥♦❝❡ ❝♦♠♦ ❧í♥❡❛ ❞❡ ♣❛s♦✳
❊st❛ ❧í♥❡❛ ❞❡ ♣❛s♦ t✐❡♥❡ ❞♦s ♣♦s✐❝✐♦♥❡s✱ ✉♥❛ ❝✉❛♥❞♦ ❡❧ r♦❞✐❧❧♦ ❞❡ ❧❛ ❝❛❞❡♥❛ ❡stá ❛ ✉♥❛ ❞✐st❛♥❝✐❛ ra
❞❡❧ ❝❡♥tr♦ ❞❡ ❧❛ ❝❛t❛r✐♥❛ ② ♦tr❛ ❝✉❛♥❞♦ ❡❧ r♦❞✐❧❧♦ ❞❡ ❧❛ ❝❛❞❡♥❛ ❡stá ❛ ✉♥❛ ❞✐st❛♥❝✐❛ rb ❞❡❧ ❝❡♥tr♦ ❞❡
❧❛ ❝❛t❛r✐♥❛✳ ❈✉❛♥❞♦ ❡st❛ ❞✐st❛♥❝✐❛ ❡s ra ❧❛ ❧í♥❡❛ ❞❡ ♣❛s♦ s❡ ❡♥❝✉❡♥tr❛ ❡♥ s✉ ♣♦s✐❝✐ó♥ ♠ás ❡❧❡✈❛❞❛✱
♠✐❡♥tr❛s q✉❡ ❝✉❛♥❞♦ ❡st❛ ❞✐st❛♥❝✐❛ ❡s rb ❧❛ ❧í♥❡❛ ❞❡ ♣❛s♦ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❧❛ ♣♦s✐❝✐ó♥ ♠❛s ❜❛❥❛❀ ❡♥
♦tr❛s ♣❛❧❛❜r❛s✱ ❡st❛ ❡s ❧❛ ♣♦s✐❝✐ó♥ ❡♥ ❡❧ q✉❡ ❧❛ ❧í♥❡❛ ❞❡ ♣❛s♦ ❞❡ ❧❛ ❝❛❞❡♥❛ s❡ ❛♣r♦①✐♠❛ ♠ás ❛❧ ❝❡♥tr♦
❞❡ ❧❛ ❝❛t❛r✐♥❛✳

✶✾



❋✐❣✉r❛ ✷✳✶✹✿ ❊❢❡❝t♦ ❝♦r❞❛❧ ♦ ❡❢❡❝t♦ ♣♦❧í❣♦♥♦✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❉❡✉ts❝❤♠❛♥ ❡t ❛❧✳ ❬✸✾❪ ② ❧❛ ✜❣✉r❛ ✷✳✶✹✱ r❡s✉❧t❛✿

rB = rA cos

(

180◦

Z1

)

❉❡ ♠❛♥❡r❛ q✉❡ ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ✈❡rt✐❝❛❧ ❞❡ ❧❛ ❝❛❞❡♥❛ δ✱ ❡stá ❞❛❞♦ ♣♦r✿

δ = ra − rb = ra

(

1− cos
180◦

Z1

)

▲❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❛❧t✉r❛✱ q✉❡ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♥❛ ❞✐❢❡r❡♥❝✐❛ ❞❡❧ r❛❞✐♦ ❡♥tr❡ ❡❧ ❝❡♥tr♦ ❞❡ ❧❛ ❝❛t❛r✐♥❛
❛❧ ❝❡♥tr♦ ❞❡❧ r♦❞✐❧❧♦ ❞❡ ❧❛ ❝❛❞❡♥❛ ❜❛❥♦ ❛♥á❧✐s✐s✱ ❣❡♥❡r❛ ✉♥ ❝❛♠❜✐♦ ❡♥ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝❛❞❡♥❛✳ ❊♥
♣❛rt✐❝✉❧❛r✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝❛❞❡♥❛ ❡s ♠á①✐♠❛ ❝✉❛♥❞♦ ❡❧ r❛❞✐♦ ❡♥tr❡ ❡❧ ❝❡♥tr♦ ❞❡ ❧❛ ❝❛t❛r✐♥❛ ❛❧
❝❡♥tr♦ ❞❡❧ r♦❞✐❧❧♦ ❞❡ ❧❛ ❝❛❞❡♥❛ ❡s ♠á①✐♠♦ ❡s ✐❣✉❛❧ ❛ ra ② ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝❛❞❡♥❛ ❡s ♠í♥✐♠❛ ❝✉❛♥❞♦
❡❧ r❛❞✐♦ ❡♥tr❡ ❡❧ ❝❡♥tr♦ ❞❡ ❧❛ ❝❛t❛r✐♥❛ ❛❧ ❝❡♥tr♦ ❞❡❧ r♦❞✐❧❧♦ ❞❡ ❧❛ ❝❛❞❡♥❛ ❡s ♠á①✐♠♦ ❡s ✐❣✉❛❧ rb✳ ❊st❡
❡❢❡❝t♦ s❡ ❧❡ ❝♦♥♦❝❡ ❝♦♠♦ ❡❢❡❝t♦ ❝♦r❞❛❧ ♦ ❡❢❡❝t♦ ♣♦❧í❣♦♥❛❧ ② s❡ ❣❡♥❡r❛ ❞❡❜✐❞♦ ❛ q✉❡ ❧❛ ❧í♥❡❛ ❞❡ ♣❛s♦
❞❡ ❧❛ ❝❛❞❡♥❛✱ ❝✉❛♥❞♦ ❡♥✈✉❡❧✈❡ ❛ ❧❛ ❝❛t❛r✐♥❛ ♥♦ ❢♦r♠❛ ✉♥❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ s✐♥♦ ✉♥ ♣♦❧í❣♦♥♦ ❝♦♥ ✉♥
♥ú♠❡r♦ ❞❡ ❧❛❞♦s ✐❣✉❛❧ ❛❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✶✺✳ P♦r ❧♦ t❛♥t♦✱ ❡❧ ♥ú♠❡r♦
❞❡ ❞✐❡♥t❡s ❞❡ ❧❛ ❝❛tr✐♥❛ ❡s ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛✱ ②❛ q✉❡ ❛❢❡❝t❛ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞✉r❛♥t❡
❧❛ r♦t❛❝✐ó♥ ❞❡ ❧❛ ❝❛t❛r✐♥❛✱ ✈❡❛ ❉❡✉ts❝❤♠❛♥ ❡t ❛❧✳ ❬✸✾❪✳ P❛r❛ ♠✐♥✐♠✐③❛r ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞
❞❡ ❧❛ ❝❛❞❡♥❛✱ ❡s ♥❡❝❡s❛r✐♦ ✐♥❝r❡♠❡♥t❛r ❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛✳

❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✶✺✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝❛❞❡♥❛ ❞❡♣❡♥❞❡rá ❞❡ ❧❛ ♣♦s✐❝✐ó♥ ❡♥
q✉❡ s❡ ❡♥❝✉❡♥tr❡ ❡❧ ♣♦❧í❣♦♥♦✱ ❡s ❞❡❝✐r s✐ ❧❛ ♣♦s✐❝✐ó♥ ❞❡ ❧❛ ❝❛t❛r✐♥❛ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ ✈ért✐❝❡ ✭✈❡❧♦❝✐❞❛❞
♠á①✐♠❛✮ ♦ ❛ ✉♥ ❧❛❞♦ ✭✈❡❧♦❝✐❞❛❞ ♠í♥✐♠❛✮ ❞❡❧ ♣♦❧í❣♦♥♦✳

▲❛ ✈❡❧♦❝✐❞❛❞ ♣r♦♠❡❞✐♦ ❞❡ ❧❛ ❝❛❞❡♥❛✱ v✱ ✈❡❛ ❇✉❞②♥❛s ❡t ❛❧✳ ❬✽❪✱ s❡ ❞❡✜♥❡ ❝♦♠♦✿

v =
Z pω

2 π

✷✵



❉♦♥❞❡ ω ❡s ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ ❡♥ r❛❞✐❛♥❡s ♣♦r s❡❣✉♥❞♦✳ ❊♥ ❡st❡ ❝❛s♦✱ ❧❛ ✈❡❧♦❝✐❞❛❞
♣r♦♠❡❞✐♦✱ v✱ ❡st❛rá ❞❛❞❛ ❡♥ mm/s ♦ pulg/s ❞❡♣❡♥❞✐❡♥❞♦ s✐ ❡❧ ♣❛s♦✱ p✱ ❞❡ ❧❛ ❝❛❞❡♥❛ ❡stá ❞❛❞❛ ❡♥
mm ♦ pulgadas✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

▲❛ ✈❡❧♦❝✐❞❛❞ ♠á①✐♠❛ ❞❡ ❧❛ ❝❛❞❡♥❛✱ q✉❡ s❡ ♣r♦❞✉❝❡ ❝✉❛♥❞♦ ❡❧ r❛❞✐♦ ❡♥tr❡ ❡❧ ❝❡♥tr♦ ❞❡ ❧❛ ❝❛t❛r✐♥❛
② ❡❧ ❝❡♥tr♦ ❞❡❧ r♦❞✐❧❧♦ ❡s ✐❣✉❛❧ ❛ ra✱ ❡stá ❞❛❞❛ ♣♦r✿

vmax = ω ra = ω
D

2
=

ω p

2 sen
(

180◦
Z

)

▲❛ ✈❡❧♦❝✐❞❛❞ ♠➠✐♠❛ ❞❡ ❧❛ ❝❛❞❡♥❛✱ q✉❡ s❡ ♣r♦❞✉❝❡ ❝✉❛♥❞♦ ❡❧ r❛❞✐♦ ❡♥tr❡ ❡❧ ❝❡♥tr♦ ❞❡ ❧❛ ❝❛t❛r✐♥❛
② ❡❧ ❝❡♥tr♦ ❞❡❧ r♦❞✐❧❧♦ ❡s ✐❣✉❛❧ ❛ rb✱ ❡stá ❞❛❞❛ ♣♦r✿

vmin = ω rb = ω
D

2
cos

(

180◦

Z

)

=
ω p cos

(

180
◦

Z

)

2 sen
(

180◦

Z

)

P♦r ❧♦ q✉❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝❛❞❡♥❛ r❡s✉❧t❛ ✐❣✉❛❧ ❛✿

∆v

v
=

vmax − vmin

v
=

ω p

2 sen
(

180◦

Z

)

1− cos
(

180
◦

Z

)

Z pω
2π

=
π

Z

(

1

sen
(

180◦

Z

) − 1

tan
(

180◦

Z

)

)

✭✷✳✺✮

❊st❛ ✈❛r✐❛❝✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞ s❡ ❧❡ ❝♦♥♦❝❡ ❝♦♠♦ ✈❛r✐❛❝✐ó♥ ❝♦r❞❛❧ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞✳ ▲❛ ❣rá✜❝❛ ❞❡ ❧❛
❡❝✉❛❝✐ó♥ ✭✷✳✺✮ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✶✺✳ ❆❧❧í s❡ ♣✉❡❞❡ ❛♣r❡❝✐❛r q✉❡ ❡♥tr❡ ♠❡♥♦r s❡❛ ❡❧ ♥ú♠❡r♦ ❞❡
❞✐❡♥t❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛✱ ♠❛②♦r s❡rá ❧❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝❛❞❡♥❛✳ P♦r ❧♦ q✉❡ ♣❛r❛ ❞✐s♠✐♥✉✐r
❡❧ ❡❢❡❝t♦ ♣♦❧✐❣♦♥❛❧ ❛✉♠❡♥t❛rá ❡s ♥❡❝❡s❛r✐♦ ❛✉♠❡♥t❛r ❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛✳ P❛r❛ ♣♦❞❡r
s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ ❝❛t❛r✐♥❛✱ ❡s ♥❡❝❡s❛r✐♦ r❡✈✐s❛r ❧♦s ❝❛tá❧♦❣♦s ❞❡ ❧♦s ❢❛❜r✐❝❛♥t❡s✱ ❝♦♠♦ ❡❧ ♠❛♥✉❛❧
❞❡ ❘❡♥♦❧❞ ❬✸✹❪ ♦ ❡❧ ♠❛♥✉❛❧ ❞❡ ❋❡♥♥❡r ❬✶✸❪✳
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Variación de la velocidad cordal

❋✐❣✉r❛ ✷✳✶✺✿ ❱❡❧♦❝✐❞❛❞ ❝♦r❞❛❧ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛✳
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✷✳✹✳ ❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ❞❡ s✐st❡♠❛s ❞❡ ❡♥❣r❛♥❡s✳

❊❧ s✐st❡♠❛ ❞❡ ❡♥❣r❛♥❡s ♠ás s✐♠♣❧❡ s❡ ❝♦♠♣♦♥❡ ❞❡ ❞♦s ❡♥❣r❛♥❡s ♦ r✉❡❞❛s ❞❡♥t❛❞❛s q✉❡ ♣✉❡❞❡♥
t❡♥❡r ❞✐á♠❡tr♦s ❞✐❢❡r❡♥t❡s✳ ❊❧ ❝❛s♦ ♠ás ❝♦♠ú♥ ❡s ❡♥❝♦♥tr❛r s✐st❡♠❛s ❞❡ ❡♥❣r❛♥❡s ❝♦♥ ❞✐❢❡r❡♥t❡s
❞✐á♠❡tr♦s✱ ❝♦♥ ❡❧ ✜♥ ❞❡ ❛✉♠❡♥t❛r ♦ ❞✐s♠✐♥✉✐r ❧❛ r❡❧❛❝✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞ ❡♥tr❡ ❡❧❧♦s✳

❇ás✐❝❛♠❡♥t❡ ✉♥ s✐st❡♠❛ ❞❡ ❡♥❣r❛♥❡s✱ ❡s ✉♥ ♠❡❝❛♥✐s♠♦ ❝✉②❛ ❢✉♥❝✐ó♥ ♣r✐♥❝✐♣❛❧ ❡s ❡❧ tr❛♥s♠✐t✐r ✉♥
♠♦✈✐♠✐❡♥t♦ ❞❡ r♦t❛❝✐ó♥ ✉♥✐❢♦r♠❡ ❞❡s❞❡ ❡❧ ❡❥❡ ❞❡ ✉♥ ❡♥❣r❛♥❡ ❛❧ ❡❥❡ ❞❡❧ ♦tr♦✱ ♠❡❞✐❛♥t❡ ❡❧ ❝♦♥t❛❝t♦
❡♥tr❡ ❞✐❡♥t❡s ❞❡ ❛♠❜♦s ❡♥❣r❛♥❡s✳ ❊①✐st❡♥ ❝✉❛tr♦ ♣r✐♥❝✐♣❛❧❡s t✐♣♦s ❞❡ ❡♥❣r❛♥❡s✿ r❡❝t♦s✱ ❤❡❧✐❝♦✐❞❛❧❡s✱
❝ó♥✐❝♦s ② s✐♥❢í♥✳

✶✳ ❊♥❣r❛♥❡s ❘❡❝t♦s✳

▲♦s ❡♥❣r❛♥❡s r❡❝t♦s ♣♦s❡❡♥ ❞✐❡♥t❡s ❝✉②♦ ♣❡r✜❧ ❡s ♣❛r❛❧❡❧♦ ❛❧ ❡❥❡ ❞❡ r♦t❛❝✐ó♥ ❞❡❧ ❡♥❣r❛♥❡ ② ❝✉②♦
♣r♦♣ós✐t♦ ❡s ❡❧ tr❛♥s♠✐t✐r ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦t❛❝✐ó♥ ✉♥✐❢♦r♠❡ ❞❡ ✉♥ ❡❥❡ ❛ ♦tr♦✳ ❊♥ ❡st❡ ❝❛s♦ ❧♦s
❡❥❡s ❞❡ r♦t❛❝✐ó♥ ❞❡ ❛♠❜♦s ❡♥❣r❛♥❡s ❞❡❜❡♥ s❡r ♣❛r❛❧❡❧♦s ❡♥tr❡ sí✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✶✻✭❛✮✳

✷✳ ❊♥❣r❛♥❡s ❍❡❧✐❝♦✐❞❛❧❡s✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❇✉❞②♥❛s ❡t ❛❧✳ ❬✽❪✱ ❧♦s ❡♥❣r❛♥❡s ❤❡❧✐❝♦✐❞❛❧❡s ♣♦s❡❡♥ s✉s ❞✐❡♥t❡s ❝✉②♦ ♣❡r✜❧
❡stá ✐♥❝❧✐♥❛❞♦ r❡s♣❡❝t♦ ❛❧ ❡❥❡ ❞❡ r♦t❛❝✐ó♥ ❞❡ ❛♠❜♦s ❡♥❣r❛♥❡s✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ s❡ tr❛♥s♠✐t❡
♣♦t❡♥❝✐❛ ❡♥tr❡ ❡❥❡s ♣❛r❛❧❡❧♦s✱ ❛✉♥q✉❡ ❡①✐st❡♥ ❝❛s♦s ❡♥ ❧❛ q✉❡ ❡st❡ t✐♣♦ ❞❡ ❡♥❣r❛♥❡s s❡ ✉s❛♥ ♣❛r❛
tr❛♥s♠✐t✐r ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦t❛❝✐ó♥ ❡♥tr❡ ❡❥❡s ♥♦ ♣❛r❛❧❡❧♦s✳ ▲♦s ❡♥❣r❛♥❡s ❤❡❧✐❝♦✐❞❛❧❡s t✐❡♥❡♥ ❧❛s
✈❡♥t❛❥❛ ❞❡ s❡r ♠ás s✐❧❡♥❝✐♦s♦s q✉❡ ❧♦s ❡♥❣r❛♥❡s r❡❝t♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✶✻✭❜✮✳ ❊❧ á♥❣✉❧♦ ❡♥tr❡
❡❧ ♣❡r✜❧ ❞❡❧ ❞✐❡♥t❡ ② ❡❧ ❡❥❡ ❞❡ r♦t❛❝✐ó♥ ❞❡❧ ❡♥❣r❛♥❡ s❡ ❧❡ ❝♦♥♦❝❡ ❝♦♠♦ á♥❣✉❧♦ ❞❡ ❧❛ ❤é❧✐❝❡✳

✭❛✮ ❊♥❣r❛♥❡s r❡❝t♦s ✭❜✮ ❊♥❣r❛♥❡s ❤❡❧✐❝♦✐❞❛❧❡s

❋✐❣✉r❛ ✷✳✶✻✿ ❚✐♣♦s ❞❡ ❡♥❣r❛♥❡s✳

✷✷



✸✳ ❊♥❣r❛♥❡s ❝ó♥✐❝♦s✳

▲♦s ❡♥❣r❛♥❡s ❝ó♥✐❝♦s ♣♦s❡❡♥ ❞✐❡♥t❡s r❡❝t♦s ♦ ❡♥ ❡s♣✐r❛❧✱ ❡st♦s ❞✐❡♥t❡s ❡stá♥ ❧❛❜r❛❞♦s s♦❜r❡
s✉♣❡r✜❝✐❡s ❝ó♥✐❝❛s✳ ❉❡ ♠❛♥❡r❛ q✉❡✱ ❡st♦s ❡♥❣r❛♥❡s ♣♦s❡❡♥ ✉♥❛ ❢♦r♠❛ ❞❡ ❝♦♥♦ tr✉♥❝❛❞♦✱ ♣❡r✲
♠✐t✐❡♥❞♦ ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦t❛❝✐ó♥ ✉♥✐❢♦r♠❡ ❡♥tr❡ ❡❥❡s q✉❡ s❡ ✐♥t❡r❡s❡❝t❛♥
❝♦♥ ✉♥ á♥❣✉❧♦ ✈❛r✐❛❜❧❡✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✶✼✳

❋✐❣✉r❛ ✷✳✶✼✿ ❊♥❣r❛♥❡s ❝ó♥✐❝♦s

❆❞❡♠ás ❞❡ ❧♦s ❡♥❣r❛♥❡s ❝ó♥✐❝♦s r❡❝t♦s t❛♠❜✐é♥ s❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛r ❡♥❣r❛♥❡s ❝ó♥✐❝♦s ❡♥ ❡s✲
♣✐r❛❧ ② ❧♦s ❡♥❣r❛♥❡s ❞❡❧ t✐♣♦ ❤✐♣♦✐❞❡✳ ▲❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧♦s ❡♥❣r❛♥❡s ❝ó♥✐❝♦s ② ❧♦s ❡♥❣r❛♥❡s
❤✐♣♦✐❞❡ ✖q✉❡ ❝♦♥❡❝t❛♥ ❡❥❡s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❡♥tr❡ s✐✖✱ ❡s q✉❡ ❡♥ ❧♦s ❡♥❣r❛♥❡s ❝ó♥✐❝♦s✱ ❧♦s
❡❥❡s ❞❡ r♦t❛❝✐ó♥ ❞❡❧ ♣✐ñó♥ ② ❞❡ ❧❛ ❝♦r♦♥❛ s❡ ✐♥t❡rs❡❝t❛♥✱ ♠✐❡♥tr❛s q✉❡ ❧♦s ❡♥❣r❛♥❡s ❞❡❧ t✐♣♦
❤✐♣♦✐❞❡✱ ❡❧ ❡❥❡ ❞❡ r♦t❛❝✐ó♥ ❞❡❧ ♣✐ñó♥ ♣♦s❡❡ ❝✐❡rt♦ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ ❞❡ ❧❛
❝♦r♦♥❛❀ ❡s ❞❡❝✐r✱ ♥♦ s❡ ✐♥t❡rs❡❝t❛♥✳ ❆ ♠❡❞✐❞❛ q✉❡ ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ✐♥❝r❡♠❡♥t❛✱ t❛♠❜✐é♥ ❧♦
❤❛❝❡ ❧❛ ❧♦♥❣✐t✉❞ ❞❡ ❧♦s ❞✐❡♥t❡s ❞❡❧ ♣✐ñó♥✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✶✽✳

❋✐❣✉r❛ ✷✳✶✽✿ ▲♦♥❣✐t✉❞ ❞❡❧ ♣✐ñó♥ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ❣r❛❞♦ ❞❡ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❞❡❧ ❡❥❡ ❞❡ r♦t❛❝✐ó♥ ❞❡❧
♠✐s♠♦✳

✷✸



✹✳ ❚♦r♥✐❧❧♦ s✐♥❢í♥✳

❊❧ t♦r♥✐❧❧♦ s✐♥❢í♥ ❡stá ❝♦♠♣✉❡st♦ ♣♦r ❞♦s ❡❧❡♠❡♥t♦s✿ ❡❧ t♦r♥✐❧❧♦ s✐♥❢í♥ ♦ ❣✉s❛♥♦✱ q✉❡ ❛❝tú❛ ❝♦♠♦
✉♥ ❡❧❡♠❡♥t♦ ♠♦tr✐③ ② ❧❛ r✉❡❞❛ ❞❡♥t❛❞❛ ♦ ❝♦r♦♥❛✱ q✉❡ ❛❝tú❛ ❝♦♠♦ ✉♥ ❡❧❡♠❡♥t♦ ❝♦♥❞✉❝✐❞♦✳ ❆❧
✐❣✉❛❧ q✉❡ ❝✉❛❧q✉✐❡r s✐st❡♠❛ ❞❡ ❡♥❣r❛♥❡s✱ ❡st❡ ❛rr❡❣❧♦ ♣❡r♠✐t❡ ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦
❞❡ r♦t❛❝✐ó♥ ❞❡s❞❡ ✉♥ ❝♦♠♣♦♥❡♥t❡ ❛ ♦tr♦✳ ▲❛ r♦s❝❛ ❞❡❧ t♦r♥✐❧❧♦ s✐♥❢í♥ ❡♥❣r❛♥❛ ❝♦♥ ❧♦s ❞✐❡♥t❡s
❞❡ ❧❛ r✉❡❞❛ ❞❡♥t❛❞❛✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❧♦s ❡❥❡s ❞❡ r♦t❛❝✐ó♥ ❞❡ ❛♠❜♦s s♦♥ ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❡♥tr❡
sí✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✶✾✳

❋✐❣✉r❛ ✷✳✶✾✿ ❚♦r♥✐❧❧♦ s✐♥❢í♥✳

❊❧ s❡♥t✐❞♦ ❞❡ r♦t❛❝✐ó♥ ❞❡ ❧❛ r✉❡❞❛ ❞❡♥t❛❞❛ ❞❡♣❡♥❞❡ ❞❡❧ s❡♥t✐❞♦ ❞❡ r♦t❛❝✐ó♥ ❞❡❧ t♦r♥✐❧❧♦ s✐♥❢í♥✱
❡s ❞❡❝✐r✱ s✐ ❧♦ ❞✐❡♥t❡s ❞❡❧ t♦r♥✐❧❧♦ ❡stá♥ ❝♦rt❛❞♦s ❛ ❧❛ ❞❡r❡❝❤❛ ♦ ✐③q✉✐❡r❞❛✳ ❇ás✐❝❛♠❡♥t❡ ❧❛ r✉❡❞❛
❞❡♥t❛❞❛ r♦t❛ ✉♥ s♦❧♦ ❞✐❡♥t❡ ♣♦r ❝❛❞❛ ✈✉❡❧t❛ ❞❡❧ t♦r♥✐❧❧♦ s✐♥❢í♥✱ ♣♦r ❧♦ q✉❡✱ s✐ s❡ q✉✐❡r❡ q✉❡
❧❛ r✉❡❞❛ ❞❡♥t❛❞❛ ❞❡ ✉♥❛ ✈✉❡❧t❛ ❝♦♠♣❧❡t❛ ❡s ♥❡❝❡s❛r✐♦ q✉❡ ❡❧ t♦r♥✐❧❧♦ ❣✐r❡ t❛♥t❛s ✈❡❝❡s ❝♦♠♦
❞✐❡♥t❡s t❡♥❣❛ ❧❛ r✉❡❞❛ ❞❡♥t❛❞❛✱ ♣♦r ❧♦ q✉❡ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞ ❡♥tr❡ ❡❧ ♣✐ñó♥ ② ❧❛ r✉❡❞❛
❞❡♥t❛❞❛ ❡stá ❞❛❞❛ ♣♦r✿

i =
1

Z

❉♦♥❞❡ z ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ❞❡ ❧❛ ❝♦r♦♥❛✳ ❉❡❜✐❞♦ ❛ q✉❡ ❡❧ s✐st❡♠❛ ♣♦s❡❡ ✉♥❛ r❡❧❛❝✐ó♥
❞❡ ✈❡❧♦❝✐❞❛❞ ❜❛❥❛✱ ❡❧ s✐st❡♠❛ ❛❝tú❛ ❝♦♠♦ ✉♥ ❡①❝❡❧❡♥t❡ r❡❞✉❝t♦r ❞❡ ✈❡❧♦❝✐❞❛❞✳ ❙✐♥ ❡♠❜❛r❣♦✱
s✉ ❡✜❝✐❡♥t❡ ❡s r❡❧❛t✐✈❛♠❡♥t❡ ♣♦❜r❡ ♣♦r ❧❛ ♣r❡s❡♥❝✐❛ ✐♠♣♦rt❛♥t❡ ❞❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❧❛s
s✉♣❡r✜❝✐❡s✳

❊st♦s s♦♥ ❧♦s t✐♣♦s ❞❡ ❡♥❣r❛♥❛❥❡s ♠❛s ❝♦♠✉♥❡s✱ ♣❡r♦ ❡❧ ✉s✉❛r✐♦ t❛♠❜✐é♥ ♣✉❡❞❡ ❡♥❝♦♥tr❛r s✐st❡♠❛s
❞❡ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛ ② ❧♦s s✐st❡♠❛s ♣❧❛♥❡t❛r✐♦s✱ ✈❡❛ ❧❛s ✜❣✉r❛s ✷✳✷✵✭❛✮ ② ✷✳✷✵✭❜✮✳ ❊st❡ tr❛❜❛❥♦
ú♥✐❝❛♠❡♥t❡ tr❛t❛ ❧♦s ❡♥❣r❛♥❡s ❞❡❧ t✐♣♦ r❡❝t♦ ♦ ❞❡ ♣❡r✜❧ ❞❡ ✐♥✈♦❧✉t❛✳

✷✹



✭❛✮ ❙✐st❡♠❛ ❞❡ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛ ✭❜✮ ❊♥❣r❛♥❡s ♣❧❛♥❡t❛r✐♦s

❋✐❣✉r❛ ✷✳✷✵✿ ❖tr♦s t✐♣♦ ❞❡ ❡♥❣r❛♥❡s✳

✷✳✹✳✶✳ ❆♥á❧✐s✐s ❣❡♦♠étr✐❝♦ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ ❡♥❣r❛♥❡s r❡❝t♦s ❝♦♥ ♣❡r✜❧ ❞❡
✐♥✈♦❧✉t❛✳

❆❧ ✐❣✉❛❧ q✉❡ ❧❛ tr❛s♠✐s✐ó♥ ♣♦r ❝❛❞❡♥❛s✱ ❧❛ r❡❧❛❝✐ó♥ ❞❡ tr❛♥s♠✐s✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s✱ i✱ ❡stá ❞❛❞❛
♣♦r ❧❛ s✐❣✉✐❡♥t❡ ❡❝✉❛❝✐ó♥✿

i =
ω2

ω1

=
Z1

Z2

✭✷✳✻✮

❉♦♥❞❡ Z1 ② Z2 s♦♥ ❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ❞❡❧ ❡♥❣r❛♥❡ 1 ② ❞❡❧ ❡♥❣r❛♥❡ 2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ✖❡♥ ❧❛
❧✐t❡r❛t✉r❛ ✐♥❣❧❡s❛ ❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s s❡ r❡♣r❡s❡♥t❛ ♣♦r ❧❛ ❧❡tr❛ N✖ ② ω1 ② ω2 s♦♥
s✉s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s✳

❈♦♠♦ s❡ ❝♦♠❡♥tó ❛♥t❡r✐♦r♠❡♥t❡✱ ❧♦s ❡♥❣r❛♥❛❥❡s s✐r✈❡♥ ♣❛r❛ tr❛♥s♠✐t✐r ♣♦t❡♥❝✐❛s ❡❧❡✈❛❞❛s ❝✉❛♥❞♦
❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❡❥❡s ♥♦ ❡s ❞❡♠❛s✐❛❞♦ ❣r❛♥❞❡✳ ❊❧ ♣❡r✜❧ q✉❡ ♣♦s❡❡♥ ❧♦s ❡♥❣r❛♥❡s r❡❝t♦s ❞❡❜❡ s❡r
t❛❧ q✉❡ ❧❛ r❡❧❛❝✐ó♥ ❞❡ tr❛♥s♠✐s✐ó♥ s❡ ♠❛♥t❡♥❣❛ ❝♦♥st❛♥t❡✱ ♣❛r❛ ❧♦ ❝✉❛❧ ❧♦s ♣❡r✜❧❡s ❞❡❜❡♥ s❛t✐s❢❛❝❡r
❧❛ ❧❡② ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❧♦s ❡♥❣r❛♥❛❥❡s✳ ❊♥ ❡st❡ tr❛❜❛❥♦ s❡ ❛♥❛❧✐③❛rá♥ ❡①❝❧✉s✐✈❛♠❡♥t❡ ❡♥❣r❛♥❡s ❝♦♥ ❡❧
♣❡r✜❧ ❞❡ ❧❛ ✐♥✈♦❧✉t❛ ❞❡ ✉♥ ❝ír❝✉❧♦✳ ❙❡ ♣✉❡❞❡ ♠❛♥t❡♥❡r ✉♥❛ ♠✐s♠❛ r❡❧❛❝✐ó♥ ❞❡ tr❛♥s♠✐s✐ó♥ ❞❡ ✈❡❧♦❝✐✲
❞❛❞ ❡♥tr❡ ❞♦s ❡♥❣r❛♥❡s r❡❝t♦s ❝♦♥ s♦❧♦ ✈❛r✐❛r ❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ② s✐♥ ♠♦❞✐✜❝❛r ❡❧ t❛♠❛ñ♦ ❞❡ ést♦s✳

▲❛ ✜❣✉r❛ ✷✳✷✶✱ ♠✉❡str❛♥ ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ❢✉❡r③❛ ❡♥tr❡ ❞♦s ❡♥❣r❛♥❡s r❡❝t♦s✳ ❈♦♠♦ s❡ ♣✉❡❞❡
❛♣r❡❝✐❛r✱ ❡❧ ♣✉♥t♦ ❞❡ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ❢✉❡r③❛ ✈❛rí❛ ❝♦♥❢♦r♠❡ ❧♦s ❡♥❣r❛♥❡s r♦t❛♥✳ ❈❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡
❡♥ ❡❧ ✐♥st❛♥t❡ ❡♥ ❡❧ q✉❡ ❧♦s ❡♥❣r❛♥❡s s❡ t♦❝❛♥ ❡♥ ❡❧ ♣✉♥t♦ ❞❡ ♣❛s♦✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❡♥ ❡❧ ♣✉♥t♦ ❞❡ ♣❛s♦
❝♦♠♦ ♣❛rt❡ ❞❡❧ ❡♥❣r❛♥❡ ♠♦tr✐③ ❡s ✐❣✉❛❧ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❡♥ ❡❧ ♣✉♥t♦ ❞❡ ♣❛s♦ ❝♦♠♦ ♣❛rt❡ ❞❡❧ ❡♥❣r❛♥❡
❝♦♥❞✉❝✐❞♦❀ ♣♦r ❧♦ q✉❡ ❡♥ ❡❧ ✐♥st❛♥t❡ ❡♥ ❡❧ q✉❡ ❧❛s ❝✉r✈❛s ❞❡ ✐♥✈♦❧✉t❛ ❡stá♥ ❤❛❝✐❡♥❞♦ ❝♦♥t❛❝t♦ ❡♥ ❡❧
♣✉♥t♦ ❞❡ ♣❛s♦✱ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦✱ ❡♥ t♦❞♦s ❧♦s ❞❡♠ás ❝❛s♦s✱ ✈❛ ❛ ❡①✐st✐r ❞❡s❧✐③❛♠✐❡♥t♦ ② ♣♦r
❧♦ t❛♥t♦ ❞❡s❣❛st❡✳

✷✺



✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❛ ✷✳✷✶✿ ▲í♥❡❛ ❞❡ ❛❝❝✐ó♥✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ❛♥❛❧✐③❛♥ ❛❧❣✉♥❛s ❞❡ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❣❡♦♠étr✐❝❛s ❞❡ ❧♦s ❡♥❣r❛♥❡s r❡❝t♦s ❞❡
♣❡r✜❧ ❞❡ ✐♥✈♦❧✉t❛✳

▲❛s ❝✐r❝✉♥❢❡r❡♥❝✐❛s q✉❡ ❝♦♥❢♦r♠❛♥ ❡❧ ❡♥❣r❛♥❡ r❡❝t♦✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✷✳✷✷✱ s♦♥✿

▲❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❞❡ ♣❛s♦✿ ❘❡♣r❡s❡♥t❛ ❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❝✉②♦ ❝❡♥tr♦ ❡stá ❡♥ ❡❧ ❡❥❡ ❞❡ r♦t❛❝✐ó♥
❞❡❧ ❡♥❣r❛♥❡ ② q✉❡ ♣❛s❛ ♣♦r ❡❧ ♣✉♥t♦ ❞❡ ♣❛s♦✳ ❊st❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ s❡rí❛ ✐❣✉❛❧ ❛ ❧❛ q✉❡ t❡♥❞rí❛
✉♥❛ ♣♦❧❡❛ ♦ ✉♥❛ r✉❡❞❛ ❞❡ ❢r✐❝❝✐ó♥ q✉❡ tr❛♥s♠✐t✐❡r❛ ✈❡❧♦❝✐❞❛❞❡s ❝♦♥ ❧❛ ♠✐s♠❛ r❡❧❛❝✐ó♥ ❞❡
✈❡❧♦❝✐❞❛❞ q✉❡ ❡❧ ❡♥❣r❛♥❛❥❡✳

▲❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❡①t❡r✐♦r ♦ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❞❡ ❞✐❡♥t❡✿ ❊s ❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ q✉❡ ❧✐♠✐t❛ ❧❛ ♣❛rt❡
❡①t❡r✐♦r ❞❡❧ ❡♥❣r❛♥❡✱ ❡s ❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ q✉❡ ❝✐r❝✉♥s❝r✐❜❡ ❡❧ ❡♥❣r❛♥❡✳

▲❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ✐♥t❡r✐♦r ♦ ❞❡ ❢♦♥❞♦✿ ❊s ❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ q✉❡ ❧✐♠✐t❛ ❡❧ ♣✐❡ ❞❡ ❞✐❡♥t❡✳

❆ ♣❛rt✐r ❞❡ ❡st❛s ❝✐r❝✉♥❢❡r❡♥❝✐❛s ❡s ♣♦s✐❜❧❡ ❞❡✜♥✐r ♦tr♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡❧ ❞✐❡♥t❡✱ q✉❡
s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✷✷✿

a ❡s ❧❛ ❝❛❜❡③❛ ❞❡❧ ❞✐❡♥t❡ ♦ ❛❞❡♥❞♦ ② ❡s ❧❛ ❞✐st❛♥❝✐❛ ❝♦♠♣r❡♥❞✐❞❛ ❡♥tr❡ ❡❧ ❧❛s ❝✐r❝✉♥❢❡r❡♥❝✐❛s
❡①t❡r✐♦r ② ❞❡ ♣❛s♦✳

a = Ro −Rp ✭✷✳✼✮

b s❡ ❧❡ ❝♦♥♦❝❡ ❝♦♠♦ ♣✐❡ ❞❡❧ ❞✐❡♥t❡ ♦ ❞❡❞❡♥❞♦ ② ❡s ❧❛ ❞✐st❛♥❝✐❛ ❝♦♠♣r❡♥❞✐❞❛ ❡♥tr❡ ❡❧ ❧❛s
❝✐r❝✉♥❢❡r❡♥❝✐❛s ♣❛s♦ ② ❞❡ ❢♦♥❞♦ ♦ ❞❡❞❡♥❞♦✳

b = Rp −Rd ✭✷✳✽✮

h ❡s ❧❛ ❛❧t✉r❛ ❞❡❧ ❞✐❡♥t❡ ② ❡stá ❞❛❞❛ ♣♦r ❧❛ s✉♠❛ ❞❡❧ ❛❞❡♥❞♦ ② ❡❧ ❞❡❞❡♥❞♦✳

h = a+ b ✭✷✳✾✮

S ❡s ❡❧ ❡s♣❡s♦r ❞❡❧ ❞✐❡♥t❡ ♠❡❞✐❞♦ s♦❜r❡ ❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❞❡ ♣❛s♦ ② S ′ ❡s ❡❧ ❛♥❝❤♦ ❞❡❧ ❤✉❡❝♦
❞❡❧ ❞✐❡♥t❡ ✐❣✉❛❧♠❡♥t❡ ♠❡❞✐❞♦ s♦❜r❡ ❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❞❡ ♣❛s♦✳

✷✻



pc s❡ ❧❡ ❝♦♥♦❝❡ ❝♦♠♦ ♣❛s♦ ❝✐r❝✉❧❛r ② ❡s ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❞♦s ♣✉♥t♦s ✐❣✉❛❧❡s ❞❡ ❞♦s ❞✐❡♥t❡s
❝♦♥s❡❝✉t✐✈♦s✱ ♠❡❞✐❞♦ s♦❜r❡ ❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❞❡ ♣❛s♦✳ ❊❧ ♣❛s♦ ❝✐r❝✉❧❛r ❡stá ❝♦♠♣r❡♥❞✐❞♦ ♣♦r
❧❛ s✉♠❛ ❞❡❧ ❡s♣❡s♦r ❞❡❧ ❞✐❡♥t❡ ② ❡❧ ❛♥❝❤♦ ❞❡❧ ❤✉❡❝♦ ❞❡❧ ❞✐❡♥t❡✳

pc = S + S ′ ✭✷✳✶✵✮

pb s❡ ❧❡ ❝♦♥♦❝❡ ❝♦♠♦ ❡❧ ♣❛s♦ ❜❛s❡ ② ❡s ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❞♦s ♣✉♥t♦s ✐❣✉❛❧❡s ❞❡ ❞♦s ❞✐❡♥t❡s
❝♦♥s❡❝✉t✐✈♦s✱ ♠❡❞✐❞♦ s♦❜r❡ ❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❞❡ ❜❛s❡✳

❋✐❣✉r❛ ✷✳✷✷✿ P❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ✉♥ ❡♥❣r❛♥❡ r❡❝t♦✳

❆ ♣❛rt✐r ❞❡ ❡st❛s ❞❡✜♥✐❝✐♦♥❡s ❡s ♣♦s✐❜❧❡ ❛❜♦r❞❛r ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❡st❛♥❞❛r✐③❛❝✐ó♥ ❞❡ ❧♦s ❡♥❣r❛♥❡s
r❡❝t♦s✳

❊❧ ♣❡rí♠❡tr♦ ❞❡ ❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❞❡ ♣❛s♦ ❡s ✐❣✉❛❧ ❛ ❧❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❞❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ♣♦r
❡❧ ♣❛s♦ ❝✐r❝✉❧❛r✳

lp = Z pc ♣♦r ❧♦ t❛♥t♦ Z pc = 2 π Rp = πDp ✭✷✳✶✶✮

❉♦♥❞❡ Dp r❡♣r❡s❡♥t❛ ❡❧ ❞✐á♠❡tr♦ ❞❡ ❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❞❡ ♣❛s♦✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

pc =
πDp

Z
✭✷✳✶✷✮

❈♦♠♦ s❡ ♠❡♥❝✐♦♥ó ❛♥t❡r✐♦r♠❡♥t❡ ❡❧ ♣❛s♦ ❝✐r❝✉❧❛r ♦ ♣❛s♦ ❞❡❧ ❞✐❡♥t❡ ❞❡❜❡ s❡r ❝♦♥st❛♥t❡ ❡♥ ✉♥
s✐st❡♠❛ ❞❡ ❡♥❣r❛♥❡s r❡❝t♦s✱ ♣♦r ❧♦ q✉❡ ❡❧ ♣❛s♦ ❝✐r❝✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ ♠♦tr✐③ ❞❡❜❡ s❡r ✐❣✉❛❧ ❛❧ ♣❛s♦
❝✐r❝✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ ❝♦♥❞✉❝✐❞♦✳

pc1 = pc2 =
πDp1

Z1

=
πDp2

Z2

✭✷✳✶✸✮

P♦r ❧♦ t❛♥t♦✱ s❡ t✐❡♥❡ q✉❡✿
Dp1

Z1

= m =
Dp2

Z2

✭✷✳✶✹✮

✷✼



❙✐ ❧♦s ❞✐á♠❡tr♦s ❞❡ ♣❛s♦ s❡ ♠✐❞❡♥ ❡♥ ♠✐❧í♠❡tr♦s✱ ❛ ❡st❛ r❡❧❛❝✐ó♥✱ s❡ ❧❡ ❞❡♥♦♠✐♥❛ ♠ó❞✉❧♦ ❞❡❧
❡♥❣r❛♥❛❥❡ ② ❡s ❧❛ ❜❛s❡ ❞❡ ❧❛ ❡st❛♥❞❛r❛③❛❝✐ó♥ ❞❡ ❡♥❣r❛♥❡s ❡♥ ❧♦s s✐st❡♠❛s ♠étr✐❝♦s✳ ❊❧ ♠ó❞✉❧♦ r❡♣r❡✲
s❡♥t❛ ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❡❧ ❞✐á♠❡tr♦ ❞❡ ♣❛s♦✱ ♠❡❞✐❞♦ ❡♥ ♠✐❧í♠❡tr♦s✱ ② ❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ❞❡❧ ❡♥❣r❛♥❡✳

❆❞❡♠ás✱ ❡❧ ♠ó❞✉❧♦ ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❡❧ ♣❛s♦ ❝✐r❝✉❧❛r ❞❡ ❧♦s ❡♥❣r❛♥❡s✱ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✶✸✮✱ s❡
t✐❡♥❡ q✉❡✿

pc1 = pc2 = πm ✭✷✳✶✺✮

❈♦♥❝❧✉②❡♥❞♦✱ ♣❛r❛ q✉❡ ❞♦s r✉❡❞❛s ❞❡♥t❛❞❛s ♣✉❡❞❛♥ ❡♥❣r❛♥❛r ❡s ♥❡❝❡s❛r✐♦ q✉❡ t❡♥❣❛♥ ❡❧ ♠✐s♠♦ ♣❛s♦
❝✐r❝✉❧❛r ♦✱ ❧♦ q✉❡ ❡s ✐❣✉❛❧✱ q✉❡ t❡♥❣❛♥ ❡❧ ♠✐s♠♦ ♠ó❞✉❧♦✳

❊♥ ❡❧ s✐st❡♠❛ ✐♥❣❧és ❞❡ ✉♥✐❞❛❞❡s✱ ❡❧ r❡❝✐♣r♦❝♦ ❞❡❧ ♠ó❞✉❧♦ s❡ ❧❡ ❝♦♥♦❝❡ ❝♦♠♦ ♣❛s♦ ❞✐❛♠❡tr❛❧✱
❞❡♥♦t❛❞♦ ♣♦r ❧❛ ❧❡tr❛ P ✳ ❊❧ ♣❛s♦ ❞✐❛♠❡tr❛❧ ❡s ❧❛ r❡❧❛❝✐ó♥ q✉❡ ❡①✐st❡ ❡♥tr❡ ❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s
❞❡❧ ❡♥❣r❛♥❡ r❡s♣❡❝t♦ ❛❧ ❞✐á♠❡tr♦ ❞❡ ♣❛s♦ ♠❡❞✐❞♦ ❡♥ ♣✉❧❣❛❞❛s✱ ♣♦r ❧♦ ❝✉❛❧ ❧❛s ✉♥✐❞❛❞❡s ❞❡❧ ♣❛s♦
❞✐❛♠❡tr❛❧ ❡stá♥ ❞❛❞❛s ❡♥ ❞✐❡♥t❡s ♣♦r ♣✉❧❣❛❞❛s✳

P =
Z

Dp

✭✷✳✶✻✮

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✻✮✱ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞ ❞❡❧ s✐st❡♠❛ ❞❡ ❡♥❣r❛♥❡s✱ s❡ ♣✉❡❞❡
❡①♣r❡s❛r ❡♥ tér♠✐♥♦s ❞❡ s✉s ❞✐á♠❡tr♦s ❞❡ ♣❛s♦ ②✱ ❝♦♥s❡❝✉❡♥t❡♠❡♥t❡✱ ❞❡ s✉s r❛❞✐♦s ❞❡ ♣❛s♦✳

i =
ω2

ω1

=
Z1

Z2

=
mDp1

mDp2

=
Dp1

Dp2

=
Rp1

Rp2

✭✷✳✶✼✮

▲❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❧♦s ❝❡♥tr♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s✱ C✱ ❡stá ❞❛❞❛ ❝♦♠♦✿

C =
Dp1 +Dp2

2
= Rp1 +Rp2 = m

Z1 + Z2

2
✭✷✳✶✽✮

❊st❛s s♦♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❜ás✐❝❛s q✉❡ ❞❡✜♥❡♥ ❛ ✉♥ s✐st❡♠❛ ❞❡ ❡♥❣r❛♥❡s r❡❝t♦s✱ ❝❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡
❧❛ ❡❝✉❛❝✐ó♥ q✉❡ ❞❡✜♥❡ ❛❧ ♠ó❞✉❧♦ ❞❡❧ ❡♥❣r❛♥❡s✱ ✈❡❛ ❧❛ ❡❝✉❛❝✐ó♥ ✷✳✶✹✱ ❡s ❛♣❧✐❝❛❜❧❡ ♣❛r❛ ✉♥ s✐st❡♠❛ ❞❡
❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛✳ ❊st❛s ❡❝✉❛❝✐♦♥❡s s♦♥ ❞❡ ✈✐t❛❧ ✐♠♣♦rt❛♥❝✐❛ ❛❧ ♠♦♠❡♥t♦ ❞❡ ❞✐s❡ñ❛r ②❛ s❡❛ ✉♥
s✐st❡♠❛ ❞❡ ❡♥❣r❛♥❡s r❡❝t♦s ♦ ✉♥ s✐st❡♠❛ ❞❡ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛ ❡♥ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳ P❛r❛ ♠ás
✐♥❢♦r♠❛❝✐ó♥✱ ✈❡❛ ❇✉❞②♥❛s ❡t ❛❧✳ ❬✽❪✳

✷✽



❈❛♣ít✉❧♦ ✸

❙✐st❡♠❛s ❞❡ ❝❛❜❧❡s r❡s✉❡❧t♦s ♠❡❞✐❛♥t❡
❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❊♥ ❡st❡ ❝❛♣ít✉❧♦ s❡ ♣r❡s❡♥t❛♥ ❞✐❢❡r❡♥t❡s ♣r♦❜❧❡♠❛s q✉❡ ✐♥✈♦❧✉❝r❛♥ s✐st❡♠❛s ❞❡ ❝❛❜❧❡s ② ❝♦♥✲
tr❛♣❡s♦s✱ t♦❞♦s ❡s♦s ♣r♦❜❧❡♠❛s s❡ r❡s♦❧✈❡rá♥ ✐♥✐❝✐❛❧♠❡♥t❡ ♠❡❞✐❛♥t❡ ❧♦s ♠ét♦❞♦s ❛♥❛❧ít✐❝♦s q✉❡ s❡
♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❡♥ ❧❛s ❧✐❝❡♥❝✐❛t✉r❛s ❞❡ ✐♥❣❡♥✐❡rí❛ ♠❡❝á✲
♥✐❝❛ ❡ ✐♥❣❡♥✐❡rí❛ ♠❡❝❛tró♥✐❝❛ ❞❡ ❧❛ ❉✐✈✐s✐ó♥ ❞❡ ■♥❣❡♥✐❡rí❛s ❞❡❧ ❈❛♠♣✉s ■r❛♣✉❛t♦✲❙❛❧❛♠❛♥❝❛ ❞❡ ❧❛
❯♥✐✈❡rs✐❞❛❞ ❞❡ ●✉❛♥❛❥✉❛t♦❀ ♣♦st❡r✐♦r♠❡♥t❡ ❡s♦s ♣r♦❜❧❡♠❛s s❡ r❡s✉❡❧✈❡♥ ♠❡❞✐❛♥t❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧
s✐st❡♠❛ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡❧ ♠ó❞✉❧♦ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳ ❉❡♣❡♥❞✐❡♥❞♦ ❞❡ ❧❛s ❝❛r❛❝t❡✲
ríst✐❝❛s ❞❡ ❧❛s ♣♦❧❡❛s ❞❡❧ s✐st❡♠❛ ❧♦s ♣r♦❜❧❡♠❛s ♣r❡s❡♥t❛❞♦s ❡♥ ❡st❡ ❝❛♣ít✉❧♦ ♣✉❡❞❡♥ ♣❡rt❡♥❡❝❡r ❛ ❧❛
❞✐♥á♠✐❝❛ ❞❡ ❧❛ ♣❛rtí❝✉❧❛ ♦ ❛ ❧❛ ❞✐♥á♠✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✳

✸✳✶✳ Pr✐♠❡r ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ♣♦r ❝❛❜❧❡s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✸✲✶✷ ❞❡❧ ❧✐❜r♦ ❞❡
❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✶✷✸✳

Pr♦❜❧❡♠❛ ✶✿ ❆ ♣❛rt✐r ❧❛ ✜❣✉r❛ ✸✳✶✱ ❞❡t❡r♠✐♥❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❧♦s ❝✉❡r♣♦s A✱ B ② C ② ❧❛ ❢✉❡r③❛
❞❡ t❡♥s✐ó♥ ❡♥ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❝❛❜❧❡✳ ❊❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦ ❡s ❧✐s♦ ② ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❢r✐❝❝✐ó♥ ❝✐♥ét✐❝♦✱
❡♥tr❡ ❧❛ s✉♣❡r✜❝✐❡ ❤♦r✐③♦♥t❛❧ ② ❡❧ ❜❧♦q✉❡ C✱ ❡s ❞❡ µk = 0.2✳ ❈♦♥s✐❞❡r❡ ✉♥❛ ❝✉❡r❞❛ ✐♥❡①t❡♥s✐❜❧❡✱ ✉♥
s✐st❡♠❛ ❞❡ ♣♦❧❡❛s ❞❡ ♠❛s❛ ❞❡s♣r❡❝✐❛❜❧❡ ② tr❡s ❝✉❡r♣♦s ❝♦♥ ♠❛s❛s ❞❡✿ mA = 25 kg✱ mB = 5 kg ②
mC = 10 kg✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✸✳✶✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ♣r♦❜❧❡♠❛✱ ❡①✐st❡ ✉♥ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❢r✐❝❝✐ó♥ ❝✐♥ét✐❝♦ ❡♥tr❡ ❡❧ ❝✉❡r♣♦ C ② ❡❧
s✉❡❧♦❀ ♠✐❡♥tr❛s q✉❡✱ ❡❧ ❝✉❡r♣♦ A s❡ ❞❡s❧✐③❛ s✐♥ ❢r✐❝❝✐ó♥ s♦❜r❡ ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳ ❊♥ ❛❞✐❝✐ó♥ s❡ ❡stá
❝♦♥s✐❞❡r❛♥❞♦ ✉♥❛ ❝✉❡r❞❛ ✐♥❡①t❡♥s✐❜❧❡ ② ✉♥ s✐st❡♠❛ ❞❡ ♣♦❧❡❛ ❝♦♥ ♠❛s❛ ❞❡s♣r❡❝✐❛❜❧❡✳ ❆ ♣❛rt✐r ❞❡ ❡st❡
r❡s✉❧t❛❞♦✱ s❡ ❞❡❞✉❝❡ q✉❡ ❧❛s ♠❛❣♥✐t✉❞❡s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡ tr❛s❧❛❝✐ó♥❀ t❛♥t♦ ❞❡❧ ❝✉❡r♣♦ C✱ ❡❧
❝✉❡r♣♦ B ② ❡❧ ❝✉❡r♣♦ A❀ s♦♥ ✐❣✉❛❧❡s✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

aA = aB = aC = a ✭✸✳✶✮

✷✾



❋✐❣✉r❛ ✸✳✶✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✸✲✶✷ ❍✐❜❜❡❧❡r ❬✶✽❪ ✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ s❡ ♦❜t✐❡♥❡♥ ❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❝✉❡r♣♦s✱ ✈❡❛ ❧❛
✜❣✉r❛ ✸✳✷✳ ❉❡ ♠❛♥❡r❛ q✉❡✱ ❛♣❧✐❝❛♥❞♦ ❧❛ s❡❣✉♥❞❛ ❧❡② ❞❡ ◆❡✇t♦♥✲❊✉❧❡r s♦❜r❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❝✉❡r♣♦s✱
s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❧♦s ❝✉❡r♣♦s ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❢r✐❝❝✐ó♥
❝✐♥ét✐❝♦✱ µk✱ ② ❞❡ ❧❛s ♠❛s❛s✿ mA✱ mB ② mC ❀ ✈❡❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✵✮✳ P♦r ❝♦♥s✐❣✉✐❡♥t❡✱ s❡ ♦❜t✐❡♥❡♥
❡①♣r❡s✐♦♥❡s t❛♥t♦ ♣❛r❛ ❧❛s ❢✉❡r③❛s ❞❡ t❡♥s✐ó♥ T1 ② T2❀ ❛sí ❝♦♠♦✱ ♣❛r❛ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ Fr✳

✭❛✮ ❉❈▲ ❞❡❧ ❈✉❡r♣♦ ❆ ✭❜✮ ❉❈▲ ❞❡❧ ❈✉❡r♣♦ ❇ ✭❝✮ ❉❈▲ ❞❡❧ ❈✉❡r♣♦ ❈

❋✐❣✉r❛ ✸✳✷✿ ❉✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡✳

❉❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ x1 ❞❡❧ ❝✉❡r♣♦ A✱ s❡ s❛❜❡ q✉❡✿

ΣFx1 = mA aAx1 ❞♦♥❞❡ aAx1 = −aA
P♦r ❝♦♥s✐❣✉✐❡♥t❡✱ s❡ ♦❜t✐❡♥❡✿

T1 −mA g sen(θ) = −mA aA t❛❧ q✉❡ T1 = −mA aA +mA g sen(θ) ✭✸✳✷✮

❆❤♦r❛ ❜✐❡♥✱ ❞❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ y2 ❞❡❧ ❝✉❡r♣♦ B✱ s❡ s❛❜❡ q✉❡✿

ΣFy2 = mB aBy2 ❞♦♥❞❡ aBy2 = aB

✸✵



❉❡ ❧♦ ❛♥t❡r✐♦r✱ r❡s✉❧t❛✿
T1 − T2 −mB g = mB aB ✭✸✳✸✮

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ y3 ❞❡❧ ❝✉❡r♣♦ C✱ s❡ ❝♦♥♦❝❡ q✉❡✿

ΣFy3 = mC aCy3 ❞♦♥❞❡ aCy3 = 0

P♦r ❝♦♥s✐❣✉✐❡♥t❡✱ s❡ ♦❜t✐❡♥❡ q✉❡✿

NC −mC g = 0 t❛❧ q✉❡ NC = mC g ✭✸✳✹✮

❆sí ♠✐s♠♦✱ ❞❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ x3 ❞❡❧ ❝✉❡r♣♦ C✱ s❡ ❝♦♥♦❝❡ q✉❡✿

ΣFx3 = aCx3 ❞♦♥❞❡ aCx3 = −aC

P♦r ❧♦ t❛♥t♦✱ r❡s✉❧t❛✿
Fr − T2 = −mC aC . ✭✸✳✺✮

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✮ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ s❡ ❡①♣r❡s❛ ❝♦♠♦✿

Fr = µKC NC t❛❧ q✉❡ Fr = µKC mC g ✭✸✳✻✮

❙✉st✐t✉②❡♥❞♦ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ Fr✱ ❡❝✉❛❝✐ó♥ ✭✸✳✻✮✱ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✺✮ ② ❞❡s♣❡❥❛♥❞♦
❧❛ ❢✉❡r③❛ ❞❡ t❡♥s✐ó♥ T2✱ s❡ ♦❜t✐❡♥❡✿

T2 = µKCmC g +mC aC ✭✸✳✼✮

❉❡ ✐❣✉❛❧ ❢♦r♠❛✱ s✉st✐t✉②❡♥❞♦ T1 ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✮ ② T2 ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✼✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥
✭✸✳✸✮✱ r❡s✉❧t❛✿

−mA aA +mA gsen(θ)− µKC mC g −mC aC = mB aB +mB g ✭✸✳✽✮

●r❛❝✐❛s ❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✮✱ s❡ s❛❜❡ q✉❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❧♦s ❝✉❡r♣♦s A✱ B ② C s♦♥ ✐❣✉❛❧❡s✱ ♣♦r
❧♦ t❛♥t♦✱ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✽✮ s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❝♦♠♦✿

mB a+mC a+mA = mA g sen(θ)− µKC mC g −mB g ✭✸✳✾✮

❉❡s♣❡❥❛♥❞♦ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ ❞❛ ❝♦♠♦ r❡s✉❧t❛❞♦✿

a =
g [mA sen(θ)− µKC mC −mB]

mA +mB +mC

✭✸✳✶✵✮

❆❤♦r❛✱ s✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✼✮ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥
✐❣✉❛❧ ❛✿

a =
(9.81m/s2) [(25 kg) sen(30)− (0.2) (10 kg)− (5 kg)]

(25 + 10 + 5) kg
= 1.348875m/s2

❯♥❛ ✈❡③ ♦❜t❡♥✐❞♦ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ s❡ ♣✉❡❞❡♥ ♦❜t❡♥❡r ❧❛s ❢✉❡r③❛s ❞❡ t❡♥s✐♦♥ T1✱ T2 ② ❧❛
❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ Fr✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

T1 = (25 kg)
[(

9.81m/s2
)

sin(30)− 1.348875m/s2
]

= 88.903125N.

Fr = (0.2)
(

9.81m/s2
)

(10 kg) = 19.62N.

T2 = (19.62N) + (10 kg)
(

1.348875m/s2
)

= 33.1087N.
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✸✳✶✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
s✐st❡♠❛s ❝♦♥ ❝❛❜❧❡s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ▼❛❝❤✐♥❡r② ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡✲
ñ❛❧❛r q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥✱ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛ ♣♦❧❡❛ ② ❡❧
❝❛❜❧❡❀ ♥✐ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❧❛ ❢r✐❝❝✐ó♥ q✉❡ s❡ ♣r❡s❡♥t❛ ❡♥tr❡ ❡❧ ❝✉❡r♣♦ C ② ❡❧ ♣❧❛♥♦ ❤♦r✐♥③♦t❛❧✳ ❊st♦s
✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛s s❡❝❝✐♦♥❡s ✷✳✷ ② ✷✳✷✳✶✱ ❡♥ ❧❛s ♣á❣✐♥❛s ✶✶ ②
✶✷ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❊♥ ❡st❛ ♣❛rt❡ ú♥✐❝❛♠❡♥t❡ ❞❡❜❡ ♣♦♥❡rs❡ ❛t❡♥❝✐ó♥ ❡♥ ♠✐♥✐♠✐③❛r ❧❛ ✐♥❡r❝✐❛ ❞❡ ❧❛
♣♦❧❡❛✱ ❧❛ ♠❛s❛ ❞❡❧ ❝❛❜❧❡ ② ♠❛①✐♠✐③❛r ❧❛ r✐❣✐❞❡③ ❞❡❧ ❝❛❜❧❡✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✸✲✶✷ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✷✵✳
❊s ✐♠♣♦rt❛♥t❡ ❤❛❝❡r ♥♦t❛r q✉❡ ❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r② ❞❡ ❆❞❛♠s ❝©✱ ♥♦ ♣❡r♠✐t❡ ✐♠♣♦rt❛r ♠♦❞❡❧♦s
❣❡♥❡r❛❞♦s ♣♦r ♣r♦❣r❛♠❛s ❞❡ ♠♦❞❡❧❛❞♦ só❧✐❞♦❀ t❛❧❡s ❝♦♠♦✿ ❙♦❧✐❞❲♦r❦s ❝©✱ ■♥✈❡♥t♦r ❝©✱ ❈❛t✐❛ ❝©✳ ❉❡
♠❛♥❡r❛ q✉❡ ♥♦ ❡s ♣♦s✐❜❧❡ r❡♣r❡s❡♥t❛r ✜❡❧♠❡♥t❡ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧♦s ❝✉❡r♣♦s ❞❡❧ ♣r♦❜❧❡♠❛✳ P♦r
♦tr♦ ❧❛❞♦✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♣❛r❛ ❡st❡
♣r♦❜❧❡♠❛ s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✸✳✹✳

A1

A2

A3

A4

❋✐❣✉r❛ ✸✳✸✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❋✐❣✉r❛ ✸✳✹✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳
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▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❡ ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ♣♦❧❡❛s E ② D✱ q✉❡ ❡♥ ❡st❡ ❝❛s♦✱ s♦♥ ✐❣✉❛❧❡s❀ s❡
♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✸✳✺ ② ✸✳✻✳ ❉❡❜❡ ♥♦t❛rs❡ q✉❡ ❛❧ s❡r ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❝✐♥❡♠át✐❝❛✱ ❧♦s ❞❛t♦s ❝♦♠♦
❧❛s ♠❛s❛s ❞❡ ❧❛s ♣♦❧❡❛s ② ❧♦s ❝❛❜❧❡s ♥♦ s♦♥ ❞❡ ✐♥t❡rés❀ ♣♦r ❧♦ q✉❡✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣♦♥❡r ❛t❡♥❝✐ó♥
❡♥ ♠✐♥✐♠✐③❛r ❧❛ ✐♥❡r❝✐❛ ❞❡ ❧❛ ♣♦❧❡❛✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y ❞❡ ❧❛s
♣♦❧❡❛s✱ ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛ ♣❛r❛ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦✱ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s
♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ✉♥ ❞✐s❝♦✱ s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧
❡❥❡ z✳

✭❛✮ Pr♦♣✐❡❞❛❞❡s ❞❡ ❧❛s ♣♦❧❡❛s ✭❜✮ ❉✐á♠❡tr♦ ❞❡ ❧❛s ♣♦❧❡❛s

❋✐❣✉r❛ ✸✳✺✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ♣♦❧❡❛s E ② D✳

❋✐❣✉r❛ ✸✳✻✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛s E ② D✳

▲❛s ✜❣✉r❛s ✸✳✼✭❛✮ ② ✸✳✼✭❜✮ ♠✉❡str❛♥ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ② ❡❧ást✐❝♦s ❞❡ ❧♦s ❝❛❜❧❡s q✉❡ ✉♥❡♥
❧♦s ❝♦♥tr❛♣❡s♦s✱ ❝❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡ ❆❞❛♠s ❝© s♦❧♦ ♣✉❡❞❡ ✉♥✐r ❞♦s ❝♦♥tr❛♣❡s♦s ♣♦r ❝❛❜❧❡✱ ♣♦r ❧♦ q✉❡
❢✉é ♥❡❝❡s❛r✐♦ ❝r❡❛r ❞♦s ❝✉❡r❞❛s ♣❛r❛ ✉♥✐r ❧♦s ❝✉❡r♣♦s A✲B ② B✲C✳ P♦r ♦tr♦ ❧❛❞♦ ❧♦s ♣❛rá♠❡tr♦s ❞❡
❢r✐❝❝✐ó♥ ❡♥tr❡ ❡❧ ❝✉❡r♣♦ C ② ❡❧ ♣❧❛♥♦ ❤♦r✐③♦♥t❛❧ s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✽✳

✸✸



✭❛✮ ❈♦♥✜❣✉r❛❝✐ó♥ ❞❡ ❧♦s ❝❛❜❧❡s ✭❜✮ P❛rá♠❡tr♦s ❞❡ ❧♦s ❝❛❜❧❡s

❋✐❣✉r❛ ✸✳✼✿ P❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ② ❡❧ást✐❝♦s ❞❡ ❧♦s ❝❛❜❧❡s✳

❋✐❣✉r❛ ✸✳✽✿ P❛rá♠❡tr♦s ❞❡ ❢r✐❝❝✐ó♥✳
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P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞❡ ✵✳✸✺ s❡❣✉♥❞♦s✱
✐♥❣r❡s❛r ✉♥ t♦t❛❧ ❞❡ ✺✵✵ ♣❛s♦s ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞✐♥á♠✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✾✳

❋✐❣✉r❛ ✸✳✾✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦
❞❡s♣✉és ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧❛s ♦♣❝✐♦♥❡s ♠♦str❛❞❛s ❡♥ ❧❛s ✜❣✉r❛s ✸✳✶✵✱ ✸✳✶✶✱ ✸✳✶✷ ② ✸✳✶✸✳

❋✐❣✉r❛ ✸✳✶✵✿ ❆❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ A✳

❉❡ ✐❣✉❛❧ ❢♦r♠❛✱ ♣❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡ ❧♦s ❝✉❡r♣♦s B ② C✱ s❡ ❡s❝♦❣❡♥
❧❛s ♠✐s♠❛s ♦♣❝✐♦♥❡s q✉❡ s❡ ❡♠♣❧❡❛r♦♥ ❡♥ ❡❧ ❝✉❡r♣♦ A✳ ❖❜✈✐❛♠❡♥t❡ s❡❧❡❝❝✐♦♥❛♥❞♦ ❡❧ ❝✉❡r♣♦ q✉❡ s❡
q✉✐❡r❡ ❛♥❛❧✐③❛r✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✶✵✳

✸✺



❋✐❣✉r❛ ✸✳✶✶✿ ❋✉❡r③❛ ❞❡ t❡♥s✐ó♥ ❞❡❧ ❝❛❜❧❡ ✉♥♦✳

❋✐❣✉r❛ ✸✳✶✷✿ ❋✉❡r③❛ ❞❡ t❡♥s✐ó♥ ❞❡❧ ❝❛❜❧❡ ❞♦s✳

❋✐❣✉r❛ ✸✳✶✸✿ ❋✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡♥tr❡ ❡❧ ❝✉❡r♣♦ C ② ❡❧ ♣❧❛♥♦ ❤♦r✐③♦♥t❛❧✳

❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✶✸✱ s❡ s♦❧✐❝✐tó ❡❧ r❡s✉❧t❛❞♦ ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡♥tr❡ ❡❧
❝✉❡r♣♦ C ② ❡❧ ♣❧❛♥♦ ❤♦r✐③♦♥t❛❧✱ ❛ ♣❡s❛r ❞❡ q✉❡ ❡❧ ♣r♦❜❧❡♠❛ ♥♦ ❧♦ r❡q✉✐❡r❡✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♣❛r❛ ✜♥❡s
❡❞✉❝❛t✐✈♦s ❧♦s ✈❛❧♦r❡s ♦❜t❡♥✐❞♦s ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ s❡ ♠♦str❛rá♥ ❡♥ ❡st❡ tr❛❜❛❥♦❀ ❧♦ ♠✐s♠♦
♦❝✉rr❡ ❝♦♥ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡ ❧♦s ❝✉❡r♣♦s B ② C✳
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▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✱ s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✸✳✶✹✱ ✸✳✶✺✱ ✸✳✶✻ ②
✸✳✶✼✳

❋✐❣✉r❛ ✸✳✶✹✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ A✳

❋✐❣✉r❛ ✸✳✶✺✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ B✳

❋✐❣✉r❛ ✸✳✶✻✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ C✳

✸✼



❋✐❣✉r❛ ✸✳✶✼✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ② ❧❛s ❢✉❡r③❛s ❞❡ t❡♥s✐ó♥ T1 ② T2✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥
❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✸✳✶ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛
❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥❛❧ít✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❡♥ ❆❞❛♠s ❝©✳

❚❛❜❧❛ ✸✳✶✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✶✳❡r ♣r♦❜❧❡♠❛ ❞❡ ♣♦❧❡❛s ② ❝❛❜❧❡s✳
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦ ❆❞❛♠s ❝©

aA 1348.875mm/s2 1348.3193mm/s2

aB 1348.875mm/s2 1348.4839mm/s2

aC 1348.875mm/s2 1348.6018mm/s2

Fr 19.62N 19.6133N
T1 88.903125N 88.8751N
T2 33.10875N 33.0994N

✸✳✷✳ ❙❡❣✉♥❞♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ♣♦r ❝❛❜❧❡s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✸✲✾ ❞❡❧ ❧✐❜r♦ ❞❡ ▼❡✲
r✐❛♠ ② ❑r❛✐❣❡ ❬✷✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✶✶✷✳

Pr♦❜❧❡♠❛ ✷✿ ❊♥ ❡❧ s✐st❡♠❛ ♠♦str❛❞♦ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✶✽ ❝❛❧❝✉❧❛r ❧❛ ❛❝❡❧❡r❛❝✐ó♥✱ a✱ ❞❡❧ ❝✐❧✐♥❞r♦ D
❝♦♥ ♠❛s❛ mD = 150 kg ② ❞❡❧ ❝✐❧✐♥❞r♦ E ❝♦♥ ♠❛s❛ mE = 200 kg ❞❡s♣r❡❝✐❛r ❡❧ r♦③❛♠✐❡♥t♦ ② ❧❛ ♠❛s❛
❞❡ ❧❛s ♣♦❧❡❛s✳

✸✳✷✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ♣r♦❜❧❡♠❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♥❛ ❝✉❡r❞❛ ✐♥❡①t❡♥s✐❜❧❡ ② ✉♥ s✐st❡♠❛ ❞❡ ♣♦❧❡❛s ❝♦♥
♠❛s❛ ❞❡s♣r❡❝✐❛❜❧❡✱ s❡ ❞❡❞✉❝❡ q✉❡ ❧❛s ♠❛❣♥✐t✉❞❡s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡ tr❛s❧❛❝✐ó♥ t❛♥t♦ ❞❡❧ ❝✉❡r♣♦
D ❝♦♠♦ ❞❡❧ ❝✉❡r♣♦ E s♦♥ ✐❣✉❛❧❡s✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

aD = aE = a

✸✽



❋✐❣✉r❛ ✸✳✶✽✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✸✲✾ ▼❡r✐❛♠ ② ❑r❛✐❣❡ ❬✷✽❪✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ s❡ ♦❜t✐❡♥❡♥ ❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❝✉❡r♣♦s✱ ✈❡❛ ❧❛
✜❣✉r❛ ✸✳✶✾✳ P♦r ❧♦ q✉❡✱ ❛♣❧✐❝❛♥❞♦ ❧❛ s❡❣✉♥❞❛ ❧❡② ❞❡ ◆❡✇t♦♥✲❊✉❧❡r✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❧❛
❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❧♦s ❝✉❡r♣♦s ❡♥ tér♠✐♥♦s ❞❡ ❧❛s ♠❛s❛s mD✱ mE ② ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❧❛ ❣r❛✈❡❞❛❞ ❞❡ ❧❛
t✐❡rr❛❀ ✈❡❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✸✮✳

❋✐❣✉r❛ ✸✳✶✾✿ ❉✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡❧ ❝✉❡r♣♦ D ② E✳

❉❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ y ❞❡❧ ❝✉❡r♣♦ D✱ s❡ s❛❜❡ q✉❡✿

ΣFy = mD a

P♦r ❝♦♥ s✐❣✉✐❡♥t❡✱ s❡ ♦❜t✐❡♥❡✿

T1 −mD g = mDa t❛❧ q✉❡ T1 = mD (a+ g) ✭✸✳✶✶✮

❆❤♦r❛ ❜✐❡♥✱ ❞❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ y ❞❡❧ ❝✉❡r♣♦ E✱ s❡ ❝♦♥♦❝❡✿

ΣFy = mE a

✸✾



P♦r ❧♦ t❛♥t♦✱ r❡s✉❧t❛✿

T2 −mE g = −mE a ❞♦♥❞❡ T2 = mE (g − a) ✭✸✳✶✷✮

❉❡ ♠❛♥❡r❛ q✉❡✱ ❛❧ ❡st❛r ❡❧ ❝✉❡r♣♦ D ② E ✉♥✐❞♦s ❛ ✉♥❛ s♦❧❛ ❝✉❡r❞❛ ✐♥❡①t❡♥s✐❜❧❡ ② ❝♦♥s✐❞❡r❛♥❞♦
♣♦❧❡❛s ❞❡ ♠❛s❛ ❞❡s♣r❡❝✐❛❜❧❡✱ s❡ ❞❡❞✉❝❡ q✉❡ T1 = T2❀ ♣♦r ❧♦ t❛♥t♦✱ ✐❣✉❛❧❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✸✳✶✶✮ ②
✭✸✳✶✷✮✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ r❡❧❛❝✐ó♥ ♣❛r❛ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❧♦s ❝✉❡r♣♦s❀ t❛❧ q✉❡✿

mD a+mD g = −amE +mE g ❞♦♥❞❡ a (mD +mE) = g (mE −mD)

❉❡ ❧♦ ❛♥t❡r✐♦r✱ r❡s✉❧t❛✿

a = g
mE −mD

mD +mE

✭✸✳✶✸✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❡❝✉❛❝✐ó♥ ✭✸✳✶✸✮✱ s❡ ♦❜t✐❡♥❡✿

a =
(

9.81
m

s2

)

(

50 kg

350 kg

)

= 1.401428
m

s2

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✸✳✶✶✮ ② ✭✸✳✶✷✮✱ s❡ ♦❜t✐❡♥❡♥ ❧♦s ✈❛❧♦r❡s t❛♥t♦
❞❡ ❧❛ t❡♥s✐ó♥ T1 ❝♦♠♦ ❞❡ ❧❛ t❡♥s✐ó♥ T2✳ ❚❛❧ q✉❡✿

T1 = mD (a+ g) = (150 kg) (1.401428 + 9.81)m/s2 = 1681.7142N

T2 = mE (g − a) = (200 kg) (9.81− 1.401428+)m/s2 = 1681.7144N

✸✳✷✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡ s✐s✲
t❡♠❛s ❝♦♥ ❝❛❜❧❡s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ▼❛❝❤✐♥❡r② ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r
q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥✱ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛ ♣♦❧❡❛ ② ❡❧ ❝❛❜❧❡✳
❊st♦s ✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛s s❡❝❝✐♦♥❡s ✷✳✷ ② ✷✳✷✳✶✱ ❡♥ ❧❛s ♣á❣✐♥❛s
✶✶ ② ✶✷ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❊♥ ❡st❛ ♣❛rt❡ ú♥✐❝❛♠❡♥t❡ ❞❡❜❡ ♣♦♥❡rs❡ ❛t❡♥❝✐ó♥ ❡♥ ♠✐♥✐♠✐③❛r ❧❛ ✐♥❡r❝✐❛ ❞❡
❧❛s ♣♦❧❡❛s✱ ❧❛ ♠❛s❛ ❞❡❧ ❝❛❜❧❡ ② ♠❛①✐♠✐③❛r ❧❛ r✐❣✐❞❡③ ❞❡❧ ❝❛❜❧❡✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✸✲✾ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✷✵✳
❊s ✐♠♣♦rt❛♥t❡ ❤❛❝❡r ♥♦t❛r q✉❡ ❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r② ❞❡ ❆❞❛♠s ❝©✱ ♥♦ ♣❡r♠✐t❡ ✐♠♣♦rt❛r ♠♦❞❡❧♦s
❣❡♥❡r❛❞♦s ♣♦r ♣r♦❣r❛♠❛s ❞❡ ♠♦❞❡❧❛❞♦ só❧✐❞♦❀ t❛❧❡s ❝♦♠♦✿ ❙♦❧✐❞❲♦r❦s ❝©✱ ■♥✈❡♥t♦r ❝©✱ ❈❛t✐❛ ❝©✳ ❉❡
♠❛♥❡r❛ q✉❡ ♥♦ ❡s ♣♦s✐❜❧❡ r❡♣r❡s❡♥t❛r ✜❡❧♠❡♥t❡ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧♦s ❝✉❡r♣♦s ❞❡❧ ♣r♦❜❧❡♠❛✳

❉❡ ♠❛♥❡r❛ q✉❡✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✳
P❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✸✳✷✶✳

✹✵



A1 A2

❋✐❣✉r❛ ✸✳✷✵✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❋✐❣✉r❛ ✸✳✷✶✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❡ ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ♣♦❧❡❛s s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✸✳✷✷✭❛✮✱ ✸✳✷✷✭❜✮
② ✸✳✷✷✭❝✮✶✳

P♦r ♦tr♦ ❧❛❞♦✱ ❧❛s ✜❣✉r❛s ✸✳✷✸✭❛✮ ② ✸✳✷✸✭❜✮ ♠✉❡str❛♥ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ② ❡❧ást✐❝♦s ❞❡❧
❝❛❜❧❡ q✉❡ ✉♥❡ ❧♦s ❝♦♥tr❛♣❡s♦s✳ ▼✐❡♥tr❛s q✉❡ ❧♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧♦s ❝✉❡r♣♦s D ② E✱ s❡
♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✸✳✷✹✭❛✮ ② ✸✳✷✹✭❜✮✳

✶❆♠❜❛s ♣♦❧❡❛s ♣♦s❡❡♥ ❧❛s ♠✐s♠❛s ❝❛r❛❝t❡ríst✐❝❛s ❣❡♦♠étr✐❝❛s ❡ ✐♥❡r❝✐❛❧❡s✱ ♣♦r ❡s❛ r❛③ó♥ s❡ ❞❡❝✐❞✐ó ♠♦str❛r ❧❛s
♣r♦♣✐❡❞❛❞❡s ❞❡ ✉♥❛ s♦❧❛ ♣♦❧❡❛ ❞❡♥tr♦ ❞❡ ❆❞❛♠s ❝©

✹✶



✭❛✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛s ♣♦❧❡❛s A ② B ✭❜✮ ❉✐á♠❡tr♦ ❞❡ ❧❛s ♣♦❧❡❛s A ② B

✭❝✮ ▼❛s❛ ② ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡ ❧❛s ♣♦❧❡❛s A ② B

❋✐❣✉r❛ ✸✳✷✷✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❡ ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛s A ② B✳

✹✷



✭❛✮ ❈♦♥✜❣✉r❛❝✐ó♥ ❞❡❧ ❝❛❜❧❡ ✭❜✮ P❛rá♠❡tr♦s ❞❡❧ ❝❛❜❧❡

❋✐❣✉r❛ ✸✳✷✸✿ P❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ② ❡❧ást✐❝♦s ❞❡❧ ❝❛❜❧❡✳

✭❛✮ ▼❛s❛ ② ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡❧ ❝✉❡r♣♦ D

✭❜✮ ▼❛s❛ ② ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡❧ ❝✉❡r♣♦ E

❋✐❣✉r❛ ✸✳✷✹✿ ▼❛s❛ ② ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡ ❧♦s ❝✉❡r♣♦s D ② E✳

✹✸



P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞❡ ✵✳✻ s❡❣✉♥❞♦s✱
✐♥❣r❡s❛r ✺✵✵ ♣❛s♦s ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❝✐♥❡♠át✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✷✺✳

❋✐❣✉r❛ ✸✳✷✺✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

❉❡ ♠❛♥❡r❛ q✉❡✱ ♣❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛✲
♠✐❡♥t♦ ❞❡s♣✉és ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✸✳✷✻✱ ✸✳✷✼✱
✸✳✷✽ ② ✸✳✷✾✳

❋✐❣✉r❛ ✸✳✷✻✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ D✳

❋✐❣✉r❛ ✸✳✷✽✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ t❡♥s✐ó♥ T1✳

✹✹



❋✐❣✉r❛ ✸✳✷✼✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ E✳

❋✐❣✉r❛ ✸✳✷✾✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ t❡♥s✐ó♥ T2✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✱ s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✸✳✸✵✱ ✸✳✸✶ ② ✸✳✸✷✳

❋✐❣✉r❛ ✸✳✸✵✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ D✳

✹✺



❋✐❣✉r❛ ✸✳✸✶✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ E✳

X: 0.6

Y: 1681.1807

X: 0.6

Y: 1681.1808

❋✐❣✉r❛ ✸✳✸✷✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛ ❢✉❡r③❛s ❞❡ t❡♥s✐ó♥ T1 ② T2✳

❈❛❜❡ ♠❡♥❝✐♦♥❛r✱ q✉❡ ❧❛s ❢✉❡r③❛s ❞❡ t❡♥s✐ó♥ T1 ② T2✱ q✉❡ s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✸✷✱ ❡stá♥
s✐❡♥❞♦ ❛♣❧✐❝❛❞❛s ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❝✉❡r♣♦s D ② E✱ ② ♥♦ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❝❛❜❧❡✳ P♦r ❧♦ q✉❡ ❡❧ s❡♥t✐❞♦
❞❡ ❧❛s ❢✉❡r③❛s ❞❡ t❡♥s✐ó♥ ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✸✳✸✷ s♦♥ ✐♥✈❡rs❛s ❛❧ s❡♥t✐❞♦ ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ t❡♥s✐ó♥
❞❡ ❧❛ ❝✉❡r❞❛✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥
❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✸✳✷ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛
❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥❛❧ít✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❡♥ ❆❞❛♠s ❝©✳

❚❛❜❧❛ ✸✳✷✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✷✳◦ ♣r♦❜❧❡♠❛ ❞❡ ♣♦❧❡❛s ② ❝❛❜❧❡s✳
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦ ❆❞❛♠s ❝© ♣❛r❛ t = 0.6 s
aD 1401.428571mm/s2 ↓ 1400.746mm/s2 ↓
aE 1401.428571mm/s2 ↑ 1401.221mm/s2 ↑
T1 1681.7142N 1681.1807N
T2 1681.7144N 1681.1808N
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❉❡❜❡ ♥♦t❛rs❡ q✉❡✱ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛s ❢✉❡r③❛s ② ❛❝❡❧❡r❛❝✐♦♥❡s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✱ ♥♦
s♦♥ ❝♦♥st❛♥t❡s ❞✉r❛♥t❡ t♦❞♦ ❡❧ ✐♥t❡r✈❛❧♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳ ▲♦s r❡s✉❧t❛❞♦s ♣r❡s❡♥t❛♥ ✉♥ tr❛♥s✐t♦r✐♦
❞❡ 0.2 s ❛♣r♦①✐♠❛❞❛♠❡♥t❡✳ ❉❡s♣✉és ❞❡ ❡st❡ tr❛♥s✐t♦r✐♦✱ ❧♦s r❡s✉❧t❛❞♦s s♦♥ ♠✉② ❛♣r♦①✐♠❛❞♦s ❛ ❧♦s
♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳

❉❡ ♠❛♥❡r❛ q✉❡✱ ❡st♦s r❡s✉❧t❛❞♦s ♠✉❡str❛♥ q✉❡ ❡♥ ❧❛ r❡❛❧✐❞❛❞✱ ❧♦s s✐st❡♠❛s ♠❡❝á♥✐❝♦s ♥♦ r❡s♣♦♥❞❡♥
❞❡ ♠❛♥❡r❛ ✐♥♠❡❞✐❛t❛ ❛ ❧❛s ❢✉❡r③❛s ❛♣❧✐❝❛❞❛s ❛❧ s✐st❡♠❛✳ P♦r ❧♦ q✉❡✱ ❧❛ ❡❧❛st✐❝✐❞❛❞ ② ❧❛ ✐♥❡r❝✐❛
❞❡❧ s✐st❡♠❛✱ ❤❛❝❡♥ q✉❡ ❧❛ r❡s♣✉❡st❛ ♣r❡s❡♥t❡ ✉♥ ❡st❛❞♦ tr❛♥s✐t♦r✐♦ ❞✉r❛♥t❡ ❡❧ ❝✉❛❧ ♥♦ ❡s ♣♦s✐❜❧❡
❝♦♠♣❛r❛rs❡✳

✸✳✸✳ ❚❡r❝❡r ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ♣♦r ❝❛❜❧❡s

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✸✲✷✷ ❞❡❧ ❧✐❜r♦ ❞❡
▼❡r✐❛♠ ② ❑r❛✐❣❡ ❬✷✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✶✶✹✳

Pr♦❜❧❡♠❛✿ ❊❧ s✐st❡♠❛ s❡ ❛❜❛♥❞♦♥❛ ❞❡s❞❡ ❡❧ r❡♣♦s♦ ❝♦♥ ❡❧ ❝❛❜❧❡ t❡♥s♦✳ ❉❡s♣r❡❝✐❛♥❞♦ ❧❛ ♣❡q✉❡ñ❛
♠❛s❛ ❞❡ ❧❛ ♣♦❧❡❛ ② ❡❧ r♦③❛♠✐❡♥t♦ ❡♥ ❡❧❧❛✱ ❝❛❧❝✉❧❛r ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❧♦s ❝✉❡r♣♦s A ② B✱ ② ❧❛ ❢✉❡r③❛
❞❡ t❡♥s✐ó♥ ❡♥ ❡❧ ❝❛❜❧❡✳ ❈✉❛♥❞♦✿ (a) µe = 0.25 ② µc = 0.20 ② (b) µe = 0.15 ② µc = 0.10✳ ❉❡ ♠❛♥❡r❛
q✉❡✱ ❧❛s ♠❛s❛s ❞❡ ❧♦s ❝✉❡r♣♦s ② ❡❧ ❛♥❣✉❧♦ ❞❡ ✐♥❝❧✐♥❛❝✐ó♥ ❡stá♥ ❞❛❞❛s ♣♦r✿ mA = 60 kg✱ mB = 20 kg
② α = 30◦✳

❋✐❣✉r❛ ✸✳✸✸✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✸✲✷✷ ▼❡r✐❛♠ ② ❑r❛✐❣❡ ❬✷✽❪✳

✸✳✸✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ♣r♦❜❧❡♠❛✱ s❡ ♣r❡s❡♥t❛ ❞♦s s✐t✉❛❝✐♦♥❡s✿ ❧❛ ♣r✐♠❡r❛✱ ❝✉❛♥❞♦ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡
❢r✐❝❝✐ó♥ ❡stát✐❝♦ ② ❞✐♥á♠✐❝♦ s♦♥ ✐❣✉❛❧❡s ❛ 0.25 ② 0.20✱ r❡s♣❡❝t✐✈❛♠❡♥t❡❀ ❧❛ s❡❣✉♥❞❛✱ ❝✉❛♥❞♦ ❞✐❝❤♦s
❝♦❡✜❝✐❡♥t❡s s♦♥ ✐❣✉❛❧❡s ❛ 0.15 ② 0.10 ❡♥tr❡ ❡❧ ❝✉❡r♣♦ A ② ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳ P❛r❛ ❡❧ ❛♥á❧✐s✐s s❡
❝♦♥s✐❞❡r❛ ✉♥❛ ❝✉❡r❞❛ ✐♥❡①t❡♥s✐❜❧❡ ② ✉♥ s✐st❡♠❛ ❞❡ ♣♦❧❡❛s ❞❡ ♠❛s❛ ❞❡s♣r❡❝✐❛❜❧❡✳
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❉❡ ♠❛♥❡r❛ q✉❡✱ ♣❛r❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s s✐t✉❛❝✐♦♥❡s✱ s❡ ❤❛❝❡ ✉♥ ❛♥á❧✐s✐s ❡stát✐❝♦ ❝♦♥ ❡❧ ✜♥ ❞❡ ✈❡r✐✜❝❛r
s✐ t❛♥t♦ ❡❧ ❝✉❡r♣♦ A ❝♦♠♦ ❡❧ ❝✉❡r♣♦ B✱ s✉❢r❡♥ ♦ ♥♦ ❞❡s♣❧❛③❛♠✐❡♥t♦❀ ② ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❡st❡ r❡s✉❧t❛❞♦✱
❝❛❧❝✉❧❛r s✉s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❝❡❧❡r❛❝✐♦♥❡s ② ❧❛ t❡♥s✐ó♥ ❞❡❧ ❝❛❜❧❡✳

❈❛s♦ ✭❛✮ ❆♥á❧✐s✐s ❝✉❛♥❞♦ µe = 0.25 ② µc = 0.20 ❡♥tr❡ ❡❧ ❝✉❡r♣♦ A ② ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳

❆♥❛á❧✐s✐s ❡stát✐❝♦✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ♦❜t✐❡♥❡♥ ❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡ ❝❛❞❛ ✉♥♦ ❞❡
❧♦s ❝✉❡r♣♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✸✹✱ ② ❛♣❧✐❝❛♥❞♦ ❧❛ ♣r✐♠❡r❛ ❧❡② ❞❡ ◆❡✇t♦♥✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡①♣r❡s✐ó♥ ♣❛r❛
❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❞❡ ❡q✉✐❧✐❜r✐♦ Ffeq ❀ ❡s ❞❡❝✐r ♣❛r❛ ❡✈✐t❛r ❡❧ ♠♦✈✐♠✐❡♥t♦✳

❋✐❣✉r❛ ✸✳✸✹✿ ❉✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡❧ ❝✉❡r♣♦ A ② B✳

❉❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ y ❞❡❧ ❝✉❡r♣♦ A✱ s❡ s❛❜❡ q✉❡✿

ΣFy = 0

P♦r ❝♦♥s✐❣✉✐❡♥t❡✱ s❡ ♦❜t✐❡♥❡✿

FN −WA cos (α) = 0 t❛❧ q✉❡ FN = WA cos (α) ✭✸✳✶✹✮

❉❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ x ❞❡❧ ❝✉❡r♣♦ A✱ s❡ ❝♦♥♦❝❡ q✉❡✿

ΣFx = 0

❉❡ ❧♦ ❛♥t❡r✐♦r✱ r❡s✉❧t❛✿

T1 + Ffeq −WA sen (α) = 0 ❞♦♥❞❡ Ffeq = WA sen (α)− T1 ✭✸✳✶✺✮

❆❤♦r❛ ❜✐❡♥✱ ❞❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ y ❞❡❧ ❝✉❡r♣♦ B✱ s❡ s❛❜❡ q✉❡✿

ΣFy = 0

P♦r ❧♦ t❛♥t♦✱ r❡s✉❧t❛✿

T2 −WB = 0 ❞♦♥❞❡ T2 = WB ✭✸✳✶✻✮
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❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r ❞❡ ❧❛ ❢✉❡r③❛ ❞❡
t❡♥s✐ó♥ ❞❡ ❧❛ ❝✉❡r❞❛ ✐❣✉❛❧ ❛✿

T2 = T1 =
(

9.81
m

s2

)

(20 kg) = 196.2N

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✹✮✱ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡stát✐❝❛ ❞❡❧ s✐st❡♠❛ s❡ ❞❡✜♥❡ ❝♦♠♦✿

Ffsis = µe FN = µe WA cos (α) ✭✸✳✶✼✮

❉❡ ♠❛♥❡r❛ q✉❡✱ s✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✻✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✺✮✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡①♣r❡s✐ó♥
♣❛r❛ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ q✉❡ s❡ r❡q✉✐❡r❡ ♣❛r❛ q✉❡ ❡❧ s✐st❡♠❛ ❡sté ❡♥ ❡q✉✐❧✐❜r✐♦✳

❉❡ ❛q✉í q✉❡✿

Ffeq = WA senα−WB t❛❧ q✉❡ Ffeq = g (mA senα−mB) ✭✸✳✶✽✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✸✳✶✽✮ ② ✭✸✳✶✼✮✱ s❡ ♦❜t✐❡♥❡✿

Ffeq = (9.81) (60 sen (30◦)− 20) = 98.1N

Ffsis = (0.25) (60) (9.81) cos (30◦) = 127.4356382N

P❛r❛ q✉❡ ❡①✐st❛ ♠♦✈✐♠✐❡♥t♦✱ ❡s ♥❡❝❡s❛r✐♦ q✉❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡♥tr❡ ❡❧ ❝✉❡r♣♦ A ② ❡❧ ♣❧❛♥♦
✐♥❝❧✐♥❛❞♦✱ Ffsis ✱ s❡❛ ♠❡♥♦r ❛ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡♥ ❡q✉✐❧✐❜r✐♦ ❡stát✐❝♦ Ffeq ✳ ❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧♦s
r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ❞❡ Ffsis ② Ffeq ✱ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ Ffsis ✱ ❡s ♠❛②♦r q✉❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡♥
❡q✉✐❧✐❜r✐♦ ❡stát✐❝♦✳ ▲♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ♣❛r❛ ❝✉❛♥❞♦ µe ❡s ✐❣✉❛❧ ❛ 0.25✱ ❧♦s ❝✉❡r♣♦s A ② B ♥♦ s✉❢r❡♥
❞❡s♣❧❛③❛♠✐❡♥t♦ ❛❧❣✉♥♦✳ P♦r ❧♦ t❛♥t♦✱ a = 0 ② T1 = T2 = 196.2N ✳

❈❛s♦ ✭❜✮ ❆♥á❧✐s✐s ❝✉❛♥❞♦ µe = 0.15 ② µc = 0.10 ❡♥tr❡ ❡❧ ❝✉❡r♣♦ A ② ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳

❆♥á❧✐s✐s ❡stát✐❝♦✳ ❙❡ s❛❜❡ q✉❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡♥ ❡q✉✐❧✐❜r✐♦ ❡stát✐❝♦✱ Ffeq ✱ ❡s ✐❣✉❛❧ ❛ 98.1N ✳
P♦r ❧♦ q✉❡✱ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✼✮✱ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡♥tr❡ ❡❧ ❝✉❡r♣♦ A ② ❡❧ ♣❧❛♥♦
✐♥❝❧✐♥❛❞♦ ❝✉❛♥❞♦ µe = 0.15✱ r❡s✉❧t❛✿

Ffsis = µe FN = µe mA cos α = (0.15) (60) (9.81) cos α = 76.4613829N

❈♦♠♦ s❡ ♠❡♥❝✐♦♥ó ❝♦♥ ❛♥t❡r✐♦r✐❞❛❞✱ ♣❛r❛ q✉❡ ♣✉❡❞❛ ❡①✐st✐r ❞❡s♣❧❛③❛♠✐❡♥t♦✱ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥
❡♥tr❡ ❡❧ ❝✉❡r♣♦ A ② ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦ ❞❡❜❡ s❡r ♠❡♥♦r ❛ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❝✉❛♥❞♦ ❡❧ s✐st❡♠❛ s❡
❡♥❝✉❡♥tr❛ ❡♥ ✉♥❛ ♣♦s✐❝✐ó♥ ❞❡ ❡q✉✐❧✐❜r✐♦ ❡stát✐❝♦✳ P♦r ❧♦ q✉❡✿

Ffsis < Ffeq

❉❡ ♠❛♥❡r❛ q✉❡✱ ♣❛r❛ ❡st❡ ❝❛s♦✱ ❧❛ ❝♦♥❞✐❝✐ó♥ ❛♥t❡s ♠❡♥❝✐♦♥❛❞❛ s❡ ❝✉♠♣❧❡✳ ❊st♦ ✐♠♣❧✐❝❛ q✉❡ ❧♦s
❝✉❡r♣♦s A ② B s✉❢r❡♥ ❞❡s♣❧❛③❛♠✐❡♥t♦✱ ❧♦ q✉❡ ❣❡♥❡r❛ q✉❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡ ❧♦s ❝✉❡r♣♦s s❡❛♥ ❞✐❢❡✲
r❡♥t❡s ❞❡ ❝❡r♦✳

✹✾



❆♥á❧✐s✐s ❝✐♥❡♠át✐❝♦✳ ❆♥❛❧✐③❛♥❞♦ ❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❝✉❡r♣♦s✱
✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✸✹✱ ② ❛♣❧✐❝❛♥❞♦ ❧❛ s❡❣✉♥❞❛ ❧❡② ❞❡ ◆❡✇t♦♥✲❊✉❧❡r❀ s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❧❛
❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ a✳ ❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ♣r♦❜❧❡♠❛✱ t❛♥t♦ ❧❛ ♠❛s❛ ❞❡ ❧❛ ❝✉❡r❞❛ ❝♦♠♦ ❧❛ ❞❡❧
s✐st❡♠❛ ❞❡ ♣♦❧❡❛s s♦♥ ❞❡s♣r❡❝✐❛❜❧❡s✳ P♦r ❧♦ q✉❡✱ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ A ❡s ❧❛ ♠✐s♠❛ ♣❛r❛ ❡❧
❝✉❡r♣♦ B✱ ❛❞❡♠❛➧✱ s❡ ❞❡s♣r❡❝✐❛ ❧❛ ✐♥❡r❝✐❛ ❞❡ ❧❛ ♣♦❧❡❛✱ ♣♦r ❧♦ q✉❡ ❧❛ ❢✉❡r③❛ ❞❡ t❡♥s✐ó♥ ❞❡❧ ❝❛❜❧❡ s♦❜r❡
❡❧ ❝✉❡r♣♦ A ❡s ✐❣✉❛❧ ❛ ❧❛ ❢✉❡r③❛ ❞❡ t❡♥s✐ó♥ ❞❡❧ ❝✉❡r♣♦ B✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

aA = aB = a ② T1 = T2

❉❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ y ❞❡❧ ❝✉❡r♣♦ A✱ s❡ ❝♦♥♦❝❡ q✉❡✿

ΣFy = mA a

P♦r ❝♦♥s✐❣✉✐❡♥t❡✱ s❡ ♦❜t✐❡♥❡✿

FN −WA cos α = 0 ❞♦♥❞❡ FN = WA cos α ✭✸✳✶✾✮

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ x ❞❡❧ ❝✉❡r♣♦ A✱ s❡ s❛❜❡ q✉❡✿

ΣFx = mA a

P♦r ❧♦ t❛♥t♦✿
T1 −WA senα + Frc = mA (−a) ✭✸✳✷✵✮

❆❤♦r❛ ❜✐❡♥✱ ❞❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ y ❞❡❧ ❝✉❡r♣♦ B✱ s❡ ❝♦♥♦❝❡ q✉❡✿

ΣFy = mB a

❉❡ ❧♦ ❛♥t❡r✐♦r✱ r❡s✉❧t❛✿

T2 −WB = mB a ② T2 = T1 = WB +mB a ✭✸✳✷✶✮

❙✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✶✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✵✮✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡①♣r❡s✐ó♥ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥
❞❡❧ s✐st❡♠❛ ❞❛❞❛ ♣♦r✿

WB +mB a−WA senα + µc WA cos α = −mA a

❉❡ ♠❛♥❡r❛ q✉❡✿

a = −g [mB +mA (µc cos α− senα)]

mA +mB

✭✸✳✷✷✮

❉❡ ✐❣✉❛❧ ❢♦r♠❛✱ s✉st✐t✉②❡♥❞♦ ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✷✮✱ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r ❞❡ ❧❛
❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✐❣✉❛❧ ❛✿

a = −(9.81m/s2) [20 kg + (60 kg) (0.10 cos 30− sen 30)]

80 kg
= 0.5890718m/s2

▲❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❝✐♥ét✐❝❛ ❞❡❧ ❝✉❡r♣♦ A✱ ❡stá ❞❛❞❛ ♣♦r✿

Frc = µc mA cos α = (0.1) (60 kg)
(

9.81m/s2
)

cos30◦ = 50.974255N

❙✉st✐t✉②❡♥❞♦ ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✶✮✱ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ t❡♥s✐ó♥
❞❡ ❧❛ ❝✉❡r❞❛ ✐❣✉❛❧ ❛✿

T1 = T2 = 20 kg
(

9.81m/s2 + 0.5890718m/s2
)

= 207.9814362N

✺✵



✸✳✸✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
s✐st❡♠❛s ❝♦♥ ❝❛❜❧❡s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ▼❛❝❤✐♥❡r② ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡✲
ñ❛❧❛r q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥✱ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛ ♣♦❧❡❛ ② ❡❧
❝❛❜❧❡✱ ♥✐ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❧❛ ❢r✐❝❝✐ó♥ q✉❡ s❡ ♣r❡s❡♥t❛ ❡♥tr❡ ❡❧ ❝✉❡r♣♦ C ② ❡❧ ♣❧❛♥♦ ❤♦r✐③♦♥t❛❧✳ ❊st♦s
✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛s s❡❝❝✐♦♥❡s ✷✳✷ ② ✷✳✷✳✶✱ ❡♥ ❧❛s ♣á❣✐♥❛s ✶✶ ②
✶✷ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❊♥ ❡st❛ ♣❛rt❡ ú♥✐❝❛♠❡♥t❡ ❞❡❜❡ ♣♦♥❡rs❡ ❛t❡♥❝✐ó♥ ❡♥ ♠✐♥✐♠✐③❛r ❧❛ ✐♥❡r❝✐❛ ❞❡ ❧❛
♣♦❧❡❛✱ ❧❛ ♠❛s❛ ❞❡❧ ❝❛❜❧❡ ② ♠❛①✐♠✐③❛r ❧❛ r✐❣✐❞❡③ ❞❡❧ ❝❛❜❧❡✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✸✲✶✷ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✸✺✳
P♦r ♦tr♦ ❧❛❞♦✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♣❛r❛
❡st❡ ♣r♦❜❧❡♠❛ s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✸✳✸✻✳

✭❛✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s ✭❜✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡ ❛❧❛♠❜r❡

❋✐❣✉r❛ ✸✳✸✺✿ ▼♦❞❡❧♦ ❞❡❧ s✐st❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❋✐❣✉r❛ ✸✳✸✻✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳
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▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ② ❞❡ ❧♦❝❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ♣♦❧❡❛ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✸✳✸✼✭❛✮ ②
✸✳✸✼✭❜✮✳

✭❛✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ♣♦❧❡❛ ✭❜✮ ▲♦❝❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ♣♦❧❡❛

❋✐❣✉r❛ ✸✳✸✼✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ② ❞❡ ❧♦❝❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ♣♦❧❡❛✳

▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✸✽❀ ♠✐❡♥tr❛s q✉❡✱ ❧♦s ♣❛rá♠❡tr♦s
❣❡♦♠étr✐❝♦s ② ❧❛ ❧♦❝❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ♣♦❧❡❛ s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✸✳✸✾✭❛✮ ② ✸✳✸✾✭❜✮✳

❋✐❣✉r❛ ✸✳✸✽✿ P❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛✳

▲♦s ♣❛rá♠❡tr♦s ❞❡ ❧❛ ❢r✐❝❝✐ó♥ ❡♥tr❡ ❡❧ ❝✉❡r♣♦ A ② ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✱ ♣❛r❛ ❧♦s ❝❛s♦s (a) ② (b)✱ s❡
♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✹✵✳

✺✷



✭❛✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ♣♦❧❡❛ ✭❜✮ ▲♦❝❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ♣♦❧❡❛

❋✐❣✉r❛ ✸✳✸✾✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ② ❞❡ ❧♦❝❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ♣♦❧❡❛✳

✭❛✮ P❛rá♠❡tr♦s ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❝❛s♦ ✭❛✮ ✭❜✮ P❛rá♠❡tr♦s ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❝❛s♦ ✭❜✮

❋✐❣✉r❛ ✸✳✹✵✿ P❛rá♠❡tr♦s ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡♥tr❡ ❡♥ ❝✉❡r♣♦ A ② ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳

✺✸



P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞❡ ✶ s❡❣✉♥❞♦✱ ✐♥❣r❡s❛r
✺✵✵ ♣❛s♦s ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❝✐♥❡♠át✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✹✶✳

❋✐❣✉r❛ ✸✳✹✶✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦
❞❡s♣✉és ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✸✳✹✷✱ ✸✳✹✸ ② ✸✳✹✹✳

✭❛✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ A

✭❜✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ B

❋✐❣✉r❛ ✸✳✹✷✿ ❙♦❧✐❝✐t✉❞ ❞❡ r❡s✉❧t❛❞♦s ♣❛r❛ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡ ❧♦s ❝✉❡r♣♦s A ② B✳

✺✹



✭❛✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ t❡♥s✐ó♥ T1

✭❜✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ t❡♥s✐ó♥ T2

❋✐❣✉r❛ ✸✳✹✸✿ ❙♦❧✐❝✐t✉❞ ❞❡ r❡s✉❧t❛❞♦s ❞❡ ❧❛s ❢✉❡r③❛s ❞❡ t❡♥s✐ó♥ T1 ② T2✳

❋✐❣✉r❛ ✸✳✹✹✿ ❙♦❧✐❝✐t✉❞ ❞❡ r❡s✉❧t❛❞♦ ♣❛r❛ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥✳

❘❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

❈❛s♦ (a)✳ ❆♥á❧✐s✐s ❝✉❛♥❞♦ µe = 0.25 ② µc = 0.20 ❡♥tr❡ ❡❧ ❝✉❡r♣♦ A ② ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✱ ✈❡❛ ❧❛s
✜❣✉r❛s ✸✳✹✺✭❜✮✱ ✸✳✹✺✭❛✮ ② ✸✳✹✻✳

❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛s ✜❣✉r❛s ✸✳✹✺✭❜✮ ② ✸✳✹✺✭❛✮✱ t❛♥t♦ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ A ② B s♦♥
s✉♠❛♠❡♥t❡ ♣❡q✉❡ñ❛s✱ ❧♦ q✉❡ ♣❛r❛ ✜♥❡s ♣rá❝t✐❝♦s s♦♥ ✐❣✉❛❧❡s ❛ ❝❡r♦✳ ❚❡ór✐❝❛♠❡♥t❡✱ ❧❛s ♠❛❣♥✐t✉❞❡s
❞❡ ❡st❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡❜❡rí❛♥ s❡r ✐❣✉❛❧❡s❀ s✐♥ ❡♠❜❛r❣♦✱ ❝♦♠♦ s✉s ♠❛❣♥✐t✉❞❡s s♦♥ t❛♥ ♣❡q✉❡ñ❛s✱
❧♦s ❡rr♦r❡s ❞❡ s✐♠✉❧❛❝✐ó♥ ❧❛s ❤❛❝❡♥ ❞✐❢❡r❡♥t❡s✳

✺✺



✭❛✮ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ A

✭❜✮ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ B

❋✐❣✉r❛ ✸✳✹✺✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡ ❧♦s ❝✉❡r♣♦s A ② B✳

❋✐❣✉r❛ ✸✳✹✻✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ Ffsis ② ❧❛s ❢✉❡r③❛s ❞❡ t❡♥s✐ó♥ T1 ② T2✳

✺✻



❈❛s♦ ✭❜✮ ❆♥á❧✐s✐s ❝✉❛♥❞♦ µe = 0.15 ② µc = 0.10 ❡♥tr❡ ❡❧ ❝✉❡r♣♦ A ② ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✱ ✈❡❛ ❧❛s
✜❣✉r❛s ✸✳✹✼✭❛✮✱ ✸✳✹✼✭❜✮ ② ✸✳✹✽✳

X: 1.0

Y: 588.8493

✭❛✮ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ A

✭❜✮ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ B

❋✐❣✉r❛ ✸✳✹✼✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡ ❧♦s ❝✉❡r♣♦s A ② B✳

❋✐❣✉r❛ ✸✳✹✽✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ Ffsis ② ❧❛s ❢✉❡r③❛s ❞❡ t❡♥s✐ó♥ T1 ② T2✳

✺✼



❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲♦s r❡s✉❧t❛❞♦s ♦❜✲
t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❧❛ s✐♠✉❧❛❝✐ó♥ t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s
♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✸✳✸ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s
♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥❛❧ít✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❡♥ ❆❞❛♠s ❝©✳

❚❛❜❧❛ ✸✳✸✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✸✳❡r ♣r♦❜❧❡♠❛ ❞❡ ♣♦❧❡❛s ② ❝❛❜❧❡s✳
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦ ❆❞❛♠s ❝©

❈❛s♦ (a)
aA 0mm/s2 3.011E − 008mm/s2

aB 0mm/s2 4.4714E − 005mm/s2

Ffsis = Ffeq 98.1N → 98.0665N →
T1 = T2 196.2N 196.133N

❈❛s♦ (b)
aA 589.0718mm/s2 ← 588.8493mm/s2 ←
aB 589.0718mm/s2 ↑ 588.9341mm/s2 ↑
Frc 50.974255N → 50.9568N →
T1 = T2 207.9814362N 207.9117N

✸✳✹✳ ❈✉❛rt♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ♣♦r ❝❛❜❧❡s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✸✲✻✼ ❞❡❧ ❧✐❜r♦ ❞❡
❇❡❡r ❡t ❛❧✳ ❬✺❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✼✾✺✳

Pr♦❜❧❡♠❛✿ ▲♦s ❜❧♦q✉❡s A ② B t✐❡♥❡♥ ♠❛s❛ ❞❡ ✹ ② 1.5 kg✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ② ❡stá♥ ❝♦♥❡❝t❛❞♦s
♣♦r ♠❡❞✐♦ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ ❝✉❡r❞❛s ② ♣♦❧❡❛s q✉❡ s❡ s✉❡❧t❛♥ ❞❡s❞❡ ❡❧ r❡♣♦s♦ ❡♥ ❧❛ ♣♦s✐❝✐ó♥ ♠♦str❛❞❛
❡♥ ❧❛ ✜❣✉r❛ ❝♦♥ ❡❧ r❡s♦rt❡ s✐♥ ❞❡❢♦r♠❛r✳ ❙✐ ❧❛ ❝♦♥st❛♥t❡ ❞❡❧ r❡s♦rt❡ ❡s ❞❡ 300N/m✱ ❞❡t❡r♠✐♥❡ a) ❧❛
✈❡❧♦❝✐❞❛❞ ❞❡❧ ❜❧♦q✉❡ B ❞❡s♣✉és ❞❡ ❤❛❜❡rs❡ ♠♦✈✐❞♦ 150mm✱ b) ❧❛ ✈❡❧♦❝✐❞❛❞ ♠á①✐♠❛ ❞❡❧ ❜❧♦q✉❡ B✱
c) ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ♠á①✐♠♦ ❞❡❧ ❜❧♦q✉❡ B✳ ◆♦ t♦♠❡ ❡♥ ❝✉❡♥t❛ ❧❛ ❢r✐❝❝✐ó♥ ♥✐ ❧❛ ♠❛s❛ ❞❡ ❧❛s ♣♦❧❡❛s
② ❡❧ r❡s♦rt❡✳

✸✳✹✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ♣r♦❜❧❡♠❛ s❡ s❛❜❡ q✉❡ t♦❞♦ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❝✉❡r♣♦s ❝♦♠✐❡♥③❛♥ ❛ ♠♦✈❡rs❡ ❞❡s❞❡
❡❧ r❡♣♦s♦✳ ❆❞❡♠ás✱ s❡ s✉♣♦♥❡ q✉❡ ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❞❡❧ ❝✉❡r♣♦ B ❡s ❤❛❝✐❛ ❛❜❛❥♦ ② ❝♦♥s❡❝✉❡♥t❡♠❡♥t❡
❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❞❡❧ ❝✉❡r♣♦ A ❡s ❤❛❝✐❛ ❧❛ ❞❡r❡❝❤❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✹✾✳

❆❧ ❝♦♥s✐❞❡r❛rs❡ ✉♥❛ ❝✉❡r❞❛ ✐♥❡①t❡♥s✐❜❧❡✱ ❧❛ ❧♦♥❣✐t✉❞ ❞❡ ❧❛ ❝✉❡r❞❛ ❡s ❝♦♥st❛♥t❡ ② ♣✉❡❞❡ ❡s❝r✐❜✐rs❡
❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛s ♣♦s✐❝✐♦♥❡s ❞❡ ❧♦s ❜❧♦q✉❡s A ② B✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✹✾ ② ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✸✮✳

L = 2xA + yB + C ✭✸✳✷✸✮

❆❤♦r❛ ❜✐❡♥✱ ❧❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❡st❛ ❡❝✉❛❝✐ó♥ ❡stá ❞❛❞❛ ♣♦r✿

2∆xA +∆yB = 0

✺✽



❋✐❣✉r❛ ✸✳✹✾✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✸✲✻✼ ❇❡❡r ❡t ❛❧✳ ❬✺❪✳

❉❡r✐✈❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✸✮ ❝♦♥ r❡s♣❡❝t♦ ❛❧ t✐❡♠♣♦ s❡ ♦❜t✐❡♥❡ ✉♥❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s
❞❡ ❧♦s ❝✉❡r♣♦s A ② B✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

dL

dt
= 2

d

dt
xA +

d

dt
yB = 0 ❞♦♥❞❡ 2vA + vB = 0 ✭✸✳✷✹✮

❉❡ ♠❛♥❡r❛ q✉❡✱ ❞❡r✐✈❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✹✮ ❝♦♥ r❡s♣❡❝t♦ ❛❧ t✐❡♠♣♦✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ r❡❧❛❝✐ó♥ ❡♥tr❡
❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡ ❧♦s ❝✉❡r♣♦s A ② B✱ ❞❛❞❛ ♣♦r✿

2
d2

dt2
xA +

d2

dt2
yB = 0 ❞❡ ♠❛♥❡r❛ q✉❡ 2aA + aB = 0 ✭✸✳✷✺✮

❈♦♠♦ s❡ ❛♣r❡❝✐❛ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✺✵✱ ❧❛s ú♥✐❝❛s ❢✉❡r③❛s q✉❡ ♣r♦❞✉❝❡♥ tr❛❜❛❥♦ s♦♥ ❧❛s ❢✉❡r③❛s ❞❡❧
r❡s♦rt❡ ② ❡❧ ♣❡s♦ ❞❡❧ ❝✉❡r♣♦ B✱ ❡❧ s✐st❡♠❛ ❡s ❝♦♥s❡r✈❛t✐✈♦❀ ❞❡ ♠❛♥❡r❛ q✉❡✱ s❡ ♣✉❡❞❡ ❛♣❧✐❝❛r ❧❛ ❧❡② ❞❡
❝♦♥s❡r✈❛❝✐ó♥ ❞❡ ❡♥❡r❣í❛ ❞❛❞❛ ♣♦r✿

T1 + V1 = T2 + V2

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧♦s ♣✉♥t♦s ❞❡ r❡❢❡r❡♥❝✐❛✱ ❧❛ ♣r✐♠❡r❛ ♣♦s✐❝✐ó♥ ❡s ❝✉❛♥❞♦ ❡❧ s✐st❡♠❛ ❡stá ❡♥ r❡♣♦s♦✳
P♦r ❧♦ q✉❡✱ ❧❛ ❡♥❡r❣á ❝✐♥ét✐❝❛ ❡stá ❞❛❞❛ ♣♦r T1 = 0 ② ♣❛r❛ ❧❛ ❡♥❡r❣í❛ ♣♦t❡♥❝✐❛❧ s❡ ❡❧✐❣❡ ✉♥❛ ❧í♥❡❛ ❞❡
r❡❢❡r❡♥❝✐❛✱ ❞❡ ♠❛♥❡r❛ q✉❡ V1 = 0❀ ♣✉❡s ❡♥ ❧❛ ♣♦s✐❝✐ó♥ ✶✱ ❡❧ r❡s♦rt❡ t❛♠♣♦❝♦ ❡sá ❞❡❢♦r♠❛❞♦✳

P♦r ❝♦♥s✐❣✉✐❡♥t❡✱ ❧❛ ❡❝✉❛❝✐ó♥ r❡s✉❧t❛✿

0 = T2 + V2 ✭✸✳✷✻✮

❉♦♥❞❡✿

T2 =
1

2
mA v2A2

+
1

2
mB v2B2

❉❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✹✮ s❡ s❛❜❡ q✉❡✿

vA = −1

2
VB

✺✾



❉❡ ♠❛♥❡r❛ q✉❡✿

T2 =
1

2
mA

(

−1

2
VB

)2

+
1

2
mB v2B2

=
1

2
v2B

(

1

4
mA +mB

)

✭✸✳✷✼✮

❋✐♥❛❧♠❡♥t❡✿

V2 =
1

2
kδ2 − (mB) g∆yB =

1

2
k∆x2

A − (mB) g∆yB

P✉❡s ❧❛ ❞❡❢♦r♠❛❝✐ó♥ ❞❡❧ r❡s♦rt❡ ❡s ✐❣✉❛❧ ❛ δ = ∆xA✱ ❛❞❡♠ás✿

V2 =
1

2
k

(

−1

2
∆yB

)2

− (mB) g∆yB ✭✸✳✷✽✮

❆❤♦r❛✱ s✉st✐t✉②❡♥❞♦ ❡st♦s r❡s✉❧t❛❞♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✻✮✱ r❡s✉❧t❛✿

1

2
v2B

(

1

4
mA +mB

)

+
1

8
k∆y2B − (mB) g∆yB = 0

❉❡s♣❡❥❛♥❞♦ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ❝✉❡r♣♦ B✱ s❡ ♦❜t✐❡♥❡✿

vB =

√

mBg∆yB − 1

8
k∆y2B

1

2

(

1

4
mA +mB

) ✭✸✳✷✾✮

❋✐❣✉r❛ ✸✳✺✵✿ ❉✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡ ❧♦s ❝✉❡r♣♦ A ② B✳

❈❛s♦ ✭❛✮✳ ❉❡t❡r♠✐♥❛r ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ❜❧♦q✉❡ ❇ ❞❡s♣✉és ❞❡ ❤❛❜❡rs❡ ♠♦✈✐❞♦ 150mm✳

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✸✳✷✾✮ ② ✭✸✳✷✹✮✱ s❡ ♦❜t✐❡♥❡✿

vB =

√

(1.5 kg) (9.81m/s2) (0.15m)− 1

8
(300N/m) (0.15m)2

1

8
(4 kg) + 1

2
(1.5 kg)

= 1.044413711m/s

✻✵



vA =
1

2
(1.044413711m/s) = 0.5222068556m/s

❈❛s♦ ✭❜✮✳ ❉❡t❡r♠✐♥❛r ❧❛ ✈❡❧♦❝✐❞❛❞ ♠á①✐♠❛ ❞❡❧ ❜❧♦q✉❡ B✳

▲❛ ✈❡❧♦❝✐❞❛❞ ♠á①✐♠❛ ❞❡❧ ❝✉❡r♣♦ B s✉❝❡❞❡ ❝✉❛♥❞♦ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡ ❧♦s ❝✉❡r♣♦ A ② B s♦♥
✐❣✉❛❧❡s ❛ ❝❡r♦✳ ❆♥❛❧✐③❛♥❞♦ ❡❧ ❞✐❛❣r❛♠❛ ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ② ❛♣❧✐❝❛♥❞♦ ❧❛ s❡❣✉♥❞❛ ❧❡② ❞❡ ◆❡✇t♦♥✱ s❡
♦❜t✐❡♥❡ ✉♥❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ♠á①✐♠♦ ∆xA✱ ② ♣♦r ❝♦♥s✐❣✉✐❡♥t❡✱ ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦
♠á①✐♠♦ q✉❡ s✉❢r❡ ❡❧ ❝✉❡r♣♦ B✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✺✵✳

❉❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ x ❞❡❧ ❝✉❡r♣♦ A✱ ② ❝♦♥s✐❞❡r❛♥❞♦ ✉♥❛ ❛❝❡❧❡r❛❝✐ó♥ ✐❣✉❛❧
❛ ❝❡r♦✱ s❡ s❛❜❡ q✉❡✿

ΣFx = mAa t❛❧ q✉❡ ΣFx = 0

❉❡ ♠❛♥❡r❛ q✉❡✿

− k∆xA + 2mB g = 0 ❞♦♥❞❡ ∆xA =
2mB g

k
✭✸✳✸✵✮

❆❤♦r❛ ❜✐❡♥✱ s✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✸✵✮✱ ❞❛ ❝♦♠♦ r❡s✉❧t❛❞♦ ❡❧ ✈❛❧♦r
❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ♠á①✐♠♦ ∆xA✳ ❚❛❧ q✉❡✿

∆xA =
2 (1.5 kg) (9.81m/s2)

300N/m
= 0.0981m

❉❡ ❧♦ ❛♥t❡r✐♦r✱ ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ∆yB r❡s✉❧t❛✿

∆yB = 2∆xA ♣♦r ❧♦ q✉❡ ∆yB = 2 (0.0981m) = 0.1962m

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✾✮ ② ✭✸✳✷✹✮✱ s❡ ♦❜t✐❡♥❡✿

vB =

√

(1.5 kg) (9.81m/s2) (0.1962m)− 1

8
(300N/m) (0.1962m)2

1

8
(4 kg) + 1

2
(1.5 kg)

= 1.074631658m/s

vA =
1

2
(1.074631658m/s) = 0.5373158289m/s

❈❛s♦ ✭❝✮✳ ❉❡t❡r♠✐♥❛r ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ♠á①✐♠♦ ❞❡❧ ❜❧♦q✉❡ B✳

❊❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ♠á①✐♠♦ ❞❡❧ ❝✉❡r♣♦ B✱ s✉r❣❡ ❝✉❛♥❞♦ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❛♠❜♦s ❝✉❡r♣♦s ❡s ✐❣✉❛❧ ❛
❝❡r♦✱ ♣♦r ❧♦ t❛♥t♦✿

(mB) g∆yB −
1

8
k (∆)2 t❛❧ q✉❡ ∆yB =

8mB g

k
✭✸✳✸✶✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ r❡s✉❧t❛✿

∆yB =
8 (1.5 kg) (9.81m/s2)

300N/m
= 0.3924m

✻✶



✸✳✹✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡ s✐s✲
t❡♠❛s ❝♦♥ ❝❛❜❧❡s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ▼❛❝❤✐♥❡r② ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r
q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥✱ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛ ♣♦❧❡❛ ② ❡❧ ❝❛❜❧❡✳
❊st♦s ✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛s s❡❝❝✐♦♥❡s ✷✳✷ ② ✷✳✷✳✶✱ ❡♥ ❧❛s ♣á❣✐♥❛s
✶✶ ② ✶✷ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❊♥ ❡st❛ ♣❛rt❡ ú♥✐❝❛♠❡♥t❡ ❞❡❜❡ ♣♦♥❡rs❡ ❛t❡♥❝✐ó♥ ❡♥ ♠✐♥✐♠✐③❛r ❧❛ ✐♥❡r❝✐❛ ❞❡
❧❛ ♣♦❧❡❛✱ ❧❛ ♠❛s❛ ❞❡❧ ❝❛❜❧❡ ② ♠❛①✐♠✐③❛r ❧❛ r✐❣✐❞❡③ ❞❡❧ ❝❛❜❧❡✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✸✲✻✼ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛s
✸✳✺✶ ② ✸✳✺✷✳ P♦r ♦tr♦ ❧❛❞♦✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧
♠♦❞❡❧♦✱ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✸✳✺✸✭❛✮✳

❋✐❣✉r❛ ✸✳✺✶✿ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s✳

Pulley_A

Pulley_B

A1

A2

❋✐❣✉r❛ ✸✳✺✷✿ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡ ❛❧❛♠❜r❡✳

✻✷



✭❛✮ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦
❞❡ ❆❞❛♠s ❝©

✭❜✮ P❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛s ♣♦❧❡❛s

❋✐❣✉r❛ ✸✳✺✸✿ ❯♥✐❞❛❞❡s ❞❡❧ ♠♦❞❡❧♦ ② ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛s ♣♦❧❡❛s✳

▲❛s ♣r♦♣✐❡❞❛❞❡s ② ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛s ♣♦❧❡❛s s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✸✳✺✸✭❜✮✱ ✸✳✺✹✭❛✮
② ✸✳✺✹✭❜✮✳ ▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛s s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✺✺✳ ❆❧ t❡♥❡r ❧❛s ♠✐s♠❛s
♣r♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❡ ✐♥❡r❝✐❛❧❡s ❜❛st❛ ❝♦♥ ♠♦str❛r ú♥✐❝❛♠❡♥t❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛
♣♦❧❡❛ A✳

✭❛✮ ▲♦❝❛❧✐③❛❝✐ó♥ ② ♦r✐❡♥t❛❝✐ó♥ ❞❡ ❧❛ ♣♦❧❡❛ A ✭❜✮ ▲♦❝❛❧✐③❛❝✐ó♥ ② ♦r✐❡♥t❛❝✐ó♥ ❞❡ ❧❛ ♣♦❧❡❛ B

❋✐❣✉r❛ ✸✳✺✹✿ ▲♦❝❛❧✐③❛❝✐ó♥ ② ♦r✐❡♥t❛❝✐ó♥ ❞❡ ❧❛s ♣♦❧❡❛s A ② B✳

✻✸



❋✐❣✉r❛ ✸✳✺✺✿ P❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛ A✳

▲❛ ❝♦♥✜❣✉r❛❝✐ó♥ ② ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❡ ✐♥❡r❝✐❛❧❡s ❞❡❧ ❝❛❜❧❡ s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s
✸✳✺✻✭❛✮ ② ✸✳✺✻✭❜✮✱ ♠✐❡♥tr❛s q✉❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡❧ r❡s♦rt❡ s❡ ♣r❡s❡♥t❛ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✺✼✳

✭❛✮ ❈♦♥✜❣✉r❛❝✐ó♥ ❞❡❧ ❝❛❜❧❡ ✭❜✮ P❛rá♠❡tr♦s ❞❡❧ ❝❛❜❧❡

❋✐❣✉r❛ ✸✳✺✻✿ P❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ② ❡❧ást✐❝♦s ❞❡❧ ❝❛❜❧❡✳

✻✹



❋✐❣✉r❛ ✸✳✺✼✿ P❛rá♠❡tr♦s ❞❡❧ r❡s♦rt❡

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞❡ ✵✳✺ s❡❣✉♥❞♦s✱
✐♥❣r❡s❛r ✶✵✵✵ ♣❛s♦s ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❝✐♥❡♠át✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✺✽✳

❋✐❣✉r❛ ✸✳✺✽✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦s ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ♣❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧✲
t❛❞♦s ❞❡s❡❛❞♦s✱ s❡ ❞❡❜❡♥ s❡❧❡❝❝✐♦♥❛r ❧❛s ♦♣❝✐♦♥❡s ♠♦str❛❞❛s ❡♥ ❧❛s ✜❣✉r❛s ✸✳✺✾✱ ✸✳✻✵ ② ✸✳✻✶✳

✻✺



❋✐❣✉r❛ ✸✳✺✾✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ❝✉❡r♣♦ A✳

❋✐❣✉r❛ ✸✳✻✵✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ❝✉❡r♣♦ B✳

❋✐❣✉r❛ ✸✳✻✶✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ B✳

❈❛s♦ ✭❛✮✳

❆♥t❡s ❞❡ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❡❧ ❝❛s♦ ✭❛✮✱ ♣r✐♠❡r♦ s❡ r❡q✉✐❡r❡ ❛✈❡r✐❣✉❛r ❡❧ t✐❡♠♣♦ q✉❡
t❛r❞❛ ❡❧ ❝✉❡r♣♦ B ❡♥ ❞❡s♣❧❛③❛rs❡ 150mm✱ ② ♣❛r❛ ❡❧❧♦ s❡ ❝r❡ó ✉♥❛ ♠❡❞✐❝✐ó♥ ❞❡ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❞❡
✉♥ ♠❛r❝❛❞♦r ♣❡rt❡♥❡❝✐❡♥t❡ ❛❧ ❝✉❡r♣♦ B ❝♦♥ r❡s♣❡❝t♦ ❛ ✉♥ ♣✉♥t♦ ♣❡rt❡♥❡❝✐❡♥t❡ ❛ t✐❡rr❛✳ ❉❡ ❛❝✉❡r❞♦
❝♦♥ ❆❞❛♠s ❝© ❡❧ t✐❡♠♣♦ q✉❡ t❛r❞❛ ❡❧ ❝✉❡r♣♦ B ❡♥ ❞❡s♣❧❛③❛rs❡ 150mm ❡s ✐❣✉❛❧ ❛ ✵✳✷✹✸✺ s❡❣✉♥❞♦s✱
✈❡❛ ❧❛s ✜❣✉r❛s ✸✳✻✷ ② ✸✳✻✸✳

✻✻



❋✐❣✉r❛ ✸✳✻✷✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ♠❡❞✐❝✐ó♥ ❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❞❡❧ ♠❛r❝❛❞♦r ♣❡rt❡♥❡❝✐❡♥t❡ ❛❧ ❝✉❡r♣♦ B✳

❋✐❣✉r❛ ✸✳✻✸✿ ❚✐❡♠♣♦ q✉❡ t❛r❞❛ ❡❧ ❝✉❡r♣♦ B ❡♥ ❞❡s♣❧❛③❛rs❡ ✉♥❛ ❞✐st❛♥❝✐❛ ❞❡ 150mm✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✱ s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✸✳✻✹ ② ✸✳✻✺✳

❋✐❣✉r❛ ✸✳✻✹✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ❝✉❡r♣♦ B ❝✉❛♥❞♦ ❡st❡ s❡ ❞❡s♣❧❛③❛ 150mm✳

✻✼



❋✐❣✉r❛ ✸✳✻✺✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ❝✉❡r♣♦ A ❝✉❛♥❞♦ ❡❧ ❝✉❡r♣♦ B s❡ ❞❡s♣❧❛③❛ 150mm✳

❈❛s♦ ✭❜✮✳

❈♦♠♦ ②❛ s❡ ♠❡♥❝✐♦♥ó ❛♥t❡r✐♦r♠❡♥t❡✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ♠á①✐♠❛ ❞❡❧ ❝✉❡r♣♦ B ♦❝✉rr❡ ❝✉❛♥❞♦ s✉ ❛❝❡❧❡✲
r❛❝✐ó♥ ❡s ✐❣✉❛❧ ❛ ❝❡r♦✱ ♣♦r ❧♦ q✉❡ ♣r✐♠❡r♦ ❡s ♥❡❝❡s❛r✐♦ ❝❛❧❝✉❧❛r ❡❧ t✐❡♠♣♦ q✉❡ t❛r❞❛ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧
❝✉❡r♣♦ B ❡♥ ✈♦❧✈❡rs❡ ❝❡r♦✳ ♣❛r❛ ❛✉♠❡♥t❛r ❧❛ ❡①❛❝t✐t✉❞ ❞❡ ❧♦s r❡s✉❧t❛❞♦s s❡ ✐♥❝r❡♠❡♥tó ❡❧ ♥ú♠❡r♦
❞❡ ♣❛s♦s ❛ ✷✺✵✵✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✻✻✳

❋✐❣✉r❛ ✸✳✻✻✿ P❛rá♠❡tr♦s ❞❡ s✐♠✉❧❛❝✐ó♥ ❝♦♥ ✷✺✵✵ ♣❛s♦s✳

P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❆❞❛♠s ❝© ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ s❡❧❡❝❝✐♦♥❛r ❧❛s ♦♣❝✐♦♥❡s ♠♦s✲
tr❛❞❛s ❡♥ ❧❛s ✜❣✉r❛s ✸✳✺✾✱ ✸✳✻✵ ② ✸✳✻✶✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❆❞❛♠s ❝©✱ ❡❧ t✐❡♠♣♦ q✉❡ t❛r❞❛ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ B ❡♥ ✈♦❧✈❡rs❡ ❝❡r♦ ❡s
✐❣✉❛❧ ❛ ✵✳✷✽✻✽ s❡❣✉♥❞♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✻✼✳

✻✽



❋✐❣✉r❛ ✸✳✻✼✿ ❚✐❡♠♣♦ q✉❡ t❛r❞❛ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ B ❡♥ ✈♦❧✈❡rs❡ ❝❡r♦✳

P❛r❛ s♦❧✐❝✐t❛r ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ❝✉❡r♣♦ B ② ❝✉❡r♣♦ A ♦❜t❡♥✐❞♦s ♣♦r ❆❞❛♠s ❝©✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡
s❡❧❡❝❝✐♦♥❛r ❧❛s ♦♣❝✐♦♥❡s ♠♦str❛❞❛s ❡♥ ❧❛s ✜❣✉r❛s ✸✳✻✵ ② ✸✳✺✾✳

❉❡ ♠❛♥❡r❛ q✉❡✱ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✱ s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s
✸✳✻✽ ② ✸✳✻✾✳ ❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❆❞❛♠s ❝©✱ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ♠á①✐♠❛s q✉❡ s✉❢r❡♥ ❧♦s ❝✉❡r♣♦s B ② A ❛❧
tr❛♥s❝✉rr✐r ✵✳✷✽✻✽ s❡❣✉♥❞♦s ❡s ✐❣✉❛❧ ❛ 1.0743767m/s ② 0.5371376m/s r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✈❡❛ ❧❛ ✜❣✉r❛
✸✳✻✽✳

❋✐❣✉r❛ ✸✳✻✽✿ ❱❡❧♦❝✐❞❛❞❡s ♠á①✐♠❛s q✉❡ s✉❢r❡♥ ❧♦s ❝✉❡r♣♦s A ② B✳

❈❛s♦ ✭❝✮✳
❉❡ ✐❣✉❛❧ ❢♦r♠❛ ♣❛r❛ s♦❧✐❝✐t❛r ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ q✉❡ s✉❢r❡ ❡❧ ❝✉❡r♣♦ B s❡ ❞❡❜❡ s❡❧❡❝❝✐♦♥❛r ❧♦s

♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✸✳✻✷ ② ✸✳✻✸✳ P❛r❛ ❡st❡ ✐♥❝✐s♦ ❡❧ t✐❡♠♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ s❡ ❛✉✲
♠❡♥tó ❛ 1 s ❝♦♥ ✉♥ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ✐❣✉❛❧ ❛ ✷✺✵✵✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✻✻✳ ❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❆❞❛♠s ❝© ❡❧
❞❡s♣❧❛③❛♠✐❡♥t♦ ♠á①✐♠♦ q✉❡ s✉❢r❡ ❡❧ ❝✉❡r♣♦ B ❡s ✐❣✉❛❧ ❛ 391.6551mm✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✻✾✳

✻✾



❋✐❣✉r❛ ✸✳✻✾✿ ❉❡s♣❧❛③❛♠✐❡♥t♦ ♠á①✐♠♦ q✉❡ s✉❢r❡ ❡❧ ❝✉❡r♣♦ B✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲♦s r❡s✉❧t❛❞♦s ♦❜✲
t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❧❛ s✐♠✉❧❛❝✐ó♥ t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s
♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✸✳✹ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s
♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥❛❧ít✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❡♥ ❆❞❛♠s ❝©✳

❚❛❜❧❛ ✸✳✹✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✹✳◦ ♣r♦❜❧❡♠❛ ❞❡ ♣♦❧❡❛s ② ❝❛❜❧❡s✳
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦ ❆❞❛♠s ❝©

❈❛s♦ (a)
vA 522.2068556mm/s → 537.3158mm/s →
vB 1044.413711mm/s ↓ 1042.4136mm/s ↓

❈❛s♦ (b)
aB 0mm/s2 0.1082mm/s2

vA 537.3158289mm/s → 537.1376mm/s →
vB 1074.6371658mm/s ↓ 1074.3767mm/s ↓

❈❛s♦ (c)
∆yB 392.4mm ↓ 391.6551mm ↓

✼✵



✸✳✺✳ ◗✉✐♥t♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ♣♦r ❝❛❜❧❡s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✹✲✶✸ ❞❡❧ ❧✐❜r♦ ❞❡
❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✶✽✻✳

Pr♦❜❧❡♠❛✿ ❉❡t❡r♠✐♥❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ❜❧♦q✉❡ A ❞❡ 60 lb✱ s✐ ❧♦s ❞♦s ❜❧♦q✉❡s s❡ s✉❡❧t❛♥ ❛ ♣❛rt✐r
❞❡❧ r❡♣♦s♦ ② ❡❧ ❜❧♦q✉❡ B ❞❡ 40 lb s❡ ♠✉❡✈❡ ✷ ♣✐❡s ❤❛❝✐❛ ❛rr✐❜❛ ❞❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳ ❊❧ ❝♦❡✜❝✐❡♥t❡
❞❡ ❢r✐❝❝✐ó♥ ❝✐♥ét✐❝❛ ❡♥tr❡ ❛♠❜♦s ❜❧♦q✉❡s ② ❧♦s ♣❧❛♥♦s ✐♥❝❧✐♥❛❞♦s ❡s µk = 0.10✳ ❉❡ ♠❛♥❡r❛ q✉❡✿
wA = 60 lbf ✱ wB = 40 lbf ✱ α = 60◦ ② ω = 30◦✳

❋✐❣✉r❛ ✸✳✼✵✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✹✲✶✸ ❍✐❜❜❡❧❡r ❬✶✽❪✳

✸✳✺✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ♣r♦❜❧❡♠❛ s❡ s❛❜❡ q✉❡ t♦❞♦ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❝✉❡r♣♦s s❡ ♠✉❡✈❡♥ ❛ ♣❛rt✐r ❞❡❧
r❡♣♦s♦❀ ❛❞❡♠ás✱ s❡ s❛❜❡ q✉❡ ❡❧ ❜❧♦q✉❡ B ❛s❝✐❡♥❞❡ ♣♦r ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦ ✐♥❝❧✐♥❛❞♦✳ P✉❡st♦ q✉❡ s❡
s✉♣♦♥❡ q✉❡ ❧❛ ❝✉❡r❞❛ ❡s ✐♥❡①t❡♥s✐❜❧❡✱ ❧❛ ❧♦♥❣✐t✉❞ ❞❡ ❧❛ ❝✉❡r❞❛ ❡s ❝♦♥st❛♥t❡ ② ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛s
♣♦s✐❝✐♦♥❡s ❞❡ ❧♦s ❜❧♦q✉❡s A ② B✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✼✵ ② ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✸✷✮✳ ❉❡ ♠❛♥❡r❛ q✉❡✱ C ❡s ✉♥❛
❝♦♥st❛♥t❡ q✉❡ t♦♠❛ ❡♥ ❝✉❡♥t❛✱ ❡♥tr❡ ♦tr❛s ❝♦s❛s✱ ❧❛ ❧♦♥❣✐t✉❞ ❞❡ ❧❛ ❝✉❡r❞❛ ❡♥r♦❧❧❛❞❛ ❡♥ ❧❛s ♣♦❧❡❛s✳

L = SB + 2SA + C ✭✸✳✸✷✮

❉❡r✐✈❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✸✷✮✱ s❡ t✐❡♥❡ q✉❡✿

0 =
dSB

dt
+ 2

dSA

dt
♦ vB + 2vA = 0 ✭✸✳✸✸✮

❉❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✸✸✮✱ s❡ ❞❡❞✉❝❡✿

vA = −1

2
vB ✭✸✳✸✹✮

✼✶



P✉❡st♦ q✉❡ vB < 0✱ s✐❣♥✐✜❝❛ q✉❡ vA > 0 ② q✉❡ ❡❧ ❝✉❡r♣♦ A ❞❡s❝✐❡♥❞❡ ♣♦r ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳
❆❞❡♠ás ❧❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✸✸✮ ❝♦♥❞✉❝❡ ❛✿

∆SB + 2∆SA = 0 ✭✸✳✸✺✮

❆❤♦r❛ ❜✐❡♥✱ ❞❡r✐✈❛♥❞♦ ♥✉❡✈❛♠❡♥t❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✸✸✮ ❝♦♥ r❡s♣❡❝t♦ ❛❧ t✐❡♠♣♦✱ s❡ ♦❜t✐❡♥❡ ✉♥❛
r❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡ ❧♦s ❝✉❡r♣♦s A ② B ❞❛❞❛ ♣♦r✿

d2SB

dt2
+ 2

d2SA

dt2
= 0 ❞❡ ♠❛♥❡r❛ q✉❡ aB + 2aA = 0 ✭✸✳✸✻✮

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ s❡ ♦❜t✐❡♥❡♥ ❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❝✉❡r♣♦s✷✱ ✈❡❛ ❧❛
✜❣✉r❛ ✸✳✼✶✳

❋✐❣✉r❛ ✸✳✼✶✿ ❉✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡ ❧♦s ❝✉❡r♣♦s A✱ B ② ❞❡ ❧❛ ♣♦❧❡❛✳

❉❡ ♠❛♥❡r❛ q✉❡✱ ❛♣❧✐❝❛♥❞♦ ❧❛ s❡❣✉♥❞❛ ❧❡② ❞❡ ◆❡✇t♦♥✲❊✉❧❡r s♦❜r❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❝✉❡r♣♦s✱ s❡
♦❜t✐❡♥❡ ✉♥❛ ❡①♣r❡s✐ó♥ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ♣❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❝✉❡r♣♦s A ② B ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s
♠❛s❛s mA ② mB❀ s✉s ♣❡s♦s wA ② wB❀ ② ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❢r✐❝❝✐ó♥ ❝✐♥ét✐❝♦ µk✱ ✈❡❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✹✮✳
P♦r ❝♦♥s✐❣✉✐❡♥t❡✱ s❡ ♦❜t✐❡♥❡♥ ❡①♣r❡s✐♦♥❡s ♣❛r❛ ❧❛s ❢✉❡r③❛s ❞❡ t❡♥s✐ó♥ T1✱ T2 ② ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ Fr✳

❉❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ y ❞❡❧ ❝✉❡r♣♦ A✱ s❡ s❛❜❡ q✉❡✿

ΣFy = 0

✷❊st❡ ♣r♦❜❧❡♠❛ t❛♠❜✐é♥ ♣♦❞r✐❛ r❡s♦❧✈❡rs❡ ❡♠♣❧❡❛♥❞♦ ❡❧ ♠ét♦❞♦ ❞❡ tr❛❜❛❥♦ ② ❡♥❡r❣í❛✳

✼✷



❉❡ ♠❛♥❡r❛ q✉❡✿

FNA
− wA cos (α) = 0 ❞♦♥❞❡ FNA

= wA cos (α) ✭✸✳✸✼✮

❉❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ x ❞❡❧ ❝✉❡r♣♦ A✱ s❡ ❝♦♥♦❝❡ q✉❡✿

ΣFx = −mA aA

P♦r ❧♦ t❛♥t♦✿

T1 − wA sen (α) + FrAk
= −mA aA t❛❧ q✉❡ T1 = wA sen (α)− FrAk

−mA aA ✭✸✳✸✽✮

❆❤♦r❛ ❜✐❡♥✱ ❞❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ y ❞❡❧ ❝✉❡r♣♦ B✱ s❡ s❛❜❡ q✉❡✿

ΣFy = 0

❉❡ ❧♦ ❛♥t❡r✐♦r✱ r❡s✉❧t❛✿

FNB
− wB cos (ω) = 0 ❞♦♥❞❡ FNB

= wB cos (ω) ✭✸✳✸✾✮

❉❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ x ❞❡❧ ❝✉❡r♣♦ B✱ s❡ ❝♦♥♦❝❡ q✉❡✿

ΣFx = mB aB

P♦r ❝♦♥s✐❣✉✐❡♥t❡✱ r❡s✉❧t❛✿

T2 − wB sen (ω)− FrBk
= mB aB t❛❧ q✉❡ T2 = mB aB + FrBk

+ wB sen (ω) ✭✸✳✹✵✮

P♦r ♦tr♦ ❧❛❞♦✱ ❧❛s ❢✉❡r③❛s ❞❡ ❢r✐❝❝✐ó♥ FrAk
② FrBk

s❡ ❞❡✜♥❡♥ ❝♦♠♦✿

FrAk
= µkFNA

= µkwA cos α ✭✸✳✹✶✮

FrBk
= µkFNB

= µkwB cos ω ✭✸✳✹✷✮

❨❛ q✉❡ s❡ s✉♣♦♥❡ q✉❡ ❧❛s ♣♦❧❡❛s s♦♥ ❞❡ ♠❛s❛ ❞❡s♣r❡❝✐❛❜❧❡✱ s❡ ❞❡❞✉❝❡ q✉❡ T1 = 2T2✳ ❉❡ ♠♦❞♦
q✉❡✱ s✉st✐t✉②❡♥❞♦ ❡❧ ✈❛❧♦r ❞❡ T1 ② ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✶✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✸✽✮✱ r❡s✉❧t❛✿

2T2 = wAsen (α)− µkwA cos α−mA aA ✭✸✳✹✸✮

❙✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✵✮✱ ✭✸✳✹✷✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✸✮✱ s❡ ♦❜t✐❡♥❡✿

2 (mB aB + µkwB cos ω + wBsenω) = wAsenα− µkFNA
−mA aA

❆❤♦r❛✱ s✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✸✻✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r ② ❞❡s♣❡❥❛♥❞♦ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧
❝✉❡r♣♦ A✱ ❞❛ ❝♦♠♦ r❡s✉❧t❛❞♦✿

aA =
wAsenα− µkwAcos α− 2µkwBcos ω − 2wBsenω

4mB +mA

✭✸✳✹✹✮

❉❡ ✐❣✉❛❧ ❢♦r♠❛✱ s✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ A✱
✈❡❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✹✮✱ s❡ ♦❜t✐❡♥❡✿

aA =
60sen 60◦ − (0.1) (60) cos 60◦ − 2 (0.1) (40) cos 30◦ − 2 (40) sen 30◦

(160 + 60) (1/32.2)

lbf

slug

✼✸



aA = 0.297604255 ft/s2

❙❡ s❛❜❡ q✉❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ B ❡s ✐❣✉❛❧ ❛❧ ❞♦❜❧❡ ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛
❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ A✱ ✈❡❛ ✭✸✳✸✻✮❀ ❞❡ ♠❛♥❡r❛ q✉❡✱ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ B ❡s ✐❣✉❛❧
❛✿

aB = 0.59520851 ft/s2

❈♦♠♦ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ A ② ❡❧ ❝✉❡r♣♦ B s♦♥ ❝♦♥st❛♥t❡s✱ s❡ s❛❜❡ q✉❡ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡
❛♠❜♦s ❝✉❡r♣♦s ❡s r❡❝t✐❧í♥❡♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❛❝❡❧❡r❛❞♦ ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦❀ ❛sí ♠✐s♠♦✱
❡♠♣❧❡❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✺✮ s❡ ❝❛❧❝✉❧❛ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ❝✉❡r♣♦ B ❛❧ ❞❡s♣❧❛③❛rs❡ 2ft✳

v2B =✟✟✟✯0vBi
+ 2aB ∆x ❚❛❧ q✉❡ vB =

√

2aB ∆x ✭✸✳✹✺✮

❆❧ s✉st✐t✉✐r ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ❝✉❡r♣♦ B✱ r❡s✉❧t❛✿

vB =
√

2 (0.59520851 ft/s2) (2 ft) = 1.542995152 ft/s

❙❡ s❛❜❡ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✸✹✮✱ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ❝✉❡r♣♦ A ❡s ✐❣✉❛❧ ❛ ❧❛ ♠✐t❛❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞
❞❡❧ ❝✉❡r♣♦ B✱ ♣♦r t❛♥t♦✿

vA = 0.7714975761 ft/s

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✸✽✮✱ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r ❞❡ ❧❛ ❢✉❡r③❛ ❞❡
t❡♥s✐ó♥ s♦❜r❡ ❡❧ ❝✉❡r♣♦ A ♦ T1 ✐❣✉❛❧ ❛✿

T1 = 60sen 60◦ lbf − (0.1) (60) cos 60◦ lbf −
(

60

32.2
slug

)

(

0.297604255 ft/s2
)

= 48.40698214 lbf

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ✜❣✉r❛ ✸✳✼✶✱ ❧❛ ❢✉❡r③❛ ❞❡ t❡♥s✐ó♥ s♦❜r❡ ❡❧ ❝✉❡r♣♦ B ❡s ✐❣✉❛❧ ❛ ❧❛ ♠✐t❛❞ ❞❡ ❧❛
❢✉❡r③❛ ❞❡ t❡♥s✐ó♥ s♦❜r❡ ❡❧ ❝✉❡r♣♦ A ♦ T2✱ ❛sí q✉❡✿

T2 =
48.40698214 lbf

2
= 24.20349107 lbf

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✸✳✹✶✮ ② ✭✸✳✹✷✮✱ s❡ ♦❜t✐❡♥❡♥ ❧♦s ✈❛❧♦r❡s ❞❡
❧❛s ❢✉❡r③❛s ❞❡ ❢r✐❝❝✐ó♥ ❡♥tr❡ ❧♦s ❝✉❡r♣♦s A ② B✱ ② ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳

FrAk
= (0.1) (60) cos 60◦ = 3 lbf

FrBk
= (0.1) (40) cos 30◦ = 3.464161615 lbf

✼✹



✸✳✺✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
s✐st❡♠❛s ❝♦♥ ❝❛❜❧❡s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡▼❛❝❤✐♥❡r② ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r
q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥✱ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛ ♣♦❧❡❛ ② ❡❧ ❝❛❜❧❡✱
♥✐ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❧❛ ❢r✐❝❝✐ó♥ q✉❡ s❡ ♣r❡s❡♥t❛ ❡♥tr❡ ❡❧ ❝✉❡r♣♦ A✱ B ② ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳ ❊st♦s
✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛s s❡❝❝✐♦♥❡s ✷✳✷ ② ✷✳✷✳✶✱ ❡♥ ❧❛s ♣á❣✐♥❛s ✶✶ ②
✶✷ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❊♥ ❡st❛ ♣❛rt❡ ú♥✐❝❛♠❡♥t❡ ❞❡❜❡ ♣♦♥❡rs❡ ❛t❡♥❝✐ó♥ ❡♥ ♠✐♥✐♠✐③❛r ❧❛ ✐♥❡r❝✐❛ ❞❡ ❧❛
♣♦❧❡❛✱ ❧❛ ♠❛s❛ ❞❡❧ ❝❛❜❧❡ ② ♠❛①✐♠✐③❛r ❧❛ r✐❣✐❞❡③ ❞❡❧ ❝❛❜❧❡✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✹✲✶✸ ❍✐❜❜❡❧❡r ❬✶✽❪✱ s❡ ♠✉❡str❛
❡♥ ❧❛ ✜❣✉r❛ ✸✳✼✷✳

✭❛✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s

A1

A2

Pulley_A

Pulley_B

✭❜✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡ ❛❧❛♠❜r❡

❋✐❣✉r❛ ✸✳✼✷✿ ▼♦❞❡❧♦ ❞❡❧ s✐st❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

✼✺



P♦r ♦tr♦ ❧❛❞♦✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱
♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✸✳✼✸✳ ▲♦s ♣❛rá♠❡tr♦s ❞❡ ❧❛
❢r✐❝❝✐ó♥ ❡♥tr❡ ❡❧ ❝✉❡r♣♦ A✱ B ② ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦ s❡ ♣r❡s❡♥t❛ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✼✹✳

❋✐❣✉r❛ ✸✳✼✸✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

▲❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✸✳✼✸ ❡stá♥ ❡♥ ✏s❧✉❣✑ ♣❛r❛ ❧❛ ♠❛s❛ ② ❡♥ ✏slug · ft2✑ ♣❛r❛ ❧♦s
♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡ ❛♠❜❛s ♣♦❧❡❛s✳

❋✐❣✉r❛ ✸✳✼✹✿ P❛rá♠❡tr♦s ♣❛r❛ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡♥tr❡ ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦ ② ❧♦s ❝✉❡r♣♦ A ② B✳

✼✻



▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s✱ ❞❡ ❧♦❝❛❧✐③❛❝✐ó♥ ❡ ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ♣♦❧❡❛s s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s
✸✳✼✺✱ ✸✳✼✻✭❛✮✱ ✸✳✼✻✭❜✮ ② ✸✳✼✼❀ ♠✐❡♥tr❛s q✉❡ ❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ ② ❧♦s ♣❛rá♠❡tr♦s ❡❧ást✐❝♦s ❞❡❧ ❝❛❜❧❡ s❡
♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✸✳✼✽✭❛✮ ② ✸✳✼✽✭❜✮✳

❋✐❣✉r❛ ✸✳✼✺✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛s ♣♦❧❡❛s✳

✭❛✮ ▲♦❝❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ♣♦❧❡❛ s♦❜r❡ ❡❧ ❝✉❡r♣♦ A ✭❜✮ ▲♦❝❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ♣♦❧❡❛ ❛♥❝❧❛❞♦ ❛❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦

❋✐❣✉r❛ ✸✳✼✻✿ ▲♦❝❛❧✐③❛❝✐ó♥ ❞❡ ❧❛s ♣♦❧❡❛s s♦❜r❡ ❡❧ ❝✉❡r♣♦ A ② ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳

✼✼



❋✐❣✉r❛ ✸✳✼✼✿ P❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛ s♦❜r❡ ❡❧ ❝✉❡r♣♦ A ② ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳

✭❛✮ ❈♦♥✜❣✉r❛❝✐ó♥ ❞❡❧ ❝❛❜❧❡ ✭❜✮ P❛rá♠❡tr♦s ❡❧ást✐❝♦s ❞❡❧ ❝❛❜❧❡

❋✐❣✉r❛ ✸✳✼✽✿ P❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ② ❡❧ást✐❝♦s ❞❡❧ ❝❛❜❧❡✳

✼✽



P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞❡ ✷✳✷✺ s❡❣✉♥❞♦s✱
✐♥❣r❡s❛r ✶✺✵✵ ♣❛s♦s ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❝✐♥❡♠át✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✼✾✳

❋✐❣✉r❛ ✸✳✼✾✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

P❛r❛ ♠❡❞✐r ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ q✉❡ s✉❢r❡ ❡❧ ❝✉❡r♣♦ B ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✱ s❡ ❝r❡ó ✉♥ ♦❜✲
❥❡t♦ ❞❡ ♠❡❞✐❝✐ó♥ ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❞❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛ ❞❡❧ ❝✉❡r♣♦ B✱ ❝♦♥ r❡s♣❡❝t♦
❛ ✉♥ ♣✉♥t♦ ❛♥❝❧❛❞♦ ❛ t✐❡rr❛ ❝♦♥ ❝♦♦r❞❡♥❛❞❛s ✐❣✉❛❧❡s ❛ ❧❛s ❝♦♦r❞❡♥❛❞❛s ✐♥✐❝✐❛❧❡s ❞❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛
❞❡❧ ❝✉❡r♣♦ B✳

P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧❛s ♦♣❝✐♦♥❡s ♠♦str❛❞❛s ❡♥ ❧❛s ✜❣✉r❛s ✸✳✽✵✱ ✸✳✽✷✱ ✸✳✽✸✱ ✸✳✽✹✱ ✸✳✽✺✱ ✸✳✽✻✱
✸✳✽✼✱ ✸✳✽✽ ② ✸✳✽✾✳

❋✐❣✉r❛ ✸✳✽✵✿ ❙♦❧✐❝✐t✉❞ ❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❞❡❧ ❝✉❡r♣♦ B ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳

✼✾



P❛r❛ s♦❧✐❝✐t❛r ❧❛ ❢✉❡r③❛ ❞❡ t❡♥s✐ó♥✱ T1 s♦❜r❡ ❡❧ ❝✉❡r♣♦ A ② ❞❡ ❛❝✉❡r❞♦ ❛❧ ❞✐s❡ñ♦ ❞❡❧ ♠♦❞❡❧♦ ❡♥
❆❞❛♠s ❝©✱ s❡ s♦❧✐❝✐tó ❧❛ ❢✉❡r③❛ ❞❡ t❡♥s✐ó♥ s♦♠❜r❡ ❡❧ ♠❛r❝❛❞♦ ♦ ♠❛r❦❡r ✶✷✺ ♣❡rt❡♥❡❝✐❡♥t❡ ❛❧ ❝✉❡r♣♦ ♦
♣❛rt❡ ✸✶ ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦✱ ❝❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡❧ ♥♦♠❜r❡ ❞❡ ❝❛❞❛ ❝✉❡r♣♦ ② ♦❜❥❡t♦ ❧♦s ♣r♦♣♦r❝✐♦♥❛
❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© ❞❡ ❢♦r♠❛ ❛✉t♦♠át✐❝❛✱ ♣❡r♦ ❡❧ ✉s✉❛r✐♦ ♣✉❡❞❡ ♠♦❞✐✜❝❛r ❡❧ ♥♦♠❜r❡ s✐ ❛sí ❧♦
❞❡s❡❛❀ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✽✶✳

Part_31

Marker_125

❋✐❣✉r❛ ✸✳✽✶✿ ❈✉❡r♣♦ ♦ ♣❛rt❡ ✸✶ ② s✉ ♠❛r❝❛❞♦r✳

✭❛✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ tr❛s❧❛❝✐♦♥❛❧ ❞❡❧ ❝✉❡r♣♦ A

✭❜✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ tr❛s❧❛❝✐♦♥❛❧ ❞❡❧ ❝✉❡r♣♦ B

❋✐❣✉r❛ ✸✳✽✷✿ ❆❝❡❧❡r❛❝✐♦♥❡s tr❛s❧❛❝✐♦♥❛❧❡s ❞❡ ❧♦s ❝✉❡r♣♦ A ② B ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳

✽✵



❋✐❣✉r❛ ✸✳✽✸✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ tr❛s❧❛❝✐♦♥❛❧ ❞❡❧ ❝✉❡r♣♦ A ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳

❋✐❣✉r❛ ✸✳✽✹✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ tr❛s❧❛❝✐♦♥❛❧ ❞❡❧ ❝✉❡r♣♦ B ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳

❋✐❣✉r❛ ✸✳✽✺✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ FrAk
❡♥tr❡ ❡❧ ❝✉❡r♣♦ A ② ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳

❋✐❣✉r❛ ✸✳✽✻✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ FrBk
❡♥tr❡ ❡❧ ❝✉❡r♣♦ B ② ❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳

✽✶



❋✐❣✉r❛ ✸✳✽✼✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ t❡♥s✐ó♥ T1✳

❋✐❣✉r❛ ✸✳✽✽✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ t❡♥s✐ó♥ T2 ❡♥tr❡ ❡❧ ❝❛❜❧❡ ② ❡❧ ❝✉❡r♣♦ B✳

❋✐❣✉r❛ ✸✳✽✾✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ t❡♥s✐ó♥ T2 ❡♥tr❡ ❡❧ ❝❛❜❧❡ ② ❡❧ ♠✉r♦ ♦ t✐❡rr❛✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✸✳✾✵✱ ✸✳✾✶✱ ✸✳✾✷✱ ✸✳✾✸✱
✸✳✾✹✱ ✸✳✾✺ ② ✸✳✾✻✳

P❛r❛ r❡✈✐s❛r ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❆❞❛♠s ❝©✱ ❡s ♥❡❝❡s❛r✐♦ ❛✈❡r✐❣✉❛r ❝✉❛❧ ❡s ❡❧ t✐❡♠♣♦ ❡♥ ❡❧
q✉❡ ❡❧ ❝✉❡r♣♦ B s❡ ❞❡s♣❧❛③❛ ✷ ♣✐❡s ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳ ❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ✜❣✉r❛ ✸✳✾✵✱ ❡❧
t✐❡♠♣♦ q✉❡ t❛r❞❛ ❡❧ ❝✉❡r♣♦ ❡s ✐❣✉❛❧ ❛ ✷✳✷✹✺ s❡❣✉♥❞♦s✳

✽✷



❋✐❣✉r❛ ✸✳✾✵✿ ❘❡s✉❧t❛❞♦ ♣❛r❛ ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❞❡❧ ❝✉❡r♣♦ B ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳

❋✐❣✉r❛ ✸✳✾✶✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ A✳

❋✐❣✉r❛ ✸✳✾✷✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ B✳

✽✸



❋✐❣✉r❛ ✸✳✾✸✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡ ❧♦s ❝✉❡r♣♦s A ② B✳

❋✐❣✉r❛ ✸✳✾✹✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ tr❛s❧❛❝✐♦♥❛❧ ❞❡❧ ❝✉❡r♣♦ A ② B ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳

❋✐❣✉r❛ ✸✳✾✺✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛s ❢✉❡r③❛s ❞❡ ❢r✐❝❝✐ó♥ FrAk
② FrAk

✳

✽✹



❋✐❣✉r❛ ✸✳✾✻✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛s ❢✉❡r③❛s ❞❡ t❡♥s✐ó♥ T1 ② T2✳

❊st♦s r❡s✉❧t❛❞♦s ❝♦♥t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s
❛♥❛❧ít✐❝❛♠❡♥t❡✳ ❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ ❚❛❜❧❛
✸✳✺ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥❛❧ít✐❝❛ ② ♣♦r
♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❡♥ ❆❞❛♠s ❝© ♣❛r❛ ✉♥ t✐❡♠♣♦ t = 2.245 s✳

❚❛❜❧❛ ✸✳✺✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✺✳◦ ♣r♦❜❧❡♠❛ ❞❡ ♣♦❧❡❛s ② ❝❛❜❧❡s✳
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦ ❆❞❛♠s ❝©

aA 0.297604255 ft/s2 0.296 ft/s2

aB 0.59520851 ft/s2 0.5958 ft/s2

vA 0.7714975761 ft/s 0.7888 ft/s
vB 1.542995152 ft/s 1.5802 ft/s
T1 48.40698214 lbf 48.3705 lbf
T2 = T2B

= T2tierra
24.20349107 lbf 24.1854 lbf

d 2.0 ft 2.0 ft
FrAk

3 lbf 2.9976 lbf
FrBk

3.464161615 lbf 3.4613 lbf

❉❡❜❡ ♥♦t❛rs❡ q✉❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛s ❢✉❡r③❛s ② ❛❝❡❧❡r❛❝✐♦♥❡s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✱ ♥♦
s♦♥ ❝♦♥st❛♥t❡s ❞✉r❛♥t❡ t♦❞♦ ❡❧ ✐♥t❡r✈❛❧♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳ ▲♦s r❡s✉❧t❛❞♦s ♣r❡s❡♥t❛♥ ✉♥ tr❛♥s✐t♦r✐♦
❞❡ ✵✳✸ s❡❣✉♥❞♦s ❛♣r♦①✐♠❛❞❛♠❡♥t❡✳ ❉❡s♣✉és ❞❡ ❡s❡ tr❛♥s✐t♦r✐♦✱ ❧♦s r❡s✉❧t❛❞♦s s♦♥ ♠✉② ❛♣r♦①✐♠❛❞♦s
❛ ❧♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳

❉❡ ♠❛♥❡r❛ q✉❡✱ ❡st♦s r❡s✉❧t❛❞♦s ♠✉❡str❛♥ q✉❡ ❡♥ ❧❛ r❡❛❧✐❞❛❞✱ ❧♦s s✐st❡♠❛s ♠❡❝á♥✐❝♦s ♥♦ r❡s♣♦♥❞❡♥
❞❡ ♠❛♥❡r❛ ✐♥♠❡❞✐❛t❛ ❛ ❧❛s ❢✉❡r③❛s ❛♣❧✐❝❛❞❛s ❛❧ s✐st❡♠❛✳ P♦r ❧♦ q✉❡✱ ❧❛ ❡❧❛st✐❝✐❞❛❞ ❡ ✐♥❡r❝✐❛ ❞❡❧ s✐st❡♠❛✱
❤❛❝❡♥ q✉❡ ❧❛ r❡s♣✉❡st❛ ♣r❡s❡♥t❡ ✉♥ ❡stá❞♦ tr❛♥s✐t♦r✐♦ ❞✉r❛♥t❡ ❡❧ ❝✉❛❧ ♥♦ ❡s ♣♦s✐❜❧❡ ❝♦♠♣❛r❛r ❧♦s
r❡s✉❧t❛❞♦s✳ ❙✐♥ ❡♠❜❛r❣♦ ❧♦s ✈❛❧♦r❡s r❡♣♦rt❛❞♦s ♣❛r❛ t = 2.245 s ❝♦rr❡s♣♦♥❞❡♥ ❝❛s✐ ❡①❛❝t❛♠❡♥t❡ ❛❧
r❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦✳

✽✺



✸✳✻✳ ❙❡①t♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ♣♦r ❝❛❜❧❡s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✸✽ ❞❡❧ ❧✐❜r♦ ❞❡
❇❡❡r ❡t ❛❧✳ ❬✺❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✶✵✹✾✳

Pr♦❜❧❡♠❛✿ ❉♦s ❞✐s❝♦s ✉♥✐❢♦r♠❡s ② ❞♦s ❝✐❧✐♥❞r♦s ❡stá♥ ❡♥s❛♠❜❧❛❞♦s ❝♦♠♦ s❡ ✐♥❞✐❝❛✳ ❊❧ ❞✐s❝♦ A
♣❡s❛ 20 lb ② ❡❧ ❞✐s❝♦ B ♣❡s❛ 12 lb✳ ❙✐ ❡❧ s✐st❡♠❛ s❡ s✉❡❧t❛ ❞❡s❞❡ ❡❧ r❡♣♦s♦✱ ❞❡t❡r♠✐♥❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ (a)
❞❡❧ ❝✐❧✐♥❞r♦ C ② (b) ❞❡❧ ❝✐❧✐♥❞r♦ D✳ ▲♦s ❝✐❧✐♥❞r♦s s❡ ❡♥❝✉❡♥tr❛♥ ✉♥✐❞♦s ❛ ✉♥❛ s♦❧❛ ❝✉❡r❞❛ q✉❡ ♣❛s❛
s♦❜r❡ ❧♦s ❞✐s❝♦s✳ ❙✉♣♦♥❣❛ q✉❡ ♥♦ ♦❝✉rr❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❧❛ ❝✉❡r❞❛ ② ❧♦s ❝✐❧✐♥❞r♦s✳ ▲♦s ❞❛t♦s ❞❡❧
♣r♦❜❧❡♠❛ ❡stá♥ ❞❛❞♦s ♣♦r✿

rA = 8 in = 2/3 ft wA = 20 lbf
rB = 6 in = 0.5 ft wB = 12 lbf
wC = 15 lbf wD = 18 lbf

❋✐❣✉r❛ ✸✳✾✼✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✸✽ ❇❡❡r ❡t ❛❧✳ ❬✺❪✳

✸✳✻✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

P✉❡st♦ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❡❧ ❝❛❜❧❡ ② ❧❛ ♣♦❧❡❛s✱ s❡ t✐❡♥❡ q✉❡ ❧❛s ❝♦♠♣♦♥❡♥t❡s
t❛♥❣❡♥❝✐❛❧❡s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡❧ ♣✉♥t♦ P1 ❡♥ ❧❛ ♣♦❧❡❛ A ② ❞❡❧ ♣✉♥t♦ P2 ❡♥ ♣♦❧❡❛ B✱ s♦♥ ✐❣✉❛❧❡s
❡♥ ♠❛❣♥✐t✉❞✳ ❆ ♣❛rt✐r ❞❡ ❡st❡ r❡s✉❧t❛❞♦✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s t❛♥❣❡♥❝✐❛❧❡s
❡♥ ❧♦s ♣✉♥t♦s P1 ② P2✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ② ❞❡ s✉s r❛❞✐♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✾✽
② ❡❝✉❛❝✐ó♥ ✸✳✹✻✳

~αA×~rP1/OA
= −αAk̂×−rAî = αArAĵ = atAP1

= atBP2
= a = ~αB×~rP2/OB

= −αBk̂× rB î = −αBrB ĵ

❉❡ ♠❛♥❡r❛ q✉❡✿

a = rA αA = rB αB ❞❡ ♠❛♥❡r❛ q✉❡ αA =
a

rA
② αB =

a

rB
✭✸✳✹✻✮

✽✻



❈♦♥ ❡st❡ r❡s✉❧t❛❞♦ t❡r♠✐♥❛ ❧❛ ♣❛rt❡ ❝✐♥❡♠át✐❝❛ ❞❡❧ ♣r♦❜❧❡♠❛✳

P❛r❛ ❧❛ ❝✐♥ét✐❝❛ ❞❡❧ s✐st❡♠❛✱ s❡ ♦❜t✐❡♥❡♥ ❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛ ♣♦❧❡❛s✱
✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✾✽✱ ② ❛♣❧✐❝❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r ❡♥ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ♣♦❧❡❛s ② ❧❛ s❡❣✉♥❞❛ ❧❡② ❞❡
◆❡✇t♦♥✸ ❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❝✐❧✐♥❞r♦s✱ s❡ ❡♥❝✉❡♥tr❛ ✉♥❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛s
♣♦❧❡❛s ② ♣♦r ❝♦♥s❡❝✉❡♥❝✐❛ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ tr❛s❧❛❝✐♦♥❛❧ ❞❡ ❧♦s ❝✉❡r♣♦s C ② D✳

❋✐❣✉r❛ ✸✳✾✽✿ ❉✐❛❣r❛♠❛ ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡ ❧❛s ♣♦❧❡❛s A✱ B ② ❧♦s ❝✉❡r♣♦s C ② D✳

❉❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ♠♦♠❡♥t♦s ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣✉♥t♦ OA ❞❡ ❧❛ ♣♦❧❡❛ A✱ r❡s✉❧t❛✿

ΣMOA
= IOA

αA ❞♦♥❞❡ rA (T1 − T2) = −IOA
αA

❉❡ ♠❛♥❡r❛ q✉❡✿

T1 − T2 = −
IOA

rA
αA ✭✸✳✹✼✮

❉❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s ❝♦♥ r❡s♣❡❝t♦ ❛ y ❞❡❧ ❝✉❡r♣♦ C✱ r❡s✉❧t❛✿

ΣFy = mC a t❛❧ q✉❡ T1 − wC =
wC

g
a

P♦r ❧♦ q✉❡✿

T1 = wC

(

1 +
a

g

)

✭✸✳✹✽✮

✸❉❡❜❡ ♥♦t❛rs❡ q✉❡ ♥♦ ❡s ♥❡❝❡s❛r✐♦ ❡♠♣❧❡❛r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ◆❡✇t♦♥ ♣❛r❛ ❧❛s ♣♦❧❡❛s A ② B✱ ♣✉❡s ❛♠❜❛s ♣♦❧❡❛s
s❡ ❡♥❝✉❡♥tr❛♥ s✉❥❡t♦s ❛ r♦t❛❝✐ó♥ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❡❥❡ ✜❥♦ ❜❛r✐❝é♥tr✐❝♦✱ ❞❡ ♠❛♥❡r❛ q✉❡ ❡s❛s ❡❝✉❛❝✐♦♥❡s ú♥✐❝❛♠❡♥t❡
♣❡r♠✐t❡♥ ❞❡t❡r♠✐♥❛r ❧❛s r❡❛❝❝✐♦♥❡s ❡♥ ❧♦s ❝♦❥✐♥❡t❡s OA ② OB q✉❡ ♥♦ s♦♥ ❞❡ ✐♥t❡rés✳

✽✼



❙✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✽✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✼✮ ② ❞❡s♣❡❥❛♥❞♦ ❧❛ ❢✉❡r③❛ ❞❡ t❡♥s✐ó♥ T2✱ s❡
♦❜t✐❡♥❡✿

T2 = wC

(

1 +
a

g

)

+
IOA

rA
αA ✭✸✳✹✾✮

❉❡ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ♠♦♠❡♥t♦s ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣✉♥t♦ OB ❡♥ ❡❧ ❞✐s❝♦ B✱ r❡s✉❧t❛✿

ΣMOB
= −IOB

αB t❛❧ q✉❡ rB (T2 − T3) = −IOB
αB

❉❡ ❛q✉í q✉❡✿

T2 − T3 = −
IOB

rB
αB ✭✸✳✺✵✮

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s ❝♦♥ r❡s♣❡❝t♦ ❛ y ❞❡❧ ❝✉❡r♣♦ D✱ s❡ ♦❜t✐❡♥❡✿

ΣFy = −mD a ❞♦♥❞❡ T3 − wD = −wD

g
a

P♦r ❝♦♥s✐❣✉✐❡♥t❡✿

T3 = wD

(

1− a

g

)

✭✸✳✺✶✮

❙✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✺✶✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✺✵✮✱ s❡ ♦❜t✐❡♥❡✿

T2 = −
IOB

rB
αB −mD a+ wD ✭✸✳✺✷✮

■❣✉❛❧❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✸✳✺✷✮ ② ✭✸✳✹✾✮ s❡ ♦❜t✐❡♥❡ ❧❛ r❡❧❛❝✐ó♥✿

−IOB

rB
αB −

wD

g
a+ wD =

wC

g
a+ wC +

IOA

rA
αA

❆❤♦r❛ s✉st✐t✉②❡♥❞♦ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✻✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱
r❡s✉❧t❛

−IOB

rB

(

a

rB

)

− wD

g
a+ wD =

wC

g
a+ wC +

IOA

rA

(

a

rA

)

❉❡ ♠❛♥❡r❛ q✉❡✱ ❞❡s♣❡❥❛♥❞♦ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ tr❛s❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛✱ s❡ ♦r✐❣✐♥❛✿

a = − wC − wD

IOB

r2B
+

IOA

r2A
+

wD

g
+

wC

g

✭✸✳✺✸✮

P♦r ♦tr♦ ❧❛❞♦✱ s❡ s❛❜❡ q✉❡ ❧♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❡stá♥ ❞❛❞♦s ♣♦r✿

IOA
=

1

2
mAr

2

A =
1

2

(

20 lbf

32.2 ft/s2

)(

2

3
ft

)2

= 0.138026225 slug · ft2 = 19.8757764 slug · in2

IOB
=

1

2
mAr

2

A =
1

2

(

20 lbf

32.2 ft/s2

)(

2

3
ft

)2

= 0.138026225 slug · ft2 = 19.8757764 slug · in2

✽✽



❉❡ ♠❛♥❡r❛ q✉❡✱ s✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✺✸✮ ❞❛ ❝♦♠♦ r❡s✉❧t❛❞♦ ✉♥❛
❛❝❡❧❡r❛❝✐ó♥ ✐❣✉❛❧ ❛✿

a = − 15 lbf − 18 lbf
(

0.04658385093 slug · ft2
0.52ft2

)

+

(

0.138026225 slug · ft2
2/32ft2

)

+

(

18

32.2
slug

)

+

(

15

32.2
slug

)

P♦r ❝♦♥s✐❣✉✐❡♥t❡✿
a = |a| = aC = aD = 1.9714 ft/s2

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✻✮✱ s❡ ♦❜t✐❡♥❡ ❧♦s ✈❛❧♦r❡s ♣❛r❛ ❧❛s ❛❝❡❧❡r❛✲
❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛s ♣♦❧❡❛s A ② B✳ ❚❛❧ q✉❡✿

αA =
a

rA
=

1.971428571 ft/s2

2/3 ft
= 2.9571 rad/s2 �

αB =
a

rB
=

1.971428571 ft/s2

0.5 ft
= 3.9428 rad/s2 �

❊st♦s r❡s✉❧t❛❞♦s ✜♥❛❧✐③❛♥ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ♠❡❞✐❛♥t❡ ❧♦s ♠ét♦❞♦s ❛❜♦r❞❛❞♦s ❡♥ ❧❛s ❯♥✐✲
❞❛❞❡s ❞❡ ❆♣r❡♥❞✐③❛❥❡✱ ♠❡♥❝✐♦♥❛❞❛s ❛❧ ✐♥✐❝✐♦ ❞❡ ❡st❛ s❡❝❝✐ó♥✳

✸✳✻✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
s✐st❡♠❛s ❝♦♥ ❝❛❜❧❡s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ▼❛❝❤✐♥❡r② ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛✲
❧❛r q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥✱ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛ ❝❛❞❡♥❛ ② ❧❛
❝❛t❛r✐♥❛✳ ❊st♦s ✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛s s❡❝❝✐♦♥❡s ✷✳✷ ② ✷✳✷✳✶✱ ❡♥
❧❛s ♣á❣✐♥❛s ✶✶ ② ✶✷ ❞❡ ❡st❡ tr❛❜❛❥♦✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✸✽ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✾✾✳

❋✐❣✉r❛ ✸✳✾✾✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

✽✾



P♦r ♦tr♦ ❧❛❞♦✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s q✉❡ ❡sté ✉t✐❧✐③❛♥❞♦ ❡♥
❡❧ ❛♥á❧✐s✐s ❛♥❛❧ít✐❝♦ ② ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❡♥ ❆❞❛♠s ❝©✳ ▲❛s ✉♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡st❛ s✐♠✉❧❛❝✐ó♥ s❡
♠✉❡str❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✶✵✵✳

❋✐❣✉r❛ ✸✳✶✵✵✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛s ♣♦❧❡❛s A ② B s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✶✵✶✱ ❡♥ ❡st❡ ❝❛s♦ ❧❛s
♣♦❧❡❛s ♣r❡s❡♥t❛♥ ❧❛s ♠✐s♠❛s ♣r♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s✱ ♣♦r ❡st❛ r❛③ó♥ s♦❧♦ s❡ ♠✉❡str❛♥ ❧❛s ♣r♦♣✐❡✲
❞❛❞❡s ❞❡ ❧❛ ♣♦❧❡❛ A✳ ❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ s❡❧❡❝❝✐♦♥❛r ❧♦s r❛❞✐♦s ✐❣✉❛❧❡s ❛ ❧♦s ✐♥❞✐❝❛❞♦s
❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡❧ ♣r♦❜❧❡♠❛ ② s❡❧❡❝❝✐♦♥❛r ✉♥❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❛❝♦r❞❡ ❝♦♥ ❧♦s r❛❞✐♦s ❞❡ ❧❛s
♣♦❧❡❛s✳ ❊♥ ❡st❡ ❝❛s♦ ❞❡❜❡ ♥♦t❛rs❡ q✉❡ ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❞❡❜❡ s❡r ♠❛②♦r ❛ ❧❛ s✉♠❛ ❞❡ ❧♦s
r❛❞✐♦s ❞❡ ❞❡ ❧❛s ♣♦❧❡❛s✳

❋✐❣✉r❛ ✸✳✶✵✶✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛s ♣♦❧❡❛s A ② B✳

▲♦s ♣❛rá♠❡tr♦s ❞❡ ❧♦❝❛❧✐③❛❝✐ó♥ ❞❡ ❧❛s ♣♦❧❡❛s A ② B s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✸✳✶✵✷✭❛✮ ② ✸✳✶✵✷✭❜✮✱
♠✐❡♥tr❛s q✉❡ ❧❛ ✜❣✉r❛ ✸✳✶✵✸ ♠✉❡str❛ ❧❛s ❝♦♥✜❣✉r❛❝✐♦♥❡s ② ♣❛rá♠❡tr♦s ❞❡ ❧♦s ❝❛❜❧❡s q✉❡ ✉♥❡♥ ❧♦s
❝♦♥tr❛♣❡s♦s✳

✾✵



❋✐❣✉r❛ ✸✳✶✵✷✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ② ❞❡ ❧♦❝❛❧✐③❛❝✐ó♥ ❞❡ ❧❛s ♣♦❧❡❛s A ② B✳

✭❛✮ ❈♦♥✜❣✉r❛❝✐ó♥ ❞❡ ❧♦s ❝❛❜❧❡s ✭❜✮ P❛rá♠❡tr♦s ❞❡ ❧♦s ❝❛❜❧❡s

❋✐❣✉r❛ ✸✳✶✵✸✿ ❈♦♥✜❣✉r❛❝✐ó♥ ② ♣❛rá♠❡tr♦s ❞❡ ❧♦s ❝❛❜❧❡s✳

▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ♣♦❧❡❛s A ② B s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛s ✸✳✶✵✹✭❛✮ ② ✸✳✶✵✹✭❜✮✳
❉❡❜❡ ♥♦t❛rs❡ q✉❡ ❧♦s ❞❛t♦s ♠ás ✐♠♣♦rt❛♥t❡s s♦♥ ❧❛s ♠❛s❛s ❞❡ ❧❛s ♣♦❧❡❛s ② ❧♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛
❞❡ ❧❛s ♣♦❧❡❛s r❡s♣❡❝t♦ ❛❧ ❡❥❡ z q✉❡ ♣❛s❛ ♣♦r ❡❧ ❝❡♥tr♦ ❞❡ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ♣♦❧❡❛s✳ ❊st♦s ✈❛❧♦r❡s ❞❡❜❡♥
❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ❡♠♣❧❡❛❞♦s ❡♥ ❧❛ s♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛ ❞❡❧ ♣r♦❜❧❡♠❛✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥
r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y✱ ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦✱ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡
❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ✉♥ ❞✐s❝♦✱ s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛
❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✳

✾✶



✭❛✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛ A ✭❜✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛ B

❋✐❣✉r❛ ✸✳✶✵✹✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ♣♦❧❡❛s A ② B✳

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✵✳✾ s❡❣✉♥❞♦s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦
❞❡ ♣❛s♦s ✐❣✉❛❧ ❛ ✺✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞✐♥á♠✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✶✵✺✳ ▲❛ s❡❧❡❝❝✐ó♥
❞❡❧ t✐❡♠♣♦ ❡s ❛r❜✐tr❛r✐❛ ② ❡♥ ♠✉❝❤♦s ❝❛s♦s✱ só❧♦ ❡❧ t✐❡♠♣♦ ✐♥✐❝✐❛❧ ❡s ❞❡ ✐♥t❡rés❀ s✐♥ ❡♠❜❛r❣♦✱ ❡♥ ❡st❡
❝❛s♦ ❧❛ s♦❧✉❝✐ó♥ ❡s ✈á❧✐❞❛ ♣❛r❛ t♦❞♦ t✐❡♠♣♦✱ ♦❜✈✐❛♠❡♥t❡ ♠❛②♦r q✉❡ 0❀ ♣♦r ♦tr♦ ❧❛❞♦ ❧❛ s❡❧❡❝❝✐ó♥
❞❡ ❧♦s ♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡
❝ó♠♣✉t♦✱ s✐ ❧❛s ❤❛②✳

❋✐❣✉r❛ ✸✳✶✵✺✿ P❛rá♠❡tr♦s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛❧ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és
❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✸✳✶✵✻✱ ✸✳✶✵✼✱ ✸✳✶✵✽ ② ✸✳✶✵✾✳

✾✷



❉❡❜❡ ♥♦t❛rs❡ q✉❡ s❡ s♦❧✐❝✐t❛ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛s ❝❛t❛r✐♥❛s ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡❧ ❡❥❡ z✳
❊✈✐❞❡♥t❡♠❡♥t❡✱ s✐ ❤❛② ♦tr❛s ✈❛r✐❛❜❧❡s ❞❡ ✐♥t❡rés✱ ♣✉❡❞❡♥ s♦❧✐❝✐t❛rs❡✳

❋✐❣✉r❛ ✸✳✶✵✻✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❛❝❡❧❡r❛❝✐ó♥ tr❛s❧❛❝✐♦♥❛❧ ❞❡❧ ❝✉❡r♣♦ C✳

❋✐❣✉r❛ ✸✳✶✵✼✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❛❝❡❧❡r❛❝✐ó♥ tr❛s❧❛❝✐♦♥❛❧ ❞❡❧ ❝✉❡r♣♦ D✳

❋✐❣✉r❛ ✸✳✶✵✽✿ ❙♦❧✐❝✐t✉❞ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A✳

❋✐❣✉r❛ ✸✳✶✵✾✿ ❙♦❧✐❝✐t✉❞ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ B✳

✾✸



▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© ❡stá♥ ❞❛❞♦s ❞❡ ♠❛♥❡r❛ ❣rá✜❝❛ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✶✶✵
② ✸✳✶✶✶✳

❋✐❣✉r❛ ✸✳✶✶✵✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s tr❛s❧❛❝✐♦♥❛❧❡s ❞❡ ❧♦s ❝✉❡r♣♦s C ② D✳

❋✐❣✉r❛ ✸✳✶✶✶✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛s ♣♦❧❡❛s A ② B✳

▲♦s r❡s✉❧t❛❞♦s ♠♦str❛❞♦s ❡♥ ❧❛s ❣rá✜❝❛ ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s tr❛s❧❛❝✐♦♥❛❧❡s ❞❡ ❧♦s ❝✉❡r♣♦s C ②
D✱ ❢✉❡r♦♥ ♠♦❞✐✜❝❛❞♦s ♣❛r❛ ♠♦str❛r ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ❛♥á❧✐s✐s
❛♥❛❧ít✐❝♦✱ ❡st♦ ♣❛r❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❝✉❡r❞❛s✳ ❊♥ ❡st❡ ❝❛s♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✉♥✐❞❛❞❡s ❢✉é ❞❡ ♣✉❧❣❛❞❛s ❛
♣✐❡s✱ ♣♦r ❧♦ q✉❡ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡ ❧♦s ❝✉❡r♣♦ C ② B s❡ ❞✐✈✐❞✐❡r♦♥ ❡♥tr❡
✶✷✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✸✳✶✶✷✳

✾✹



❋✐❣✉r❛ ✸✳✶✶✷✿ ❈❛♠❜✐♦ ❞❡ ✉♥✐❞❛❞❡s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛s ♣♦❧❡❛s A ② B ❡♥ ❆❞❛♠s ❝©✳

▲❛ ❚❛❜❧❛ ✸✳✻ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥á❧✐t✐❝❛ ② ♣♦r ♠❡❞✐♦
❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

❚❛❜❧❛ ✸✳✻✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✻✳◦ ♣r♦❜❧❡♠❛ ❞❡ ♣♦❧❡❛s ② ❝❛❜❧❡s✳
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

aC 1.9714 ft/s2 ↑ 1.9693 ft/s2 ↑
aD 1.9714 ft/s2 ↓ 1.9693 ft/s2 ↓
αA 2.9571 rad/s2 � 2.9535 rad/s2 �

αB 3.9428 rad/s2 � 3.9384 rad/s2 �

❆ ❞✐❢❡r❡♥❝✐❛ ❞❡❧ ♠ét♦❞♦ ❛♥❛❧ít✐❝♦✱ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s tr❛s❧❛❝✐♦♥❛❧❡s ❞❡ ❧♦s ❝✉❡r♣♦s ②
❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛s ♣♦❧❡❛s✱ ♥♦ s♦♥ ❝♦♥st❛♥t❡s ♣❛r❛ t♦❞♦ ❡❧ ✐♥t❡r✈❛❧♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳
❊①✐st❡ ✉♥ tr❛♥s✐t♦r✐♦ q✉❡ ❞✉r❛✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s tr❛s❧❛❝✐♦♥❛❧❡s ❞❡ 0.05 s ② ♣❛r❛ ❡❧ ❝❛s♦
❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❛❧r❡❞❡❞♦r ❞❡ 0.5 s✳ ❊st♦s r❡s✉❧t❛❞♦s ✐♥❡s♣❡r❛❞♦s ✐♥❞✐❝❛♥ q✉❡ ❡♥ ❧❛
r❡❛❧✐❞❛❞✱ ❧♦s s✐st❡♠❛s ♠❡❝á♥✐❝♦s ♥♦ r❡s♣♦♥❞❡♥ ❞❡ ♠❛♥❡r❛ ✐♥♠❡❞✐❛t❛✳ ❊st♦ ❞❡❜✐❞♦ ❛ ❧❛ ✐♥❡r❝✐❛ ❞❡ ❧❛s
♣♦❧❡❛s ② ❞❡❧ ❝❛❜❧❡❀ ② ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❡❧ást✐❝❛s ❞❡ ❧❛ ❝✉❡r❞❛✳ ❙✐♥ ❡♠❜❛r❣♦ ❧♦s ✈❛❧♦r❡s r❡♣♦rt❛❞♦s
♣❛r❛ t = 0.9 s ❝♦rr❡s♣♦♥❞❡♥ ❛❧ r❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦✳

✾✺



❈❛♣ít✉❧♦ ✹

❙✐st❡♠❛s ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s r❡s✉❡❧t♦s
♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❊♥ ❡st❡ ❝❛♣ít✉❧♦ s❡ ♣r❡s❡♥t❛♥ ❞✐❢❡r❡♥t❡s ♣r♦❜❧❡♠❛s q✉❡ ✐♥✈♦❧✉❝r❛♥ s✐st❡♠❛s ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s
② r❡♣r❡s❡♥t❛♥ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ♠ás r❡❧❡✈❛♥t❡s ❞❡ ❡st♦s s✐st❡♠❛s✳ ❚♦❞♦s ❡st♦s ♣r♦❜❧❡♠❛s s❡ r❡s♦❧✲
✈❡rá♥ ✐♥✐❝✐❛❧♠❡♥t❡ ♠❡❞✐❛♥t❡ ❧♦s ♠ét♦❞♦s ❛♥❛❧ít✐❝♦s q✉❡ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡
❝♦rr❡s♣♦♥❞✐❡♥t❡s ❡♥ ❧❛s ❧✐❝❡♥❝✐❛t✉r❛s ❞❡ ■♥❣❡♥✐❡rí❛ ▼❡❝á♥✐❝❛ ❡ ■♥❣❡♥✐❡rí❛ ▼❡❝❛tró♥✐❝❛ ❞❡ ❧❛ ❉✐✈✐s✐ó♥
❞❡ ■♥❣❡♥✐❡rí❛s ❞❡❧ ❈❛♠♣✉s ■r❛♣✉❛t♦✲❙❛❧❛♠❛♥❝❛ ❞❡ ❧❛ ❯♥✐✈❡rs✐❞❛❞ ❞❡ ●✉❛♥❛❥✉❛t♦✳ P♦st❡r✐♦r♠❡♥t❡
❡s♦s ♣r♦❜❧❡♠❛s s❡ r❡s✉❡❧✈❡♥ ♠❡❞✐❛♥t❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡❧
♠ó❞✉❧♦ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳ P♦r ❧❛ ♥❛t✉r❛❧❡③❛ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧❛s ❝❛t❛r✐♥❛s✱ ❧❛ t♦t❛❧✐❞❛❞ ❞❡ ❧♦s
♣r♦❜❧❡♠❛s ♣r❡s❡♥t❛❞♦s ❡♥ ❡st❡ ❝❛♣ít✉❧♦ ♣❡rt❡♥❡❝❡♥ ❛ ❧❛ ❞✐♥á♠✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✳

✹✳✶✳ Pr✐♠❡r ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✷✸ ❞❡❧ ❧✐❜r♦ ❞❡
❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✸✷✻✳

Pr♦❜❧❡♠❛ ✶✳ ❊❧ ❛s♣❛ ❝♦rt❛❞♦r❛ C ❞❡❧ ❝❡♣✐❧❧♦ ♣❛r❛ ♠❛❞❡r❛ ❡stá ✐♠♣✉❧s❛❞❛ ♣♦r ❧❛ ♣♦❧❡❛A♠♦♥t❛❞❛
❡♥ ❧❛ ✢❡❝❤❛ ❞❡ ❧❛ ❛r♠❛❞✉r❛ ❞❡❧ ♠♦t♦r ❝♦♠♦ ✐♥❞✐❝❛ ❧❛ ✜❣✉r❛ ✹✳✶✳ ❙✐ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❝♦♥st❛♥t❡
❞❡ ❧❛ ♣♦❧❡❛ A ❡s αA = 40 rad/s2✱ ❞❡t❡r♠✐♥❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❛s♣❛ ❝♦rt❛❞♦r❛ ❝✉❛♥❞♦ ❧❛ ♣♦❧❡❛
A ❤❛ r❡❛❧✐③❛❞♦ ✹✵✵ r❡✈♦❧✉❝✐♦♥❡s✱ ❛ ♣❛rt✐r ❞❡❧ r❡♣♦s♦✳ ▲❛s ❞✐♠❡♥s✐♦♥❡s ❞❡ ❧❛s ♣♦❧❡❛s ② ❞❡❧ ❞✐s❝♦✱ ❡stá♥
❞❛❞❛s ♣♦r✿ rC = 75mm✱ rB = 50mm ② rA = 25mm✳

✹✳✶✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

▲❛s ♣♦❧❡❛s A ② B ❡stá♥ s✉❥❡t❛s ❛ r♦t❛❝✐ó♥ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❡❥❡ ✜❥♦ ♣❡r♣❡♥❞✐❝✉❧❛r ❛❧ ♣❧❛♥♦ ❞❡❧
♣❛♣❡❧✱ q✉❡ ♣❛s❛♥ ♣♦r ❡❧ ♣✉♥t♦ OA ❞❡ ❧❛ ♣♦❧❡❛ A ② ❡❧ ♣✉♥t♦ OB ❞❡ ❧❛ ♣♦❧❡❛ B✳✶ P✉❡st♦ q✉❡ ❧❛
❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r αA ❞❡ ❧❛ ♣♦❧❡❛ A ❡s ❝♦♥st❛♥t❡✱ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦t❛❝✐ó♥ ❞❡ ❧❛ ♣♦❧❡❛ A ❡s
✉♥✐❢♦r♠❡♠❡♥t❡ ❛❝❡❧❡r❛❞♦✳ P♦r ❧♦ ❛♥t❡r✐♦r✱ ② ❝♦♥♦❝✐❡♥❞♦ q✉❡ ❧❛ ♣♦❧❡❛ A ♣❛rt❡ ❞❡❧ r❡♣♦s♦❀ ❡s ❞❡❝✐r✱
♣❛r❛ t = 0✱ ωA(0) = 0✱ ❧❛ ♣♦s✐❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A ② s✉ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❡stá♥ ❞❛❞❛s ♣♦r✿

✶P❛r❛ ❡❢❡❝t♦s ❞❡ ❡st❡ ♣r♦❜❧❡♠❛ ❡❧ ♠♦✈✐♠✐❡♥t♦ tr❛s❧❛❝✐♦♥❛❧ ❞❡❧ ❝❡♣✐❧❧♦ ♣✉❡❞❡ ❞❡s♣r❡❝✐❛rs❡ ② ❛ ❢❛❧t❛ ❞❡ ♠❛②♦r
✐♥❢♦r♠❛❝✐ó♥✱ s❡ s✉♣♦♥❞rá q✉❡ ❧❛ r♦t❛❝✐ó♥ ❡s ❡♥ s❡♥t✐❞♦ ❛♥t✐❤♦r❛r✐♦✳

✾✻



❋✐❣✉r❛ ✹✳✶✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✷✸ ❍✐❜❜❡❧❡r ❬✶✽❪✳

ωA(t) = αA t ✭✹✳✶✮

② ♣♦r✿

θA(t) =
1

2
αA t2 ✭✹✳✷✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✮✱ s❡ ♣✉❡❞❡ ❞❡t❡r♠✐♥❛r ❡❧ t✐❡♠♣♦ q✉❡ ❧❛
♣♦❧❡❛ A t❛r❞❛ ❡♥ ❡♥ r♦t❛r 400 r❡✈♦❧✉❝✐♦♥❡s✱ q✉❡ ❡s ✐❣✉❛❧ ❛ 800 π rad✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

t =

√

2 θA
αA

=

√

2 (800 π)

40

rad

rad/s2
= 11.20998243 s

P❛r❛ ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A✱ s❡ s✉st✐t✉②❡ ❡❧ ✈❛❧♦r ❞❡ t = 11.20998243 s
❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✮✱ ♣♦r ❧♦ q✉❡✿

ωA(t = 11.20998243 s) =

(

40
rad

s2

)

(11.20998243 s) = 448.3992973
rad

s
	

P✉❡st♦ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❧❛ ❜❛♥❞❛ ② ❧❛s ♣♦❧❡❛s✱ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡ ❧♦s ♣✉♥t♦s P1

❡♥ ❧❛ ♣♦❧❡❛ A ② ❡❧ ♣✉♥t♦ P2 ❡♥ ❧❛ ♣♦❧❡❛ B✱ s♦♥ ✐❣✉❛❧❡s✳ ❆ ♣❛rt✐r ❞❡ ❡st❡ r❡s✉❧t❛❞♦✱ s❡ ♦❜t✐❡♥❡ ❧❛
r❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜♦s ❞✐s❝♦s ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✶
② ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✸✳

❉❡ ♠❛♥❡r❛ q✉❡✿

~ωA × ~rP1/OA
= ωA k̂ × rA ĵ = −ωA rA î = ~vAP1

= ~vBP2
= ~ωB × ~rP2/OB

= ωB k̂ × rB ĵ = −ωB rB î

P♦r ❝♦♥s✐❣✉✐❡♥t❡✿

rA ωA = rB ωB ❞♦♥❞❡ ωB =
rB
rA

ωA ✭✹✳✸✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✮✱ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r r❡s✉❧t❛✿

ωB =

(

448.3992973
rad

s

)(

125mm

20mm

)

= 224.1996487
rad

s
	

✾✼



❙❡ s❛❜❡ q✉❡ ❡❧ ❝❡♣✐❧❧♦ C s❡ ❡♥❝✉❡♥tr❛ rí❣✐❞❛♠❡♥t❡ ✉♥✐❞♦ ❛ ❧❛ ♣♦❧❡❛ B✱ ♣♦r ❧♦ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞
❛♥❣✉❧❛r ❞❡❧ ❝❡♣✐❧❧♦ C ❡s ❧❛ ♠✐s♠❛ q✉❡ ❧❛ ♣♦❧❡❛ B✳ ❉❡ ❛q✉í q✉❡✿

ωC = ωB = 224.1996487
rad

s
	

P♦r ♦tr♦ ❧❛❞♦✱ ❡s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r q✉❡ ❡❧ r❛❞✐♦ ❞❡ ❧❛s ❛s♣❛s ❝♦rt❛❞♦r❛s ❞❡❧ ❝❡♣✐❧❧♦ ♣❛r❛ ♠❛❞❡r❛✱
♥♦ ✐♥✢✉②❡ ❡♥ ❛❜s♦❧✉t♦ ❡♥ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛✳ ❊st❛ ❝❛r❛❝t❡ríst✐❝❛ ❡s ✐♠♣♦rt❛♥t❡✱ ♣♦rq✉❡ ♦❜❧✐❣❛
❛❧ ❡st✉❞✐❛♥t❡ ❛ ❞✐s❝r✐♠✐♥❛r ❧♦s ❞❛t♦s q✉❡ ♥♦ s♦♥ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛✳

✹✳✶✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ▼❛❝❤✐♥❡r②✱ ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡✲
ñ❛❧❛r q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥✱ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛ ❝❛❞❡♥❛ ②
❧❛ ❝❛t❛r✐♥❛✳ ❊st♦s ✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛s s❡❝❝✐♦♥❡s ✷✳✸ ② ✷✳✸✳✸✱ ❡♥
❧❛s ♣á❣✐♥❛s ✶✹ ② ✶✼ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❊s ♥❡❝❡s❛r✐♦ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ❝❛❞❡♥❛✱ s❡
❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐♥❛❞❛ ✏❈♦♥str❛✐♥t✑ ✳ ❊st❛ ♦♣❝✐ó♥ s❡ ❡♠♣❧❡❛ ❝✉❛♥❞♦
ú♥✐❝❛♠❡♥t❡ s❡ ❞❡s❡❛ ❛♥❛❧✐③❛r ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❝♦♥st❛♥t❡✳ ❆❧
s❡❧❡❝❝✐♦♥❛r ❡st❡ t✐♣♦ ❞❡ ❛♥á❧✐s✐s s✐♠♣❧✐✜❝❛❞♦✱ ❆❞❛♠s ❝© ❞❡s♣r❡❝✐❛ ❧♦s ❝♦♠♣♦♥❡♥t❡s ② ❧♦s ❡s❧❛❜♦♥❡s ❞❡
❧❛ ❝❛❞❡♥❛❀ ❛sí ♠✐s♠♦✱ ❧❛s ❢✉❡r③❛s ✐♥✈♦❧✉❝r❛❞❛s ❡♥ ❡❧ s✐st❡♠❛✳ P♦r ❡s❛ r❛③ó♥ s❡ ♣✉❡❞❡ ✉s❛r ❝❛❞❡♥❛s ②
❝❛t❛r✐♥❛s ❝✉❛♥❞♦ ❡❧ ♣r♦❜❧❡♠❛ ✐♥❞✐❝❛ q✉❡ ❧❛ tr❛♥s♠✐s✐ó♥ s❡ r❡❛❧✐③❛ ♠❡❞✐❛♥t❡ ✉♥❛ ❜❛♥❞❛✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✷✸ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✷✳

❋✐❣✉r❛ ✹✳✷✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛
s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✹✳✸✭❛✮✳ ❊❧ t✐♣♦ ❞❡ ❝❛❞❡♥❛ ❡s ❡❧ ♠✐s♠♦ ♣❛r❛ ❛♠❜❛s
❝❛t❛r✐♥❛s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✸✭❜✮✳ ❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡✱ s❡ s❡❧❡❝❝✐♦♥ó ✉♥❛ ❝❛❞❡♥❛ ❞❡ r♦❞✐❧❧♦s ② ❧❛
❝❛t❛r✐♥❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡✳

✾✽



✭❛✮ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧
♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©

✭❜✮ ❚✐♣♦ ❞❡ ❝❛❞❡♥❛ ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©

❋✐❣✉r❛ ✹✳✸✿ ❯♥✐❞❛❞❡s ② t✐♣♦ ❞❡ ❝❛❞❡♥❛s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

▲❛ ✜❣✉r❛ ✹✳✹✱ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛✱ q✉❡ ❞❡❜❡ s❡r ❡❧
♠✐s♠♦ ♣❛r❛ ❛♠❜❛s ❝❛t❛r✐♥❛s✳ ❊s ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡❧ ♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡s ❡❧ ❞❡♥♦♠✐♥❛❞♦
✏❈♦♥str❛✐♥t✑ ✳ ❈♦♠♦ s❡ ♣✉❡❞❡ ❧❡❡r ❡♥ ❧❛ ❞❡s❝r✐♣❝✐ó♥✱ ❡st❡ ♠ét♦❞♦ ú♥✐❝❛♠❡♥t❡ ❧❛ tr❛♥s♠✐s✐ó♥✱ r❡✲
❞✉❝❝✐ó♥ ♦ ❛♠♣❧✐✜❝❛❝✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❡s ❞❡ ✐♥t❡rés✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✹✳

❋✐❣✉r❛ ✹✳✹✿ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✳

▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧♦s ❞✐s❝♦s A ② B✱ ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ❝❛t❛r✐♥❛s✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s
✜❣✉r❛s ✹✳✺✭❛✮ ② ✹✳✺✭❜✮✳ ❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ s❡❧❡❝❝✐♦♥❛r ❧♦s r❛❞✐♦s ✐❣✉❛❧❡s ❛ ❧♦s ✐♥❞✐❝❛❞♦s
❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡❧ ♣r♦❜❧❡♠❛✱ ② s❡❧❡❝❝✐♦♥❛r ✉♥❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❛❝♦r❞❡ ❝♦♥ ❧♦s r❛❞✐♦s ❞❡ ❧♦s
❞✐s❝♦s✱ ❝❛t❛r✐♥❛s✳ ❊♥ ❡st❡ ❝❛s♦✱ ❞❡❜❡ ♥♦t❛rs❡ q✉❡ ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❞❡❜❡ s❡r ♠❛②♦r ❛ ❧❛ s✉♠❛
❞❡ ❧♦s r❛❞✐♦s ❞❡ ❧♦s ❞✐s❝♦s✱ ❝❛t❛r✐♥❛s✳

P♦r ♦tr♦ ❧❛❞♦✱ ❧♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧♦s ❞✐s❝♦s✱ ❝❛t❛r✐♥❛s✱ A ② B✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s
✹✳✻✭❛✮ ② ✹✳✻✭❜✮✳ ❉❡❜❡ ♥♦t❛rs❡ q✉❡ ❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✷✸ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❝✐♥❡♠át✐❝❛ ❞❡ ❝✉❡r♣♦s rí❣✐❞♦s✱
❧♦s ❞❛t♦s ❝♦♠♦ ❧❛s ♠❛s❛s ❞❡ ❧❛s ♣♦❧❡❛s✱ ❝❛t❛r✐♥❛s✱ ♥♦ s♦♥ ❞❡ ✐♥t❡rés ② ❝✉❛❧❡sq✉✐❡r❛ ✈❛❧♦r❡s q✉❡ ❡❧
♣r♦❣r❛♠❛ ❆❞❛♠s ❝© s❡❧❡❝❝✐♦♥❡✱ ♦ ❡❧ ✉s✉❛r✐♦ ❞❡s❡é s❡❧❡❝❝✐♦♥❛r✱ s❡rá♥ ❛❞❡❝✉❛❞♦s✳

✾✾



✭❛✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ❝❛t❛r✐♥❛ A

✭❜✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛s ❝❛t❛r✐♥❛ B

❋✐❣✉r❛ ✹✳✺✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛s ❝❛t❛r✐♥❛s A ② B✳

✭❛✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛ A

✭❜✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛ B

❋✐❣✉r❛ ✹✳✻✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ❝❛t❛r✐♥❛s A ② B✳

✶✵✵



P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ t = 11.21 s✱ q✉❡ ❡s ❡❧ t✐❡♠♣♦ q✉❡
t❛r❞❛ ❧❛ ♣♦❧❡❛ A ❡♥ ❣✐r❛r 400 r❡✈♦❧✉❝✐♦♥❡s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ❞❡ 1000 ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦
❞❡ s✐♠✉❧❛❝✐ó♥ ❝✐♥❡♠át✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✼✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛
♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱ s✐ ❧❛s ❤❛②✳

❋✐❣✉r❛ ✹✳✼✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛❧ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✹✳✽ ② ✹✳✾✳ ❉❡❜❡ ♥♦t❛rs❡ q✉❡ s❡
s♦❧✐❝✐t❛♥ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛s ❝❛t❛r✐♥❛s ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡❧ ❡❥❡ z✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ s✐ ❤❛②
♦tr❛s ✈❛r✐❛❜❧❡s ❞❡ ✐♥t❡rés✱ ♣✉❡❞❡♥ ✐❣✉❛❧♠❡♥t❡ s♦❧✐❝✐t❛rs❡✳

❋✐❣✉r❛ ✹✳✽✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✱ ❡stá♥ ❞❛❞♦s ❞❡ ♠❛♥❡r❛ ❣rá✜❝❛ ❡♥ ❧❛ ✜❣✉r❛
✹✳✺✵✳ ❈♦♠♦ ②❛ s❡ ♠❡♥❝✐♦♥ó✱ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ✈❛rí❛♥ ❞❡ ♠❛♥❡r❛ ❧✐♥❡❛❧ ❝♦♥ r❡s♣❡❝t♦ ❛❧ t✐❡♠♣♦
② ❛ ❧♦ ❧❛r❣♦ ❞❡ t♦❞♦ ❡❧ t✐❡♠♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥✱ ♣♦r ❧♦ q✉❡ ❧♦s r❡s✉❧t❛❞♦s ♠♦str❛❞♦s ❡♥ ❧❛ ✜❣✉r❛ ✹✳✺✵✱
❝♦rr❡s♣♦♥❞❡♥ ♣r❡❝✐s❛♠❡♥t❡ ♣❛r❛ ✉♥ t✐❡♠♣♦ ❞❡ t = 11.21 s✱ q✉❡ ❡s ❡❧ t✐❡♠♣♦ q✉❡ ❧❛ ♣♦❧❡❛ A t❛r❞❛ ❡♥
❣✐r❛r 400 r❡✈♦❧✉❝✐♦♥❡s✳

✶✵✶



❋✐❣✉r❛ ✹✳✾✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ B✳

❋✐❣✉r❛ ✹✳✶✵✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐✲
❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

▲❛ ❚❛❜❧❛ ✹✳✶ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥❛✲
❧ít✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳ ❈♦♠♦ ②❛ s❡ ♠❡♥❝✐♦♥ó✱ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s
❛♥❣✉❧❛r❡s ❞❡ ❧❛ ♣♦❧❡❛s A ② B ❝♦♠♦ ❢✉♥❝✐ó♥ ❞❡❧ t✐❡♠♣♦ ❡s ❧✐♥❡❛❧✱ ② ❡❧ ✈❛❧♦r ❞❡ ✐♥t❡rés ♣❛r❛ ❛♠❜❛s
✈❡❧♦❝✐❞❛❞❡s ❝♦rr❡s♣♦♥❞❡ ♣❛r❛ ❡❧ t✐❡♠♣♦ t = 11.21 s✳ ▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❧❛ s✐♠✉❧❛❝✐ó♥
t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳

❚❛❜❧❛ ✹✳✶✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✶✳❡r ♣r♦❜❧❡♠❛ ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✳
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

ωA 448.39929 rad/s 	 448.4 rad/s 	

ωB 224.19964 rad/s 	 224.2 rad/s 	

ωC 224.19964 rad/s 	 224.2 rad/s 	

✶✵✷



✹✳✷✳ ❙❡❣✉♥❞♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✸✵ ❞❡❧ ❧✐❜r♦ ❞❡
❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✸✷✽✳

Pr♦❜❧❡♠❛ ✷✳ ❙✐ ❡♥ ✉♥ ♣r✐♥❝✐♣✐♦ ❡❧ ♦♣❡r❛❞♦r ✐♠♣✉❧s❛ ❧♦s ♣❡❞❛❧❡s ❛ 20 rev/min ② ❧✉❡❣♦ ✐♥✐❝✐❛ ✉♥❛
❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ 30 rev/min2✱ ❞❡t❡r♠✐♥❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ✈♦❧❛♥t❡ F ❝✉♥❞♦ t = 3 s✳
❖❜s❡r✈❡ q✉❡ ❡❧ ❜r❛③♦ ❞❡❧ ♣❡❞❛❧ ❡stá ❝♦♥❡❝t❛❞❛ ❛❧ ♣❧❛t♦ ❞❡ ❧❛ ❝❛❞❡♥❛ A✱ ❧❛ ❝✉❛❧ ❛❧ ❣✐r❛r ✐♠♣✉❧s❛ ❧❛
♣♦❧❡❛ ❛❝❛♥❛❧❛❞❛ B ♠❡❞✐❛♥t❡ ✉♥ ❡♥❣r❛♥❡ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦ D✳ ▲❛ ❜❛♥❞❛ s❡ ❡♥r♦❧❧❛ ❛❧r❡❞❡❞♦r ❞❡ ❧❛
♣♦❧❡❛ ❛❝❛♥❛❧❛❞❛ ② ❧✉❡❣♦ ✐♠♣✉❧s❛ ❧❛ ♣♦❧❡❛ E ② ❡❧ ✈♦❧❛♥t❡ ✉♥✐❞♦ rí❣✐❞❛♠❡♥t❡✳ ▲❛s ❞✐♠❡♥s✐♦♥❡s ❞❡ ❧❛s
♣♦❧❡❛s ② ❝❛t❛r✐♥❛s✱ ❡stá♥ ❞❛❞❛s ♣♦r✿ rA = 125mm✱ rB = 175mm✱ rD = 20mm ② rE = 30mm

❋✐❣✉r❛ ✹✳✶✶✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✸✵ ❍✐❜❜❡❧❡r ❬✶✽❪✳

✹✳✷✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

❙❡ s❛❜❡ q✉❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ ✉♥✐❞❛ ❛❧ ♣❡❞❛❧ αA ❡s ❝♦♥st❛♥t❡✱ ♣♦r ❧♦ q✉❡ ❡❧
s✐st❡♠❛ s❡ ♣✉❡❞❡ ❛♥❛❧✐③❛r ❝♦♠♦ ✉♥ ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦t❛❝✐ó♥ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❡❥❡ ✜❥♦ ② ✉♥✐❢♦r♠❡♠❡♥t❡
❛❝❡❧❡r❛❞♦✳ P♦r ❧♦ t❛♥t♦✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A ❡stá ❞❛❞❛ ♣♦r✿

ωA = ωA0
+ αAt ✭✹✳✹✮

▲❛ ❝❛t❛r✐♥❛ A t✐❡♥❡ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ✐♥✐❝✐❛❧ ✐❣✉❛❧ ❛ 20 rev/min✳ ❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s
♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✹✮ ♣❛r❛ t = 3 s✱ r❡s✉❧t❛✿

ωA (3 s) =
(

20
rev

min

)

+
(

30
rev

min2

)

(3 s)

(

1min

60 s

)

= 21.5
rev

min
�

✶✵✸



P✉❡st♦ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❧❛ ❝❛t❛r✐♥❛ A ② ❧❛ ❝❛❞❡♥❛✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❡♥ ❡❧ ♣✉♥t♦ P1

❡♥ ❧❛ ❝❛t❛r✐♥❛ A ② ❞❡❧ ♣✉♥t♦ P2 ❡♥ ❧❛ ❝❛t❛r✐♥❛ B✱ s♦♥ ✐❣✉❛❧❡s✳ ❆ ♣❛rt✐r ❞❡ ❡st❡ r❡s✉❧t❛❞♦✱ s❡ ♦❜t✐❡♥❡
✉♥❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜❛s ❝❛t❛r✐♥❛s ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s✱ ✈❡❛ ❧❛
✜❣✉r❛ ✹✳✶✶ ② ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✺✮✳

❉❡ ♠❛♥❡r❛ q✉❡✿

~ωA × ~rP1/OA
= −ωA k̂ × rA ĵ = ωA rA î = vAP1

= vDP2
= ~ωD × ~rP2/OD

= −ωD k̂ × rD ĵ = ωD rD î

P♦r ❝♦♥s✐❣✉✐❡♥t❡✿
rA ωA = rD ωD ❞♦♥❞❡ ωD =

rA
rD

ωA ✭✹✳✺✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡✿

ωD =
(

21.5
rev

min

)

(

125mm

20mm

)

= 134.375
rev

min
�

❙❡ s❛❜❡ q✉❡ ❧❛ ♣♦❧❡❛ B s❡ ❡♥❝✉❡♥tr❛ ✉♥✐❞❛ ❞❡ ❢♦r♠❛ rí❣✐❞❛ ❛ ❧❛ ❝❛t❛r✐♥❛ D✱ ♣♦r ❧♦ q✉❡✱ ❧❛ ✈❡❧♦❝✐❞❛❞
❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ D ❡s ❧❛ ♠✐s♠❛ q✉❡ ❧❛ ♣♦❧❡❛ B✳ P♦r ❝♦♥s✐❣✉✐❡♥t❡✿

ωB = ωD = 134.375
rev

min
�

❉❡ ♠❛♥❡r❛ s❡♠❡❥❛♥t❡✱ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡ ❧❛ ❜❛♥❞❛ ❡♥ ❧♦s ♣✉♥t♦s P3 ② P4 s♦♥ ✐❣✉❛❧❡s✱ ✈❡❛ ❧❛ ✜❣✉r❛
✹✳✶✶❀ ❞❡ ♠❛♥❡r❛ q✉❡✿

~ωB × ~rP3/OB
= −ωB k̂ × rB ĵ = ωB rB î = vBP3

= vEP4
= ~ωE × ~rP4/OE

= −ωE k̂ × rE ĵ = ωE rE î

P♦r ❧♦ q✉❡✿

rB ωB = rE ωE t❛❧ q✉❡ ωE =

(

rB
rE

)

ωB ✭✹✳✻✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡✿

ωE =
(

134
rev

min

)

(

175mm

30mm

)

= 783.8541
rev

min
�

❆❧ ❡st❛r ❡❧ ❞✐s❝♦ F ✉♥✐❞♦ ❞❡ ♠❛♥❡r❛ rí❣✐❞❛ ❛ ❧❛ ♣♦❧❡❛ E✱ s❡ ❞❡❞✉❝❡ q✉❡ s✉s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s
s♦♥ ✐❣✉❛❧❡s✱ ❞❡ ♠❛♥❡r❛ q✉❡✿

ωF = ωE = 783.8541
rev

min
�

✶✵✹



✹✳✷✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ▼❛❝❤✐♥❡r②✱ ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡✲
ñ❛❧❛r q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥✱ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛ ❝❛❞❡♥❛ ②
❧❛ ❝❛t❛r✐♥❛✳ ❊st♦s ✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛s s❡❝❝✐♦♥❡s ✷✳✸ ② ✷✳✸✳✸ ❡♥
❧❛s ♣á❣✐♥❛s ✶✹ ② ✶✼ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❊s ♥❡❝❡s❛r✐♦ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ❝❛❞❡♥❛✱ s❡
❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐♥❛❞❛ ✏❈♦♥str❛✐♥t✑ ✳ ❊st❛ ♦♣❝✐ó♥ s❡ ❡♠♣❧❡❛ ❝✉❛♥❞♦
ú♥✐❝❛♠❡♥t❡ s❡ ❞❡s❡❛ ❛♥❛❧✐③❛r ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❝♦♥st❛♥t❡✳ ❆❧
s❡❧❡❝❝✐♦♥❛r ❡st❡ t✐♣♦ ❞❡ ❛♥á❧✐s✐s s✐♠♣❧✐✜❝❛❞♦✱ ❆❞❛♠s ❝© ❞❡s♣r❡❝✐❛ ❧♦s ❝♦♠♣♦♥❡♥t❡s ② ❧♦s ❡s❧❛❜♦♥❡s ❞❡
❧❛ ❝❛❞❡♥❛❀ ❛sí ♠✐s♠♦✱ ❧❛s ❢✉❡r③❛s ✐♥✈♦❧✉❝r❛❞❛s ❡♥ ❡❧ s✐st❡♠❛✳ P♦r ❡s❛ r❛③ó♥ s❡ ♣✉❡❞❡ ✉s❛r ❝❛❞❡♥❛s ②
❝❛t❛r✐♥❛s ❝✉❛♥❞♦ ❡❧ ♣r♦❜❧❡♠❛ ✐♥❞✐❝❛ q✉❡ ❧❛ tr❛♥s♠✐s✐ó♥ s❡ r❡❛❧✐③❛ ♠❡❞✐❛♥t❡ ✉♥❛ ❜❛♥❞❛✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✸✵ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✶✷✳

✭❛✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s ✭❜✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡ ❛❧❛♠❜r❡

❋✐❣✉r❛ ✹✳✶✷✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛
s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✹✳✶✸✳

❋✐❣✉r❛ ✹✳✶✸✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

✶✵✺



▼ó❞✉❧♦ ❝❛❞❡♥❛ ❡♥ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

▲❛ ✜❣✉r❛ ✹✳✶✹✱ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❝❛❞❡♥❛ ❡♠♣❧❡❛❞♦ ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ✜❣✉r❛ ✹✳✶✺✱
♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ② q✉❡ ❞❡❜❡ s❡r ❡❧ ♠✐s♠♦ t❛♥t♦
♣❛r❛ ❡❧ ♣❛r ❞❡ ❝❛t❛r✐♥❛s ❝♦♠♦ ♣❛r❛ ❡❧ ♣❛r ❞❡ ♣♦❧❡❛s✳ ❊s ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡❧ ♠ét♦❞♦ ❞❡
❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡s ❡❧ ❞❡♥♦♠✐♥❛❞♦ ✏❈♦♥str❛✐♥t✑ ✱ ❡❧ ❝✉❛❧ ú♥✐❝❛♠❡♥t❡ ❧❛ tr❛♥s♠✐s✐ó♥✱ r❡❞✉❝❝✐ó♥ ♦
❛♠♣❧✐✜❝❛❝✐ó♥✱ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❡s ❞❡ ✐♥t❡rés✳

❋✐❣✉r❛ ✹✳✶✹✿ ❚✐♣♦ ❞❡ ❝❛❞❡♥❛ ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✱ ♣❛r❛ ❧❛ ❝❛t❛r✐♥❛ A✳

❋✐❣✉r❛ ✹✳✶✺✿ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✳

▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛s ❝❛t❛r✐♥❛s A ② D s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✹✳✶✻✭❛✮ ② ✹✳✶✻✭❜✮✳
❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ s❡❧❡❝❝✐♦♥❛r ❧♦s r❛❞✐♦s ✐❣✉❛❧❡s ❛ ❧♦s ✐♥❞✐❝❛❞♦s ❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡❧
♣r♦❜❧❡♠❛✱ ② s❡❧❡❝❝✐♦♥❛r ✉♥❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❛❝♦r❞❡ ❝♦♥ ❧♦s r❛❞✐♦s ❞❡ ❧❛s ❝❛t❛r✐♥❛s✳ ❊♥ ❡st❡ ❝❛✲
s♦✱ ❞❡❜❡ ♥♦t❛rs❡ q✉❡ ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❞❡❜❡ s❡r ♠❛②♦r ❛ ❧❛ s✉♠❛ ❞❡ ❧♦s r❛❞✐♦s ❞❡ ❧❛s ❝❛t❛r✐♥❛s✳

P♦r ♦tr♦ ❧❛❞♦✱ ❧♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ❝❛t❛r✐♥❛s A ② D✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✹✳✶✼
② ✹✳✶✽✳ ❉❡❜❡ ♥♦t❛rs❡ q✉❡ ❛❧ s❡r ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❝✐♥❡♠át✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✱ ❧♦s ❞❛t♦s ❝♦♠♦ ❧❛s
♠❛s❛s ❞❡ ❧❛s ❝❛t❛r✐♥❛s ♥♦ s♦♥ ❞❡ ✐♥t❡rés✱ ♣♦r ❧♦ q✉❡ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣♦♥❡r ❛t❡♥❝✐ó♥ ❡♥ ♠✐♥✐♠✐③❛r ❧❛
✐♥❡r❝✐❛ ❞❡ ❧❛s ❝❛t❛r✐♥❛s✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛
❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦✱ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ✉♥ ❞✐s❝♦✱
s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✳

✶✵✻



✭❛✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ❝❛t❛r✐♥❛ A

✭❜✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ❝❛t❛r✐♥❛ D

❋✐❣✉r❛ ✹✳✶✻✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛s ❝❛t❛r✐♥❛s A ② B✳

❋✐❣✉r❛ ✹✳✶✼✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛ A

✶✵✼



❋✐❣✉r❛ ✹✳✶✽✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛ D

▼ó❞✉❧♦ ❜❛♥❞❛ ❡♥ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

▲❛ ✜❣✉r❛ ✹✳✶✾ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ♣♦❧❡❛ ❡♠♣❧❡❛❞❛ ❡♥ ❡st❡ ♠♦❞❡❧♦✳ ❊♥ ❡st❡ ❝❛s♦ s❡ ✐♠♣❧❡♠❡♥t❛r♦♥
♣♦❧❡❛s ❞❡❧ t✐♣♦ ❡♥ ❱✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ✜❣✉r❛ ✹✳✷✵ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥
❞❡❧ s✐st❡♠❛✳

❋✐❣✉r❛ ✹✳✶✾✿ ❚✐♣♦ ❞❡ ❜❛♥❞❛ ❡♠♣❧❡❛❞❛ ♣♦r ❆❞❛♠s ❝©✱ ♣❛r❛ ❧❛ ♣♦❧❡❛ B✳

❋✐❣✉r❛ ✹✳✷✵✿ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✳

✶✵✽



▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛s ♣♦❧❡❛s B ② E s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✹✳✷✶ ② ✹✳✷✷✳ ❊❧ ✉s✉❛r✐♦
❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ s❡❧❡❝❝✐♦♥❛r ❧♦s r❛❞✐♦s ✐❣✉❛❧❡s ❛ ❧♦s ✐♥❞✐❝❛❞♦s ❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡❧ ♣r♦❜❧❡♠❛✱
② s❡❧❡❝❝✐♦♥❛r ✉♥❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❛❝♦r❞❡ ❝♦♥ ❧♦s r❛❞✐♦s ❞❡ ❧❛s ❝❛t❛r✐♥❛s✳ ❊♥ ❡st❡ ❝❛s♦✱ ❞❡❜❡
♥♦t❛rs❡ q✉❡ ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❞❡❜❡ s❡r ♠❛②♦r ❛ ❧❛ s✉♠❛ ❞❡ ❧♦s r❛❞✐♦s ❞❡ ❧❛s ❝❛t❛r✐♥❛s✳

❋✐❣✉r❛ ✹✳✷✶✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ♣♦❧❡❛ B✳

❋✐❣✉r❛ ✹✳✷✷✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ♣♦❧❡❛ E✳

▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ♣♦❧❡❛s✱ B ② E✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✷✸✳ ❉❡❜❡ ♥♦t❛rs❡
q✉❡ ❛❧ s❡r ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❝✐♥❡♠át✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✱ ❧♦s ❞❛t♦s ❝♦♠♦ ❧❛s ♠❛s❛s ❞❡ ❧❛s ♣♦❧❡❛s
♥♦ s♦♥ ❞❡ ✐♥t❡rés✱ ♣♦r ❧♦ q✉❡ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣♦♥❡r ❛t❡♥❝✐ó♥ ❡♥ ♠✐♥✐♠✐③❛r ❧❛ ✐♥❡r❝✐❛ ❞❡ ❧❛s ♣♦❧❡❛s✳
▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥
❡♠❜❛r❣♦✱ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ✉♥ ❞✐s❝♦ s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛
♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✳

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✸ s❡❣✉♥❞♦s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦ ❞❡
♣❛s♦s ❞❡ ✶✵✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❝✐♥❡♠át✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✷✹✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s
♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱
s✐ ❧❛s ❤❛②✳

✶✵✾



✭❛✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛ B

✭❜✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛ E

❋✐❣✉r❛ ✹✳✷✸✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ♣♦❧❡❛s B ② E✳

❋✐❣✉r❛ ✹✳✷✹✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

✶✶✵



P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✹✳✷✺ ② ✹✳✷✻✳

✭❛✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A

✭❜✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ D

❋✐❣✉r❛ ✹✳✷✺✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❡♥ ❡❧ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡ ❆❞❛♠s ❝©✳

✭❛✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ B

✭❜✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ E

❋✐❣✉r❛ ✹✳✷✻✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛s ♣♦❧❡❛s ❡♥ ❡❧ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡ ❆❞❛♠s ❝©✳

✶✶✶



▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✹✳✷✼ ② ✹✳✷✽✳

❘❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❧❛s ❝❛t❛r✐♥❛s ❡♥ ❡❧ ♣♦st ♣r♦❝❡s❛❞♦r✳

❋✐❣✉r❛ ✹✳✷✼✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛s ❝❛t❛r✐♥❛s A ② D✳

❉❡ ♠❛♥❡r❛ q✉❡✿

ωA|t=0s =

(

2.0944
rad

s

)(

1 rev

2π rad

)(

60 s

1min

)

= 20.0
rev

min
�

ωA|t=3s = 2.2515
rad

s
= 21.5002

rev

min
�

ωD|t=3s = 14.0717
rad

s
= 134.3748

rev

min
�

❘❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❧❛s ♣♦❧❡❛s ❡♥ ❡❧ ♣♦st ♣r♦❝❡s❛❞♦r✳

❋✐❣✉r❛ ✹✳✷✽✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s✳

✶✶✷



P♦r ❧♦ q✉❡✿

ωB|t=3s =

(

14.0717
rad

s

)(

1 rev

2π rad

)(

60 s

1min

)

= 134.3748
rev

min
�

ωE|t=3s =

(

82.085
rad

s

)(

1 rev

2π rad

)(

60 s

1min

)

= 783.8540
rev

min
�

ωF |t=3s = ωE|t=3s = 783.8540
rev

min
�

❊st♦s r❡s✉❧t❛❞♦s ❝♦♥t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s
❛♥❛❧ít✐❝❛♠❡♥t❡✳ ❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛
s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ▲❛ ❚❛❜❧❛ ✹✳✷
♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥á❧✐t✐❝❛ ② ♣♦r ♠❡❞✐♦
❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

❚❛❜❧❛ ✹✳✷✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✷✳◦ ♣r♦❜❧❡♠❛ ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✳
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

ωA|t=0s 20.0 rev/min � 20.0 rev/min �

ωA|t=3s 21.5 rev/min � 21.5002 rev/min �

ωD|t=3s 134.375 rev/min � 134.3748 rev/min �

ωB|t=3s 134.375 rev/min � 134.3748 rev/min �

ωF |t=3s 783.854 rev/min � 783.8540 rev/min �

ωE|t=3s 783.854 rev/min � 783.8540 rev/min �

✹✳✸✳ ❚❡r❝❡r ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✸✶ ❞❡❧ ❧✐❜r♦ ❞❡
❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✸✷✽✳

Pr♦❜❧❡♠❛ ✸✳ ❙✐ ❡♥ ✉♥ ♣r✐♥❝✐♣✐♦ ❡❧ ♦♣❡r❛❞♦r ✐♠♣✉❧s❛ ❧♦s ♣❡❞❛❧❡s ❛ 12 rev/min ② ❧✉❡❣♦ ✐♥✐❝✐❛
✉♥❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ 8 rev/min2✱ ❞❡t❡r♠✐♥❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ✈♦❧❛♥t❡ F ❞❡s♣✉és q✉❡
❡❧ ♣❡❞❛❧ ❤❛ ❣✐r❛❞♦ ✷ r❡✈♦❧✉❝✐♦♥❡s✳ ❖❜s❡r✈❡ q✉❡ ❡❧ ❜r❛③♦ ❞❡❧ ♣❡❞❛❧ ❡stá ❝♦♥❡❝t❛❞♦ ❛ ❧❛ ❝❛❞❡♥❛ A✱ ❧❛
❝✉❛❧ ❛❧ ❣✐r❛r ✐♠♣✉❧s❛ ❧❛ ♣♦❧❡❛ ❛❝❛♥❛❧❛❞❛ B ♠❡❞✐❛♥t❡ ✉♥❛ ❝❛t❛r✐♥❛ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦ D✳ ▲❛ ❜❛♥❞❛ s❡
❡♥r♦❧❧❛ ❛❧r❡❞❡❞♦r ❞❡ ❧❛ ♣♦❧❡❛ ❛❝❛♥❛❧❛❞❛ ② ❧✉❡❣♦ ✐♠♣✉❧s❛ ❧❛ ♣♦❧❡❛ E ② ❡❧ ✈♦❧❛♥t❡ F ✳ ▲❛s ❞✐♠❡♥s✐♦♥❡s
❞❡ ❧❛s ♣♦❧❡❛ ② ❝❛t❛r✐♥❛s✱ ❡stá♥ ❞❛❞❛s ♣♦r✿ rA = 125mm✱ rB = 175mm✱ rD = 20mm ② rE = 30mm

✹✳✸✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

❙❡ s❛❜❡ q✉❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ ✉♥✐❞❛ ❛❧ ♣❡❞❛❧ αA ❡s ❝♦♥st❛♥t❡ ♣♦r ❧♦ q✉❡ ❡❧
s✐st❡♠❛ s❡ ♣✉❡❞❡ ❛♥❛❧✐③❛r ❝♦♠♦ ✉♥ s✐st❡♠❛ q✉❡ ❡stá s✉❥❡t♦ ❛ ✉♥ ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦t❛❝✐ó♥ ❛❧r❡❞❡❞♦r
❞❡ ✉♥ ❡❥❡ ✜❥♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❛❝❡❧❡r❛❞♦✳ ❉❡ ❛❝✉❡r❞♦ ❛ ❧♦ ❛♥t❡r✐♦r✱ ❧❛ ♣♦s✐❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛
A ② s✉ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❡stá♥ ❞❛❞❛ ♣♦r✿

✶✶✸



❋✐❣✉r❛ ✹✳✷✾✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✸✶ ❍✐❜❜❡❧❡r ❬✶✽❪✳

θA = ωA0
t+

1

2
αAt

2 ✭✹✳✼✮

ωA = ωA0
+ αAt ✭✹✳✽✮

P♦r ♦tr♦ ❧❛❞♦✱ s❡ s❛❜❡ q✉❡ ❧❛ ❝❛t❛r✐♥❛ A t✐❡♥❡ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ✐♥✐❝✐❛❧ ✐❣✉❛❧ ❛ 20 rev/min✳
❉❡ ♠❛♥❡r❛ q✉❡✱ s✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✼✮✱ s❡ ❞❡t❡r♠✐♥❛ ❧❛ ❡❝✉❛❝✐ó♥
❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ t✐❡♠♣♦✳ ❉❡ ❛q✉í q✉❡✿

2 rev =
(

12
rev

min

)

t+
1

2

(

8
rev

min2

)

t2 t❛❧ q✉❡ 4t2 + 12t− 2 = 0

❖❜t❡♥✐❡♥❞♦ ❧❛s r❛í❝❡s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❝✉❛❞rát✐❝❛ ❛♥t❡r✐♦r✱ s❡ ❡♥❝✉❡♥tr❛ ❡❧ t✐❡♠♣♦ q✉❡ t❛r❞❛ ❧❛
❝❛t❛r✐♥❛ A ❡♥ ❞❛r ❞♦s r❡✈♦❧✉❝✐♦♥❡s✱ ♣♦r ❧♦ q✉❡✿

t1 = 0.1583min

t2 = −3.1583min

❖❜✈✐❛♠❡♥t❡ ❡❧ t✐❡♠♣♦ q✉❡ t❛r❞❛ ❧❛ ❝❛t❛r✐♥❛ A ❡♥ ❞❛r ✷ r❡✈♦❧✉❝✐♦♥❡s ❡s ✐❣✉❛❧ ❛ t1✱ ♦ ❡♥ ♦tr❛s
♣❛❧❛❜r❛s✱ ❛ ❧❛ r❛í③ ♣♦s✐t✐✈❛ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❝✉❛❞rát✐❝❛✳

P❛r❛ ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A s❡ s✉st✐t✉②❡ ❡❧ ✈❛❧♦r ❞❡ t1 ❡♥ ❧❛ ❡❝✉❛❝✐ó♥
✭✹✳✾✮✱ ❞♦♥❞❡✿

ωA =
(

12
rev

min

)

+
(

8
rev

min2

)

(0.1583123952) = 13.26649916
rev

min
�

P✉❡st♦ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❧❛ ❝❛t❛r✐♥❛ A ② ❧❛ ❝❛❞❡♥❛✱ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❧❛ ✈❡❧♦✲
❝✐❞❛❞ ❡♥ ❡❧ ♣✉♥t♦ P1 ❞❡ ❧❛ ❝❛t❛r✐♥❛ A ② ❡♥ ❡❧ ♣✉♥t♦ P2 ❞❡ ❧❛ ❝❛t❛r✐♥❛ D✱ s♦♥ ✐❣✉❛❧❡s✳ ❆ ♣❛rt✐r ❞❡

✶✶✹



❡st❡ r❡s✉❧t❛❞♦✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜❛s ❝❛t❛r✐♥❛ ❡♥ ❢✉♥❝✐ó♥
❞❡ s✉s r❛❞✐♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✷✾ ② ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✾✮✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

~ωA × ~rP1/OA
= −ωA k̂ × rA ĵ = ωA rA î = vAP1

= vDP2
= ~ωD × ~rP2/OD

= −ωD k̂ × rD ĵ = ωD rD î

P♦r ❝♦♥s✐❣✉✐❡♥t❡✿

rA ωA = rD ωD ❞♦♥❞❡ ωD =
rA
rD

ωA ✭✹✳✾✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡✿

ωD =
(

13.26649916
rev

min

)

(

125mm

20mm

)

= 82.91561975
rev

min
= 8.682903396

rad

s
�

❙❡ s❛❜❡ q✉❡ ❧❛ ♣♦❧❡❛ B s❡ ❡♥❝✉❡♥tr❛ ✉♥✐❞❛ ❞❡ ❢♦r♠❛ ✜❥❛ ❛ ❧❛ ❝❛t❛r✐♥❛ D✱ ♣♦r ❧♦ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞
❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ D ❡s ❧❛ ♠✐s♠❛ q✉❡ ❧❛ ♣♦❧❡❛ B✳

ωB = ωD = 82.91561975
rev

min
= 8.682903396

rad

s
�

❙❡ s❛❜❡ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❜❛♥❞❛ ❡♥ ❡❧ ♣✉♥t♦ P3 ② ♣✉♥t♦ P4 s♦♥ ❧❛ ♠✐s♠❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✷✾✱
♣♦r ❧♦ t❛♥t♦✿

~ωB × ~rP3/OB
= −ωB k̂ × rB ĵ = ωB rB î = vBP3

= vEP4
= ~ωE × ~rP4/OE

= −ωE k̂ × rE ĵ = ωE rE î

❉❡ ♠❛♥❡r❛ q✉❡✿

rB ωB = rE ωE t❛❧ q✉❡ ωE =

(

rB
rE

)

ωB ✭✹✳✶✵✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡✿

ωE =
(

82.91561975
rev

min

)

(

175mm

30mm

)

= 483.6744485
rev

min
= 50.65026981

rad

s
�

❆❧ ❡st❛r ❡❧ ❞✐s❝♦ F ✉♥✐❞♦ ❞❡ ♠❛♥❡r❛ ✜❥❛ ❛ ❧❛ ♣♦❧❡❛ E✱ s❡ ❞❡❞✉❝❡ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡
❛♠❜♦s s♦♥ ❧❛ ♠✐s♠❛✱ ❞❡ ♠❛♥❡r❛ q✉❡✿

ωF = ωE = 483.6744485
rev

min
= 50.65026981

rad

s
�

✹✳✸✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ▼❛❝❤✐♥❡r②✱ ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡✲
ñ❛❧❛r q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♠✉❡str❛ ú♥✐❝❛♠❡♥t❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❡♥ ❡❧ ♣♦st ♣r♦❝❡s❛❞♦r ❞❡
❆❞❛♠s ❝©✱ ②❛ q✉❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❞✐s❡ñ♦ ❝♦♠♦ ❧♦s ❣❡♦♠étr✐❝♦s ❡ ✐♥❡r❝✐❛❧❡s ❞❡ ❧♦s ❡❧❡♠❡♥t♦s ❞❡♥tr♦
❞❡❧ ♠♦❞❡❧♦✱ s❡ ❡♥❝✉❡♥tr❛♥ ❞❡✜♥✐❞♦s ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✸✵ ❍✐❜❜❡❧❡r ❬✶✽❪✱ ✈❡❛ ❧❛ s❡❝❝✐ó♥
✹✳✸✳✶✳

✶✶✺



❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✸✶ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✸✵✳

✭❛✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s ✭❜✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡ ❛❧❛♠❜r❡

❋✐❣✉r❛ ✹✳✸✵✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r q✉❡ ❧❛s ♠♦❞✐✜❝❛❝✐♦♥❡s r❡❛❧✐③❛❞❛s ❡♥ ❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✸✶ ❍✐❜❜❡❧❡r ❬✶✽❪✱ ❝♦♠✲
♣❛r❛❞♦ ❛❧ ♣r♦❜❧❡♠❛ ✶✻✲✸✵ ❍✐❜❜❡❧❡r✱ ✈❡❛ ❧❛ s❡❝❝✐ó♥ ✹✳✷❀ r❡❝❛❡ ❡♥ ❧❛ ❢✉♥❝✐ó♥ q✉❡ ❞❡✜♥❡ ❧❛ ✈❡❧♦❝✐❞❛❞
❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ✐♥✐❝✐❛❧ ② ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♠✐s♠❛✳

▲❛ ❢✉♥❝✐ó♥ q✉❡ r✐❣❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝❛t❛r✐♥❛ A ❡stá ❞❡✜♥✐❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✾✮✳ ❊❧ ✉s✉❛r✐♦
❞❡❜❡ s❡r ❝♦♥s❝✐❡♥t❡ ❞❡❧ s✐st❡♠❛ ❞❡ ✉♥✐❞❛❞❡s q✉❡ ❡stá ✉t✐❧✐③❛♥❞♦ ❡♥ ❆❞❛♠s ❝©✱ ②❛ q✉❡ ❡st❛s r❡s✉❧t❛♥
❞❡ ❣r❛♥ ✐♠♣♦rt❛♥❝✐❛ ♣❛r❛ ❞❡✜♥✐r ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✳ P♦r ♦tr♦ ❧❛❞♦✱
❧❛s ✉♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❡st❡ ♣r♦❜❧❡♠❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✸✶✳

❋✐❣✉r❛ ✹✳✸✶✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ♣r♦❜❧❡♠❛✱ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ❡stá♥ ❞❛❞❛s ♣♦r✿

ωA0
= 12

rev

min
=

2

5
π
rad

s

αA = 8
rev

min2
=

1

225
π
rad

s2

✶✶✻



❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥ú♠❡r✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✾✮✱ s❡ ♦❜t✐❡♥❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✶✮ q✉❡ r✐❣❡ ❡❧
❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ ❝❛t❛r✐♥❛ A ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ t✐❡♠♣♦✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

ω (t) =

(

2

5
+

1

225
t

)

π
rad

s
✭✹✳✶✶✮

▲❛ ✜❣✉r❛ ✹✳✸✷ ♠✉❡str❛ ❧❛ ❢✉♥❝✐ó♥ q✉❡ ❞❡✜♥❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✱ ❛sí q✉❡✿

❋✐❣✉r❛ ✹✳✸✷✿ ❋✉♥❝✐ó♥ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✳

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ t1 = 9.4986s = 0.15831min✱ ❝♦♥
✉♥ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ❞❡ ✶✵✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❝✐♥❡♠át✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✸✸✳ ▲❛
s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧
t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱ s✐ ❧❛s ❤❛②✳

❋✐❣✉r❛ ✹✳✸✸✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

✶✶✼



P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ✈❡❛ ❧❛s ✜❣✉r❛s ✹✳✷✺ ② ✹✳✷✻ ❡♥ ❧❛s ♣á❣✐♥❛s ✶✶✶ ② ✶✶✶ ❞❡❧
♣r♦❜❧❡♠❛ ✶✻✲✸✵ ❍✐❜❜❡❧❡r ❬✶✽❪✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✹✳✸✹ ② ✹✳✸✺✳

❋✐❣✉r❛ ✹✳✸✹✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ✜❣✉r❛ ✹✳✸✹✱ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛s ❝❛t❛r✐♥❛s A ② D
r❡s✉❧t❛♥✿

ωA|t=0s =

(

1.2566
rad

s

)(

1 rev

2π rad

)(

60 s

1min

)

= 11.9996
rev

min
�

ωA|t=9.4986s = 1.38935
rad

s
= 13.2668

rev

min
�

ωD|t=9.4986s = 8.6829
rad

s
= 82.91558

rev

min
�

❋✐❣✉r❛ ✹✳✸✺✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s✳

✶✶✽



❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ✜❣✉r❛ ✹✳✸✺✱ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛s ❝❛t❛r✐♥❛s B✱ E
② ❡❧ ❞✐s❝♦ F r❡s✉❧t❛♥✿

ωB|t=9.4986s =

(

8.6829
rad

s

)(

1 rev

2π rad

)(

60 s

1min

)

= 82.91558
rev

min
�

ωE|t=9.4986s =

(

50.6502
rad

s

)(

1 rev

2π rad

)(

60 s

1min

)

= 483.67378
rev

min
�

ωF |t=9.4986s = ωE|t=9.4986s = 483.67378
rev

min
�

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❧❛ s✐♠✉❧❛❝✐ó♥ t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛✲
r❛♥ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s
❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛
❆❞❛♠s ❝©✳

▲❛ ❚❛❜❧❛ ✹✳✸ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛
❛♥á❧✐t✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳ ❈♦♠♦ s❡ ♠❡♥❝✐♦♥ó✱ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s
❛♥❣✉❧❛r❡s t❛♥t♦ ❞❡ ❧❛s ❝❛t❛r✐♥❛s A ② D✱ ❝♦♠♦ ❡❧ ❞❡ ❧❛s ♣♦❧❡❛s B ② E✱ t✐❡♥❡ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦
❧✐♥❡❛❧✳ P♦r ❝♦♥s✐❣✉✐❡♥t❡✱ ❡❧ ✈❛❧♦r ❞❡ ✐♥t❡rés ♣❛r❛ t♦❞❛s ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❡s ♣❛r❛ ✉♥ t✐❡♠♣♦
t = 9.4986 s = 0.15831min✳

❚❛❜❧❛ ✹✳✸✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✸✳❡r ♣r♦❜❧❡♠❛ ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✳
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

ωA|t=0s 12.0000 rev/min � 11.9996 rev/min �

ωA|t=9.4986s 13.2665 rev/min � 13.2668 rev/min �

ωD|t=9.4986s 82.9156 rev/min � 82.9155 rev/min �

ωB|t=9.4986s 82.9156 rev/min � 82.9155 rev/min �

ωE|t=9.4986s 483.6744 rev/min � 483.6737 rev/min �

ωF |t=9.4986s 483.6744 rev/min � 483.6737 rev/min �

✶✶✾



✹✳✹✳ ❈✉❛rt♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❡❥❡♠♣❧♦ ✶✻✲✷ ❞❡❧
❧✐❜r♦ ❞❡ ❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✸✷✶✳

Pr♦❜❧❡♠❛ ✹✳ ❊❧ ♠♦t♦r s❡ ✉t✐❧✐③❛ ♣❛r❛ ❤❛❝❡r ❣✐r❛r ✉♥ ❡♥s❛♠❜❧❡ ❞❡ r✉❡❞❛ ② s♦♣❧❛❞♦r ❛❧♦❥❛❞♦ ❡♥
✉♥❛ ❝❛❥❛✳ ▲♦s ❞❡t❛❧❧❡s ❞❡❧ ❞✐s❡ñ♦ s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✸✻✳ ❙✐ ❧❛ ♣♦❧❡❛ A ❝♦♥❡❝t❛❞❛ ❛❧ ♠♦t♦r
❝♦♠✐❡♥③❛ ❛ ❣✐r❛r ❞❡s❞❡ ❡❧ r❡♣♦s♦ ❝♦♥ ✉♥❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❝♦♥st❛♥t❡ ❞❡ αA = 2 rad/s2✱ ❞❡t❡r♠✐♥❡
❧❛s ♠❛❣♥✐t✉❞❡s ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ P ❡♥ ❧❛ r✉❡❞❛✱ ❞❡s♣✉és ❞❡ q✉❡ ❧❛ ♣♦❧❡❛ ❤❛
r❡❛❧✐③❛❞♦ ❞♦s r❡✈♦❧✉❝✐♦♥❡s✳ ❙✉♣♦♥❣❛ q✉❡ ❧❛ ❜❛♥❞❛ ❞❡ tr❛♥s♠✐s✐ó♥ ♥♦ s❡ r❡s❜❛❧❛ ❡♥ ❧❛ ♣♦❧❡❛ ② ❧❛
r✉❡❞❛✳ ▲❛s ❞✐♠❡♥s✐♦♥❡s ❞❡ ❧❛s ♣♦❧❡❛s ❡stá♥ ❞❛❞♦s ♣♦r rA = 0.15m ② rB = 0.4m✳

❋✐❣✉r❛ ✹✳✸✻✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✷ ❍✐❜❜❡❧❡r ❬✶✽❪✳

✹✳✹✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ♣r♦❜❧❡♠❛✱ ❧❛ ♣♦❧❡❛ ✉♥✐❞❛ ❛❧ ♠♦t♦r ♣❛rt❡ ❞❡❧ r❡♣♦s♦ ② ❣✐r❛ ✉♥ t♦t❛❧ ❞❡ ❞♦s
r❡✈♦❧✉❝✐♦♥❡s✱ ♣♦r ❧♦ q✉❡✿

θA = 2 rev

(

2π rad

1 rev

)

= 12.57 rad �

▲❛s ♣♦❧❡❛s A ② B ❡stá♥ s✉❥❡t❛s ❛ r♦t❛❝✐ó♥ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❡❥❡ ✜❥♦ ♣❡r♣❡♥❞✐❝✉❧❛r ❛❧ ♣❧❛♥♦ ❞❡❧
♣❛♣❡❧✱ q✉❡ ♣❛s❛ ♣♦r ❡❧ ♣✉♥t♦ OA ❞❡ ❧❛ ♣♦❧❡❛ A ② ❡❧ ♣✉♥t♦ OB ♣❛r❛ ❧❛ ♣♦❧❡❛ B✳ P✉❡st♦ q✉❡ ❧❛
❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r αA ❞❡ ❧❛ ♣♦❧❡❛ A ❡s ❝♦♥st❛♥t❡✱ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦t❛❝✐ó♥ ❞❡ ❧❛ ♣♦❧❡❛ A ❡s

✶✷✵



✉♥✐❢♦r♠❡♠❡♥t❡ ❛❝❡❧❡r❛❞♦✳ P♦r ❧♦ ❛♥t❡r✐♦r✱ ② ❝♦♥♦❝✐❡♥❞♦ q✉❡ ❧❛ ♣♦❧❡❛ A ♣❛rt❡ ❞❡❧ r❡♣♦s♦❀ ❡s ❞❡❝✐r✱
♣❛r❛ t = 0✱ ωA(0) = 0 ② θA(0) = 0✳ ❉❡ ♠❛♥❡r❛ q✉❡✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A ❡stá ❞❛❞❛
♣♦r✿

ω2

A = ω2

0
+ 2αA (θ − θ2) = 0 + 2αA (θ − 0) = 2

(

2 rad/s2
)

(12.57 rad)

P♦r ❧♦ t❛♥t♦✿
ωA = 7.09083916 rad/s �

P✉❡st♦ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❧❛ ♣♦❧❡❛ A ② ❧❛ ❜❛♥❞❛✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❧❛s ❝♦♠♣♦♥❡♥t❡s
t❛♥❣❡♥❝✐❛❧❡s ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ P1 ❡♥ ❧❛ ♣♦❧❡❛ A ② ❞❡❧ ♣✉♥t♦ P2 ❡♥ ❧❛ ♣♦❧❡❛ B✱ s♦♥ ✐❣✉❛❧❡s❀
✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✸✻✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

▲❛s ✈❡❧♦❝✐❞❛❞❡s ❡♥ ❧♦s ♣✉♥t♦ P1 ② P2✱ ❝♦♠♦ ♣❛rt❡ ❞❡ ❧❛s ♣♦❧❡❛s A ② B✱ r❡s✉❧t❛♥✿

~ωA × ~rP1/OA
= −ωA k̂ × rA î = −ωA rA ĵ = vAP1

= vBP2
= ~ωB × ~rP2/OB

= −ωB k̂ × rB î = −ωB rB ĵ

▲❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❡♥ ❧♦s ♣✉♥t♦s P1 ② P2✱ ❝♦♠♦ ♣❛rt❡ ❞❡ ❧❛s ♣♦❧❡❛s A ② B✱ r❡s✉❧t❛♥✿

~αA × ~rP1/OA
= −αA k̂ × rA î = −αA rA ĵ = atAP1

= atBP2
= ~αB × ~rP2/OB

= −αB k̂ × rB î = −αB rB ĵ

❆ ♣❛rt✐r ❞❡ ❡st❡ r❡s✉❧t❛❞♦✱ s❡ ♦❜t✐❡♥❡♥ ❞♦s r❡❧❛❝✐♦♥❡s✿ ❧❛ ♣r✐♠❡r❛✱ ❡♥tr❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s
❞❡ ❛♠❜❛s ♣♦❧❡❛s ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s❀ ❧❛ s❡❣✉♥❞❛✱ ❡♥tr❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜❛s
♣♦❧❡❛s ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s✱ ✈❡❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✶✷✮ ② ✭✹✳✶✸✮✳

rA ωA = rB ωB ❞♦♥❞❡ ωB =
rA
rB

ωA ✭✹✳✶✷✮

rA αA = rB αB ❞♦♥❞❡ αB =
rA
rB

αA ✭✹✳✶✸✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s✱ ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✶✷✮ ② ✭✹✳✶✸✮ s❡ ♦❜t✐❡♥❡ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ②
❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡✿

ωB = (7.09083916 rad/s)

(

0.15m

0.4m

)

= 2.659 rad/s �

αB =
(

2 rad/s2
)

(

0.15m

0.4m

)

= 0.75 rad/s2 �

❆♥á❧✐s✐s ❞❡ ✈❡❧♦❝✐❞❛❞❡s ② ❛❝❡❧❡r❛❝✐♦♥❡s t❛♥❣❡♥❝✐❛❧❡s ❞❡❧ ♣✉♥t♦ P ✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ❞✐❛❣r❛♠❛ ❝✐♥é♠❛t✐❝♦ ❞❡ ❧❛ ✜❣✉r❛ ✹✳✸✼✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❛❝❡❧❡r❛❝✐ó♥ t❛♥❣❡♥❝✐❛❧ s❡
❞❡✜♥❡♥ ❝♦♠♦✿

❱❡❧♦❝✐❞❛❞ ❡♥ ❡❧ ♣✉♥t♦ P ✳

vBP
= ~ωB × ~rP/OB

= −ωBk̂ ×−rB ĵ = −ωB rB î ✭✹✳✶✹✮

✶✷✶



❆❝❡❧❡r❛❝✐ó♥ t❛♥❣❡♥❝✐❛❧ ❡♥ ❡❧ ♣✉♥t♦ P ✳

atBP
= ~αB × ~rP/OB

= −αBk̂ ×−rB ĵ = −αB rB î ✭✹✳✶✺✮

❆❝❡❧❡r❛❝✐ó♥ ♥♦r♠❛❧ ❡♥ ❡❧ ♣✉♥t♦ P ✳

anBP
= ~ωB ×

(

~ωB × ~rP/OB

)

= −ωB k̂ ×
(

−ωB k̂ ×−rB ĵ
)

= ω2

BrB ĵ ✭✹✳✶✻✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✶✹✮✱ ✭✹✳✶✺✮ ② ✭✹✳✶✻✮✱ s❡ ♦❜t✐❡♥❡♥ ❧♦s ✈❛❧♦r❡s
❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s t❛♥❣❡♥❝✐❛❧ ② ♥♦r♠❛❧ ❡♥ ❡❧ ♣✉♥t♦ P ✳ ❚❛❧ q✉❡✿

vBP
= − (2.659064685 rad/s) (0.4m) î = −1.063625874 î m/s

atBP
= −

(

0.75 rad/s2
)

(0.4m) î = −0.3 î m/s2

anBP
= (2.659064685 rad/s)2 (0.4m) ĵ = 2.82825 ĵ m/s2

▲❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ P ❡stá ❞❛❞❛ ♣♦r✿

aP =

√

[atBP
]2 + [anBP

]2 =

√

(0.3m/s2)2 + (2.82825m/s2) = 2.84411694m/s2

❋✐❣✉r❛ ✹✳✸✼✿ ❉✐❛❣r❛♠❛ ❝✐♥❡♠át✐❝♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ② ❛❝❡❧❡r❛❝✐♦♥❡s ❡♥ ❡❧ ♣✉♥t♦ P ✳

✶✷✷



✹✳✹✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ▼❛❝❤✐♥❡r② ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡✲
ñ❛❧❛r q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥✱ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛ ❝❛❞❡♥❛ ②
❧❛ ❝❛t❛r✐♥❛✳ ❊st♦s ✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛s s❡❝❝✐♦♥❡s ✷✳✸ ② ✷✳✸✳✸✱ ❡♥
❧❛s ♣á❣✐♥❛s ✶✹ ② ✶✼ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❊s ♥❡❝❡s❛r✐♦ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ❝❛❞❡♥❛ s❡
❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐♥❛❞❛ ✏❈♦♥str❛✐♥t✑ ✳ ❊st❛ ♦♣❝✐ó♥ s❡ ❡♠♣❧❡❛ ❝✉❛♥❞♦
ú♥✐❝❛♠❡♥t❡ s❡ ❞❡s❡❛ ❛♥❛❧✐③❛r ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❝♦♥st❛♥t❡✳ ❆❧
s❡❧❡❝❝✐♦♥❛r ❡st❡ t✐♣♦ ❞❡ ❛♥á❧✐s✐s s✐♠♣❧✐✜❝❛❞♦✱ ❆❞❛♠s ❝© ❞❡s♣r❡❝✐❛ ❧♦s ❝♦♠♣♦♥❡♥t❡s✱ ❡s❧❛❜♦♥❡s ❞❡ ❧❛
❝❛❞❡♥❛ ② ❧❛ ❝❛t❛r✐♥❛❀ ❛sí ♠✐s♠♦✱ ❧❛s ❢✉❡r③❛s ✐♥✈♦❧✉❝r❛❞❛s ❡♥ ❡❧ s✐st❡♠❛✳ P♦r ❡s❛ r❛③ó♥ s❡ ♣✉❡❞❡ ✉s❛r
❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s ❝✉❛♥❞♦ ❡❧ ♣r♦❜❧❡♠❛ ✐♥❞✐❝❛ q✉❡ ❧❛ tr❛♥s♠✐s✐ó♥ s❡ r❡❛❧✐③❛ ♠❡❞✐❛♥t❡ ✉♥❛ ❜❛♥❞❛✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✸✵ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✸✽✳
P♦r ♦tr♦ ❧❛❞♦✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧❛❞♦✱
♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✹✳✸✾✳

✭❛✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡
❛❧❛♠❜r❡

✭❜✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s

❋✐❣✉r❛ ✹✳✸✽✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

✶✷✸



❋✐❣✉r❛ ✹✳✸✾✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧❛❞♦✳

❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✹✵✭❛✮ s❡ s❡❧❡❝❝✐♦♥ó ✉♥❛ ❝❛t❛r✐♥❛ ♣❛r❛ ✉♥❛ ❝❛❞❡♥❛ ❞❡ r♦❞✐❧❧♦✱
♠✐❡♥tr❛s q✉❡ ❧❛ ✜❣✉r❛ ✹✳✹✵✭❜✮ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛✳

✭❛✮ ❚✐♣♦ ❞❡ ❝❛❞❡♥❛ ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©

✭❜✮ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©

❋✐❣✉r❛ ✹✳✹✵✿ ❚✐♣♦ ❞❡ ❝❛❞❡♥❛ ② ♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✳

▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛s ❝❛t❛r✐♥❛s A ② B s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✹✳✹✶ ② ✹✳✹✷✳ ❊❧
✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ s❡❧❡❝❝✐♦♥❛r ❧♦s r❛❞✐♦s ✐❣✉❛❧❡s ❛ ❧♦s ✐♥❞✐❝❛❞♦s ❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡❧
♣r♦❜❧❡♠❛✱ ② s❡❧❡❝❝✐♦♥❛r ✉♥❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❛❝♦r❞❡ ❝♦♥ ❧♦s r❛❞✐♦s ❞❡ ❧❛s ❝❛t❛r✐♥❛s✳

✶✷✹



❋✐❣✉r❛ ✹✳✹✶✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✳

❋✐❣✉r❛ ✹✳✹✷✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ❝❛t❛r✐♥❛ B✳

▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ❝❛t❛r✐♥❛s A ② B s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✹✳✹✸ ② ✹✳✹✹✳ ❉❡❜❡
♥♦t❛rs❡ q✉❡ ❛❧ s❡r ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❝✐♥❡♠át✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✱ ❧♦s ❞❛t♦s ❝♦♠♦ ❧❛s ♠❛s❛s ❞❡ ❧❛s
❝❛t❛r✐♥❛s ♥♦ s♦♥ ❞❡ ✐♥t❡rés✱ ♣♦r ❧♦ q✉❡ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣♦♥❡r ❛t❡♥❝✐ó♥ ❡♥ ♠✐♥✐♠✐③❛r ❧❛ ✐♥❡r❝✐❛ ❞❡
❧❛s ❝❛t❛r✐♥❛s✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡
❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦✱ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ✉♥ ❞✐s❝♦✱ s❡❛♥
✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✳

❋✐❣✉r❛ ✹✳✹✸✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✳

✶✷✺



❋✐❣✉r❛ ✹✳✹✹✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛ B✳

P❛r❛ ❡❧ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ s❡ ❝❛❧❝✉❧ó ✉♥ t✐❡♠♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ✐❣✉❛❧ ❛ 3.5454 s✱ t✐❡♠♣♦ ❡♥ ❡❧ ❝✉❛❧
❧❛ ❝❛t❛r✐♥❛ A ❣✐r❛ ✉♥ t♦t❛❧ ❞❡ ❞♦s r❡✈♦❧✉❝✐♦♥❡s✳ ❙❡ s❛❜❡ q✉❡ ❧❛ ♣♦❧❡❛ A ♣❛rt❡ ❞❡❧ r❡♣♦s♦✱ ❡s ❞❡❝✐r✱
♣❛r❛ t = 0✱ ωA(0) = 0❀ ♣♦r ❧♦ q✉❡ ❧❛ ♣♦s✐❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A ② s✉ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❡stá♥
❞❛❞❛s ♣♦r✿

θA = ω0t+
1

2
αAt

2 = 0 +
1

2
αAt

2

❉❡s♣❡❥❛♥❞♦ ❡❧ t✐❡♠♣♦✱ s❡ ♦❜t✐❡♥❡✿

t =

√

2θA
αA

=

√

2 (12.57 rad)

2 rad/s2
= 3.5454 s

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦ s❡ ✐♥❣r❡s❛ ❡❧ t✐❡♠♣♦ ❞❡ 3.5454 s✱ q✉❡ ❡s ❡❧ t✐❡♠♣♦ q✉❡ t❛r❞❛ ❧❛
♣♦❧❡❛ A ❡♥ ❣✐r❛r 2 r❡✈♦❧✉❝✐♦♥❡s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ❞❡ 1000 ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥
❝✐♥❡♠át✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✹✺✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡
s❡ ❞❡s❡❡ ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱ s✐ ❧❛s ❤❛②✳

❋✐❣✉r❛ ✹✳✹✺✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

✶✷✻



❊❧ ✏▼❛r❦❡r❴✷✶✑ ❝♦♠♦ ♣❛rt❡ ❞❡ ❧❛ ❝❛t❛r✐♥❛ B✱ t✐❡♥❡ ❝♦♠♦ ❢✉♥❝✐ó♥ ❛♥❛❧✐③❛r ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s
t❛♥❣❡♥❝✐❛❧ ② ♥♦r♠❛❧ ❞❡❧ ♣✉♥t♦ P ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✷ ❬✶✽❪✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✹✻✳

❋✐❣✉r❛ ✹✳✹✻✿ ✏♠❛r❦❡r❴✷✶✑ ✭P✉♥t♦ P ✮ ❝♦♠♦ ♣❛rt❡ ❞❡ ❧❛ ❝❛t❛r✐♥❛ B✳

P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✹✳✹✼✱ ✹✳✹✼ ② ✹✳✹✾✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱
s✐ ❤❛② ♦tr❛s ✈❛r✐❛❜❧❡s ❞❡ ✐♥t❡rés✱ ♣✉❡❞❡♥ s♦❧✐❝✐t❛rs❡✳

❋✐❣✉r❛ ✹✳✹✼✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ t❛♥❣❡♥❝✐❛❧ ❡♥ ❡❧ ♣✉♥t♦ P ✳

❋✐❣✉r❛ ✹✳✹✽✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ t❛♥❣❡♥❝✐❛❧ ❡♥ ❡❧ ♣✉♥t♦ P ✳

✶✷✼



❋✐❣✉r❛ ✹✳✹✾✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ♥♦r♠❛❧ ❡♥ ❡❧ ♣✉♥t♦ P ✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✺✵✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡
✉♥✐❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

❋✐❣✉r❛ ✹✳✺✵✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❧❛ s✐♠✉❧❛❝✐ó♥ t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥
❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✹✳✹ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛
❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥á❧✐t✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

❚❛❜❧❛ ✹✳✹✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✹✳◦ ♣r♦❜❧❡♠❛ ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✳
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

|atBP
| 0.3m/s2 0.2959m/s2

|anBP
| 2.82825m/s2 2.8251m/s2

|vBP
| 1.06362m/s 1.0623m/s

✶✷✽



✹✳✺✳ ◗✉✐♥t♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✸✵ ❞❡❧ ❧✐❜r♦ ❞❡
❇❡❡r ❡t ❛❧✳ ❬✺❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✹✹✽✳

Pr♦❜❧❡♠❛ ✺✳ ❉♦s ❞✐s❝♦s A ② B✱ ❞❡ ♠❛s❛ mA = 2 kg ② mB = 4 kg✱ ❡stá♥ ❝♦♥❡❝t❛❞♦s ♣♦r ♠❡❞✐♦ ❞❡
✉♥❛ ❜❛♥❞❛ ❝♦♠♦ ✐♥❞✐❝❛ ❧❛ ✜❣✉r❛ ✹✳✺✶✳ ❙✐ ♥♦ ❤❛② ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❧❛ ❜❛♥❞❛ ② ❧♦s ❞✐s❝♦s✱ ❞❡t❡r♠✐♥❡
❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❝❛❞❛ ❞✐s❝♦ ❛❧ ❛♣❧✐❝❛r ✉♥ ♣❛r ▼ ❞❡ 2.70N ✲m ❛❧ ❞✐s❝♦ A✳ ▲❛s ❞✐♠❡♥s✐♦♥❡s
❞❡ ❧❛s ♣♦❧❡❛s ❡stá♥ ❞❛❞❛s ♣♦r rA = 200mm ② rB = 300mm✳

❋✐❣✉r❛ ✹✳✺✶✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✸✵ ❇❡❡r ❡t ❛❧✳ ❬✺❪✳

✹✳✺✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

P✉❡st♦ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❧❛ ❜❛♥❞❛ ② ❧♦s ❞✐s❝♦s✱ s❡ t✐❡♥❡ q✉❡ ❧❛s ❝♦♠♣♦♥❡♥t❡s
t❛♥❣❡♥❝✐❛❧❡s ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❞✐s❝♦ A ❡♥ ❡❧ ♣✉♥t♦ P1 ② ❞❡❧ ❞✐s❝♦ B ❡♥ ❡❧ ♣✉♥t♦ P2✱ s♦♥ ✐❣✉❛❧❡s✳
❆ ♣❛rt✐r ❞❡ ❡st❡ r❡s✉❧t❛❞♦✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜♦s ❞✐s❝♦s
❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✺✶ ② ❡❝✉❛❝✐ó♥ ✭✹✳✶✼✮✳

❉❡ ♠❛♥❡r❛ q✉❡✿

−αA rA î = αA k̂ × rA ĵ = −αA rA î = atAP1
= atBP2

= ~αB × ~rP2/OB
= αB k̂ × rB ĵ = −αB rB î

P♦r ❝♦♥s✐❣✉✐❡♥t❡✿

rA αA = rB αB t❛❧ q✉❡ αB =
rA
rB

αA ✭✹✳✶✼✮

❈♦♥ ❡st❡ r❡s✉❧t❛❞♦ t❡r♠✐♥❛ ❧❛ ♣❛rt❡ ❝✐♥❡♠át✐❝❛ ❞❡❧ ♣r♦❜❧❡♠❛✳

P❛r❛ ❧❛ ❝✐♥ét✐❝❛ ❞❡❧ s✐st❡♠❛✱ s❡ ♦❜t✐❡♥❡♥ ❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❞✐s❝♦s✱
✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✺✷✳ ❆♣❧✐❝❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r ❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❞✐s❝♦s s❡ ❡♥❝✉❡♥tr❛♥ ❡①♣r❡s✐♦♥❡s
♣❛r❛ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜♦s ❞✐s❝♦s✳✷

✷❉❡❜❡ ♥♦t❛rs❡ q✉❡ ♥♦ ❡s ♥❡❝❡s❛r✐♦ ❡♠♣❧❡❛r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ◆❡✇t♦♥✱ ♣✉❡s ❧♦s ❞✐s❝♦s ❡stá♥ s✉❥❡t♦s ❛ r♦t❛❝✐ó♥
❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❡❥❡ ✜❥♦ ❜❛r✐❝é♥tr✐❝♦✱ ❞❡ ♠❛♥❡r❛ q✉❡ ❡s❛s ❡❝✉❛❝✐♦♥❡s ú♥✐❝❛♠❡♥t❡ ♣❡r♠✐t❡♥ ❞❡t❡r♠✐♥❛r ❧❛s r❡❛❝❝✐♦♥❡s
❡♥ ❧♦s ❝♦❥✐♥❡t❡s OA ② OB q✉❡ ♥♦ s♦♥ ❞❡ ✐♥t❡rés✳

✶✷✾



❋✐❣✉r❛ ✹✳✺✷✿ ❉✐❛❣r❛♠❛ ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡ ❧♦s ❞✐s❝♦s A ② B✳

❉❡ ❧❛ s✉♠❛ ❞❡ ♠♦♠❡♥t♦s ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣✉♥t♦ OA ❡♥ ❡❧ ❞✐s❝♦ A✱ r❡s✉❧t❛

ΣMOA
= IOA

αA t❛❧ q✉❡ rA (T2 − T1) +M = IOA
αA

❉❡ ♠❛♥❡r❛ q✉❡✿

T2 − T1 =
IOA

αA −M

rA
✭✹✳✶✽✮

❉❡ ❧❛ s✉♠❛ ❞❡ ♠♦♠❡♥t♦s ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣✉♥t♦ OB ❡♥ ❡❧ ❞✐s❝♦ B✱ s❡ ♦❜t✐❡♥❡✿

ΣMOB
= IOB

αB ❞♦♥❞❡ rB (T1 − T2) = IOB
αB

P♦r ❧♦ t❛♥t♦✿

T2 − T1 = −
IOB

αB

rB
✭✹✳✶✾✮

■❣✉❛❧❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✶✽✮ ② ✭✹✳✶✾✮ s❡ ♦❜t✐❡♥❡ ❧❛ r❡❧❛❝✐ó♥✿

IOA
αA −M

rA
= −IOB

αB

rB
♦

IOA
αA

rA
+

IOB
αB

rB
=

M

rA

② ✉♥❛ ❡❝✉❛❝✐ó♥ q✉❡ r❡❧❛❝✐♦♥❛ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❞✐s❝♦s ❝♦♥ ❡❧ ♠♦♠❡♥t♦ ❛♣❧✐❝❛❞♦
❛❧ ❞✐s❝♦ A✱ t❛❧ q✉❡✿

IOA
αA + IOB

rA
rB

αB = M ✭✹✳✷✵✮

❉❡s♣❡❥❛♥❞♦ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❞✐s❝♦ B ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✼✮✱ s❡ ♦❜t✐❡♥❡✿

αB = αA

(

rA
rB

)

✭✹✳✷✶✮

P❛r❛ ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❞✐s❝♦ A s❡ s✉t✐t✉②❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✶✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥
✭✹✳✷✵✮ ② s❡ ❞❡s♣❡❥❛ αA✱ r❡s✉❧t❛♥❞♦✿

αA =
M

IA + IB

(

rA
rB

)2
✭✹✳✷✷✮

✶✸✵



❙❡ s❛❜❡ q✉❡ ❧♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡ ❛♠❜♦s ❞✐s❝♦s ❡stá♥ ❞❛❞♦s ♣♦r✿

IOA
=

1

2
mA r2A =

1

2
(2 kg)(0.2m)2 = 0.04 kg −m2

IOB
=

1

2
mB r2B =

1

2
(4 kg)(0.3m)2 = 0.18 kg −m2

❉❡ ♠❛♥❡r❛ q✉❡✱ s✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✷✮✱ s❡ ♦❜t✐❡♥❡✿

αA =
2.7

0.04 + 0.18 (2/3)2
N −m

kg −m2
= 22.5 rad/s2 	

P♦r ú❧t✐♠♦✱ s❡ s✉st✐t✉②❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r αA ❡♥ ❡❝✉❛❝✐ó♥ ✭✹✳✷✶✮ ♣❛r❛ ♦❜t❡♥❡r ❧❛ ❛❝❡❧❡r❛❝✐ó♥
❛♥❣✉❧❛r αB✱ ❞❡ ♠♦❞♦ q✉❡✿

αB = (2/3) 22.5 rad/s2 = 15.0 rad/s2 	

❊st♦s r❡s✉❧t❛❞♦s ✜♥❛❧✐③❛♥ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ♠❡❞✐❛♥t❡ ❧♦s ♠ét♦❞♦s ❛❜♦r❞❛❞♦s ❡♥ ❧❛s ❯♥✐✲
❞❛❞❡s ❞❡ ❆♣r❡♥❞✐③❛❥❡ ♠❡♥❝✐♦♥❛❞❛s ❛❧ ✐♥✐❝✐♦ ❞❡ ❡st❛ s❡❝❝✐ó♥✳

✹✳✺✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ▼❛❝❤✐♥❡r②✱ ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡✲
ñ❛❧❛r q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥✱ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛ ❝❛❞❡♥❛ ②
❧❛ ❝❛t❛r✐♥❛✳ ❊st♦s ✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛s s❡❝❝✐♦♥❡s ✷✳✸ ② ✷✳✸✳✸✱ ❡♥
❧❛s ♣á❣✐♥❛s ✶✹ ② ✶✼ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❊s ♥❡❝❡s❛r✐♦ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ❝❛❞❡♥❛ s❡
❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐♥❛❞❛ ✏❈♦♥str❛✐♥t✑ ✳ ❊st❛ ♦♣❝✐ó♥ s❡ ❡♠♣❧❡❛ ❝✉❛♥❞♦
ú♥✐❝❛♠❡♥t❡ s❡ ❞❡s❡❛ ❛♥❛❧✐③❛r ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❝♦♥st❛♥t❡✳
P♦r ❡s❛ r❛③ó♥ s❡ ♣✉❡❞❡ ✉s❛r ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s ❝✉❛♥❞♦ ❡❧ ♣r♦❜❧❡♠❛ ✐♥❞✐❝❛ q✉❡ ❧❛ tr❛♥s♠✐s✐ó♥ s❡
r❡❛❧✐③❛ ♠❡❞✐❛♥t❡ ✉♥❛ ❜❛♥❞❛✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✸✵ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✺✸✳

❋✐❣✉r❛ ✹✳✺✸✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

✶✸✶



❊❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛
s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✹✳✺✹✳

❋✐❣✉r❛ ✹✳✺✹✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

❊❧ t✐♣♦ ❞❡ ❝❛❞❡♥❛ ❡s ❡❧ ♠✐s♠♦ ♣❛r❛ ❛♠❜❛s ❝❛t❛r✐♥❛s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✺✺✳ ❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡
❡♥ ❧❛ ✜❣✉r❛ ✹✳✺✺ s❡ s❡❧❡❝❝✐♦♥ó ✉♥❛ ❝❛❞❡♥❛ ❞❡ r♦❞✐❧❧♦s ② ❧❛ ❝❛t❛r✐♥❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡✳

❋✐❣✉r❛ ✹✳✺✺✿ ❚✐♣♦ ❞❡ ❝❛❞❡♥❛ ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✱ ♣❛r❛ ❧❛ ❝❛t❛r✐♥❛ A✳

▲❛ ✜❣✉r❛ ✹✳✺✻ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛✳ ❊s ✐♠♣♦rt❛♥✲
t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡❧ ♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡s ❡❧ ❞❡♥♦♠✐♥❛❞♦ ✏❈♦♥str❛✐♥t✑ ✳ ❊st❡ ♠ét♦❞♦ s✐♠♣❧✐✜❝❛❞♦
ú♥✐❝❛♠❡♥t❡ ❧❛ tr❛♥s♠✐s✐ó♥✱ r❡❞✉❝❝✐ó♥ ♦ ❛♠♣❧✐✜❝❛❝✐ó♥✱ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❡s ❞❡ ✐♥t❡rés✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✺✻✳

P♦r ♦tr♦ ❧❛❞♦✱ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧♦s ❞✐s❝♦s A ② B✱ ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ❝❛t❛r✐♥❛s✱ s❡
♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✺✼✳ ❉❡ ♠❛♥❡r❛ q✉❡✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ s❡❧❡❝❝✐♦♥❛r ❧♦s r❛❞✐♦s
✐❣✉❛❧❡s ❛ ❧♦s ✐♥❞✐❝❛❞♦s ❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡❧ ♣r♦❜❧❡♠❛✱ ② s❡❧❡❝❝✐♦♥❛r ✉♥❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❛❝♦r❞❡
❝♦♥ ❧♦s r❛❞✐♦s ❞❡ ❧♦s ❞✐s❝♦s✱ ❝❛t❛r✐♥❛s✳ ❊♥ ❡st❡ ❝❛s♦✱ ❞❡❜❡ ♥♦t❛rs❡ q✉❡ ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❞❡❜❡
s❡r ♠❛②♦r ❛ ❧❛ s✉♠❛ ❞❡ ❧♦s r❛❞✐♦s ❞❡ ❧♦s ❞✐s❝♦s✱ ❝❛t❛r✐♥❛s✳

✶✸✷



❋✐❣✉r❛ ✹✳✺✻✿ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✳

✭❛✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ❝❛t❛r✐♥❛ A

✭❜✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ❝❛t❛r✐♥❛ B

❋✐❣✉r❛ ✹✳✺✼✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛s ❝❛t❛r✐♥❛s A ② B✳

✶✸✸



▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧♦s ❞✐s❝♦s✱ ❝❛t❛r✐♥❛s✱ A ② B✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛s ✹✳✺✽ ② ✹✳✺✾✳
❉❡❜❡ ♥♦t❛rs❡ q✉❡ ❧♦s ❞❛t♦s ♠ás ✐♠♣♦rt❛♥t❡s s♦♥ ❧❛s ♠❛s❛s ❞❡ ❧♦s ❞✐s❝♦s✱ ❝❛t❛r✐♥❛s✱ ② ❧♦s ♠♦♠❡♥t♦s
❞❡ ✐♥❡r❝✐❛ ❞❡ ❧♦s ❞✐s❝♦s r❡s♣❡❝t♦ ❛❧ ❡❥❡ z q✉❡ ♣❛s❛ ♣♦r ❡❧ ❝❡♥tr♦ ❞❡ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❝❛t❛r✐♥❛s✳ ❊st♦s
✈❛❧♦r❡s ❞❡❜❡♥ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ❡♠♣❧❡❛❞♦s ❡♥ ❧❛ s♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛ ❞❡❧ ♣r♦❜❧❡♠❛✳ ▲♦s ♠♦♠❡♥t♦s ❞❡
✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦✱ ❡s ❞❡s❡❛❜❧❡
q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ✉♥ ❞✐s❝♦✱ s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡
✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✳

❋✐❣✉r❛ ✹✳✺✽✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✳

❋✐❣✉r❛ ✹✳✺✾✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛ B✳

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✵✳✺ s❡❣✉♥❞♦s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦
❞❡ ♣❛s♦s ❞❡ ✶✵✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞✐♥á♠✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✼✷✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡❧
t✐❡♠♣♦ ❡s ❛r❜✐tr❛r✐❛ ② ❡♥ ♠✉❝❤♦s ❝❛s♦s só❧♦ ❡❧ t✐❡♠♣♦ ✐♥✐❝✐❛❧ ❡s ❞❡ ✐♥t❡rés✱ s✐♥ ❡♠❜❛r❣♦✱ ❡♥ ❡st❡ ❝❛s♦
❧❛ s♦❧✉❝✐ó♥ ❡s ✈á❧✐❞❛ ♣❛r❛ t♦❞♦ t✐❡♠♣♦❀ ❡s ❞❡❝✐r ♣❛r❛ t ≥ 0✳ P♦r ♦tr♦ ❧❛❞♦✱ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛s♦s
❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱ s✐
❧❛s ❤❛②✳

✶✸✹



❋✐❣✉r❛ ✹✳✻✵✿ P❛rá♠❡tr♦s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛❧ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✹✳✻✶ ② ✹✳✻✷✳ ❉❡❜❡ ♥♦t❛rs❡ q✉❡ s❡
s♦❧✐❝✐t❛ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛s ❝❛t❛r✐♥❛s ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡❧ ❡❥❡ z✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ s✐ ❤❛②
♦tr❛s ✈❛r✐❛❜❧❡s ❞❡ ✐♥t❡rés✱ ♣✉❡❞❡♥ s♦❧✐❝✐t❛rs❡✳

❋✐❣✉r❛ ✹✳✻✶✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✳

❋✐❣✉r❛ ✹✳✻✷✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ B✳

✶✸✺



▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✻✸✳

❈♦♠♦ ②❛ s❡ ♠❡♥❝✐♦♥ó✱ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s s❡ ♠❛♥t✐❡♥❡♥ ❝♦♥st❛♥t❡s ❛ ❧♦ ❧❛r❣♦ ❞❡ t♦❞❛ ❧❛
s✐♠✉❧❛❝✐ó♥✱ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✳

❋✐❣✉r❛ ✹✳✻✸✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐✲
❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

▲❛ ❚❛❜❧❛ ✹✳✺ ❝♦♠♣❛r❛ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥á❧✐t✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳ ❊♥
❡st❡ ❝❛s♦✱ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r q✉❡ ❧♦s r❡s✉❧t❛❞♦s s♦♥ ✐❞é♥t✐❝♦s ♣❛r❛ t♦❞♦ ❡❧ ✐♥t❡r✈❛❧♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✱
♣✉❡s ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❡♥ ❡st❡ ♣r♦❜❧❡♠❛ s♦♥ ❝♦♥st❛♥t❡s✳ ❈♦♠♦ ②❛ s❡ ✐♥❞✐❝ó ♣r❡✈✐❛♠❡♥t❡✱
❡♥ ♠✉❝❤♦s ♦tr♦s ❝❛s♦s✱ ❡❧ ú♥✐❝♦ ✈❛❧♦r q✉❡ ♣✉❡❞❡ ❝♦♠♣❛r❛rs❡ ❡s ❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ t✐❡♠♣♦ ✐♥✐❝✐❛❧
❞❡ s✐♠✉❧❛❝✐ó♥✳

❚❛❜❧❛ ✹✳✺✿ ❈❛♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✺✳◦ ♣r♦❜❧❡♠❛ ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✳
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

αA 22.5 rad/s2 	 22.5 rad/s2 	

αB 15.0 rad/s2 	 15.0 rad/s2 	

✶✸✻



✹✳✻✳ ❙❡①t♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✾✲✶✾ ❞❡❧ ❧✐❜r♦ ❞❡
❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✺✶✹✳

Pr♦❜❧❡♠❛ ✻✳ ❊❧ ✈♦❧❛♥t❡ ❆ t✐❡♥❡ ✉♥❛ ♠❛s❛ ❞❡ 30 kg ② ✉♥ r❛❞✐♦ ❞❡ ❣✐r♦ ❞❡ kC = 95mm✳ ❊❧ ❞✐s❝♦
❇ t✐❡♥❡ ✉♥❛ ♠❛s❛ ❞❡ 25 kg✱ ❡stá ❛♣♦②❛❞♦ ❡♥ ❉ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ ♣❛s❛❞♦r ② ❡stá ❛❝♦♣❧❛❞♦ ❛❧ ✈♦❧❛♥t❡
♣♦r ✉♥❛ ❜❛♥❞❛✱ ❧❛ ❝✉❛❧ ❡stá s♦♠❡t✐❞❛ ❛ ✉♥❛ t❡♥s✐ó♥ ❞❡ ♠♦❞♦ q✉❡ ♥♦ s❡ ❞❡s❧✐❝❡♥ ❧❛s s✉♣❡r✜❝✐❡s ❞❡
❝♦♥t❛❝t♦✳ ❙✐ ✉♥ ♠♦t♦r ♣r♦♣♦r❝✐♦♥❛ ✉♥ ♣❛r ❞❡ t♦rs✐ó♥ M = (12t) N ·m ❛❧ ✈♦❧❛♥t❡ ❡♥ s❡♥t✐❞♦ ❝♦♥tr❛r✐♦
❛❧ ❞❡ ❧❛s ♠❛♥❡❝✐❧❧❛s ❞❡ r❡❧♦❥✱ ❞♦♥❞❡ t ❡stá ❡♥ s❡❣✉♥❞♦s✱ ❞❡t❡r♠✐♥❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❞✐s❝♦ 3 s
❞❡s♣✉és ❞❡ q✉❡ s❡ ❡♥❝✐❡♥❞❡ ❡❧ ♠♦t♦r✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❡❧ ✈♦❧❛♥t❡ ❡stá ❡♥ r❡♣♦s♦✳ ▲❛s ❞✐♠❡♥s✐♦♥❡s ❞❡ ❧❛
♣♦❧❡❛ ② ❡❧ ❞✐s❝♦ ❡stá♥ ❞❛❞❛s ♣♦r rA = rB = 125mm✳

❋✐❣✉r❛ ✹✳✻✹✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✾✲✶✾ ❍✐❜❜❡❧❡r ❬✶✽❪✳

✹✳✻✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

P✉❡st♦ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❧❛ ❜❛♥❞❛✱ ❡❧ ✈♦❧❛♥t❡ A ② ❡❧ ❞✐s❝♦ B✱ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ②
❧❛s ❝♦♠♣♦♥❡♥t❡s t❛♥❣❡♥❝✐❛❧❡s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❡♥ ❡❧ ♣✉♥t♦ P1 ❡♥ ❡❧ ✈♦❧❛♥t❡ A ② ❡♥ ❡❧ ♣✉♥t♦ P2 ❡♥
❡❧ ❞✐s❝♦ B✱ s♦♥ ✐❣✉❛❧❡s✳ ❆ ♣❛rt✐r ❞❡ ❡st❡ r❡s✉❧t❛❞♦ s❡ ♦❜t✐❡♥❡♥ ❞♦s r❡❧❛❝✐♦♥❡s✿ ❧❛ ♣r✐♠❡r❛✱ ❡♥tr❡ ❧❛s
✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜❛s ♣♦❧❡❛s ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s❀ ❧❛ s❡❣✉♥❞❛✱ ❡♥tr❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s
❛♥❣✉❧❛r❡s ❞❡ ❛♠❜❛s ♣♦❧❡❛s ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✺✳✻✵ ② ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✷✸✮ ② ✭✹✳✷✹✮✳

▲❛s ✈❡❧♦❝✐❞❛❞❡s ❡♥ ❧♦s ♣✉♥t♦s P1 ② P2✱ ❝♦♠♦ ♣❛rt❡ ❞❡❧ ✈♦❧❛♥t❡ A ② ❡❧ ❞✐s❝♦ B✱ r❡s✉❧t❛♥✿

~ωA × ~rP1/C = ωA k̂ × rA ĵ = −ωA rA î = ~vAP1
= ~vBP2

= ~ωB × ~rP2/D = ωB k̂ × rB ĵ = −ωB rB î

P♦r ❧♦ q✉❡✿
rA ωA = rB ωB ❞❡ ♠❛♥❡r❛ q✉❡ ωA =

rB
rA

ωB ✭✹✳✷✸✮

▲❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❡♥ ❧♦s ♣✉♥t♦s P1 ② P2✱ ❝♦♠♦ ♣❛rt❡ ❞❡❧ ✈♦❧❛♥t❡ A ② ❡❧ ❞✐s❝♦ B✱ r❡s✉❧t❛♥✿

~αA × ~rP1/C = αA k̂ × rA ĵ = −αA rA î = ~atAP1
= ~atBP2

= ~αB × ~rP2/D = αB k̂ × rB ĵ = −αB rB î

✶✸✼



P♦r ❝♦♥s✐❣✉✐❡♥t❡✿

rA αA = rB αB t❛❧ q✉❡ αB =
rA
rB

αA ✭✹✳✷✹✮

❈♦♥ ❡st❡ r❡s✉❧t❛❞♦ t❡r♠✐♥❛ ❧❛ ♣❛rt❡ ❝✐♥❡♠át✐❝❛ ❞❡❧ ♣r♦❜❧❡♠❛✳

P❛r❛ ❧❛ ❝✐♥ét✐❝❛ ❞❡❧ s✐st❡♠❛✱ ❡s ♥❡❝❡s❛r✐♦ ❞✐❜✉❥❛r ② ❛♥❛❧✐③❛r ❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡✱ t❛♥t♦ ❞❡❧
✈♦❧❛♥t❡ A ❝♦♠♦ ❞❡❧ ❞✐s❝♦ B✳ ❆♣❧✐❝❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r ❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❞✐s❝♦s s❡ ❡♥❝✉❡♥tr❛♥
❡①♣r❡s✐♦♥❡s ♣❛r❛ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜♦s ❞✐s❝♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✻✺✳✸

❋✐❣✉r❛ ✹✳✻✺✿ ❉✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡❧ ✈♦❧❛♥t❡ A ② ❡❧ ❞✐s❝♦ B✳

❉❡ ❧❛ s✉♠❛ ❞❡ ♠♦♠❡♥t♦s ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣✉♥t♦ C ❡♥ ❡❧ ✈♦❧❛♥t❡ A✱ r❡s✉❧t❛✿

ΣMC = IC αA t❛❧ q✉❡ rA (T2 − T1) +M = IC αA

❉❡ ♠❛♥❡r❛ q✉❡✿

T2 − T1 =
IC αA −M

rA
✭✹✳✷✺✮

❉❡ ❧❛ s✉♠❛ ❞❡ ♠♦♠❡♥t♦s ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣✉♥t♦ D ❡♥ ❡❧ ❞✐s❝♦ B✱ r❡s✉❧t❛✿

ΣMD = ID αB ❞♦♥❞❡ rB (T1 − T2) = ID αB

P♦r ❧♦ q✉❡✿

T2 − T1 = −
ID αB

rB
✭✹✳✷✻✮

■❣✉❛❧❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✷✺✮ ② ✭✹✳✷✻✮ s❡ ♦❜t✐❡♥❡ ❧❛ s✐❣✉✐❡♥t❡ r❡❧❛❝✐ó♥✿

IC αA −M

rA
= −ID αB

rB
♦

IC αA

rA
+

ID αB

rB
=

M

rA

② ❞❡ ❡st❛ r❡❧❛❝✐ó♥ s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡❝✉❛❝✐ó♥ q✉❡ r❡❧❛❝✐♦♥❛ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❞✐s❝♦s
❝♦♥ ❡❧ ♠♦♠❡♥t♦ ❛♣❧✐❝❛❞♦ ❛❧ ❞✐s❝♦ A ❞❛❞❛ ♣♦r✿

IC αA + ID αB
rA
rB

= M ✭✹✳✷✼✮

✸❉❡❜❡ ♥♦t❛rs❡ q✉❡ ♥♦ ❡s ♥❡❝❡s❛r✐♦ ❡♠♣❧❡❛r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ◆❡✇t♦♥✱ ♣✉❡s ❧♦s ❞✐s❝♦s ❡stá♥ s✉❥❡t♦s ❛ r♦t❛❝✐ó♥
❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❡❥❡ ✜❥♦ ❜❛r✐❝é♥tr✐❝♦✱ ❞❡ ♠❛♥❡r❛ q✉❡ ❡s❛s ❡❝✉❛❝✐♦♥❡s ú♥✐❝❛♠❡♥t❡ ♣❡r♠✐t❡♥ ❞❡t❡r♠✐♥❛r ❧❛s r❡❛❝❝✐♦♥❡s
❡♥ ❧♦s ❝♦❥✐♥❡t❡s C ② D q✉❡ ♥♦ s♦♥ ❞❡ ✐♥t❡rés✳

✶✸✽



❙✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✹✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✼✮✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ r❡❧❛❝✐ó♥ q✉❡ ❡①♣r❡s❛ ❡❧
♠♦♠❡♥t♦ M ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r αA ② ❧♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡❧ ✈♦❧❛♥t❡ A ② ❡❧
❞✐s❝♦ B✱ t❛❧ ❝♦♠♦✿

IC αA + ID αA

(

rA
rB

)2

= M

❉❡s♣❡❥❛♥❞♦ αA✱ s❡ ♦❜t✐❡♥❡✿

αA =
M

IC + ID

(

rA
rB

)2
✭✹✳✷✽✮

❙❡ s❛❜❡ q✉❡ ❧♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡❧ ✈♦❧❛♥t❡ A ② ❞❡❧ ❞✐s❝♦ B ❡stá♥ ❞❡✜♥✐❞♦s ❝♦♠♦✿

IC = mAk
2

C = (30 kg) (0.095m)2 = 0.27075 kg −m2

ID =
mBr

2

B

2
=

(25 kg)(0.125m)2

2
= 0.1953125 kg −m2

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✽✮ s❡ ♦❜t✐❡♥❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥
❛♥❣✉❧❛r ❞❡❧ ✈♦❧❛♥t❡ A ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ t✐❡♠♣♦✳

αA (t) =
12 t

0.27075 + 0.1953125(1)

N −m

kg −m2
= 25.74762 t

rad

s2
	 ✭✹✳✷✾✮

▲❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ✈♦❧❛♥t❡ A ❛❧ tr❛♥s❝✉rr✐r ✸ s❡❣✉♥❞♦s✱ r❡s✉❧t❛✿

αA (3 s) = 25.74762 (3) = 77.24286
rad

s2
	

P❛r❛ ♦❜t❡♥❡r ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ωA✱ s❡ ✐♥t❡❣r❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✾✮ ❞❡s❞❡ ✉♥ ✈❛❧♦r ❞❡ t✐❡♠♣♦
✐❣✉❛❧ ❛ ❝❡r♦✱ ❤❛st❛ ✉♥ t✐❡♠♣♦ ✐❣✉❛❧ ❛ t✳

ωA (t)− ωA (0) =

∫ t

0

25.74762 t dt
rad

s2

❙❡ s❛❜❡✱ q✉❡ ♣❛r❛ ✉♥ t✐❡♠♣♦ t = 0✱ ωA (0) = 0✱ ♣♦r ❧♦ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ωA r❡s✉❧t❛✿

ωA (t) = 25.74762

(

t2

2

)

rad

s
	

▲❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ✈♦❧❛♥t❡ A✱ ❞❡s♣✉és ❞❡ tr❛♥s❝✉rr✐r ✸ s❡❣✉♥❞♦s✱ r❡s✉❧t❛✿

ωA (3s) = 25.74762

(

32

2

)

= 115.85965
rad

s
	

❙❡ s❛❜❡ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ✈♦❧❛♥t❡ A ❡s ❧❛ ♠✐s♠❛ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❞✐s❝♦ B✱
②❛ q✉❡ ❧♦s r❛❞✐♦s s♦♥ ✐❣✉❛❧❡s✱ ♣♦r ❧♦ q✉❡✿

ωB = 115.85965
rad

s
	

✶✸✾



✹✳✻✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ▼❛❝❤✐♥❡r②✱ ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡✲
ñ❛❧❛r q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛ ❝❛❞❡♥❛ ②
❧❛ ❝❛t❛r✐♥❛✳ ❊st♦s ✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛s s❡❝❝✐♦♥❡s ✷✳✸ ② ✷✳✸✳✸✱ ❡♥
❧❛s ♣á❣✐♥❛s ✶✹ ② ✶✼ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❊s ♥❡❝❡s❛r✐♦ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ❝❛❞❡♥❛ s❡
❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐♥❛❞❛ ✏❈♦♥str❛✐♥t✑ ✳ ❊st❛ ♦♣❝✐ó♥ s❡ ❡♠♣❧❡❛ ❝✉❛♥❞♦
ú♥✐❝❛♠❡♥t❡ s❡ ❞❡s❡❛ ❛♥❛❧✐③❛r ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❝♦♥st❛♥t❡✳ ❆❧
s❡❧❡❝❝✐♦♥❛r ❡st❡ t✐♣♦ ❞❡ ❛♥á❧✐s✐s s✐♠♣❧✐✜❝❛❞♦✱ ❆❞❛♠s ❝© ❞❡s♣r❡❝✐❛ ❧♦s ❝♦♠♣♦♥❡♥t❡s ② ❡s❧❛❜♦♥❡s ❞❡ ❧❛
❝❛❞❡♥❛❀ ❛sí ♠✐s♠♦✱ ❧❛s ❢✉❡r③❛s ✐♥✈♦❧✉❝r❛❞❛s ❡♥ ❡❧ s✐st❡♠❛✳ P♦r ❡s❛ r❛③ó♥ s❡ ♣✉❡❞❡ ✉s❛r ❝❛❞❡♥❛s ②
❝❛t❛r✐♥❛s ❝✉❛♥❞♦ ❡❧ ♣r♦❜❧❡♠❛ ✐♥❞✐❝❛ q✉❡ ❧❛ tr❛♥s♠✐s✐ó♥ s❡ r❡❛❧✐③❛ ♠❡❞✐❛♥t❡ ✉♥❛ ❜❛♥❞❛✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✾✲✶✾ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✻✻✳

❋✐❣✉r❛ ✹✳✻✻✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱ ❧❛s ✉♥✐❞❛❞❡s
❡♠♣❧❡❛❞❛s ❡♥ ❡st❡ ♣r♦❜❧❡♠❛ s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✻✼✳

❋✐❣✉r❛ ✹✳✻✼✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

✶✹✵



❊❧ t✐♣♦ ❞❡ ❝❛❞❡♥❛ ❡s ❡❧ ♠✐s♠♦ ♣❛r❛ ❛♠❜❛s ❝❛t❛r✐♥❛s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✻✽✭❛✮✳ ❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡✱
s❡ s❡❧❡❝❝✐♦♥ó ✉♥❛ ❝❛❞❡♥❛ ❞❡ r♦❞✐❧❧♦s ❝♦♥ s✉ r❡s♣❡❝t✐✈❛ ❝❛t❛r✐♥❛✳ P♦r ♦tr♦ ❧❛❞♦✱ ❧❛ ✜❣✉r❛ ✹✳✻✽✭❜✮
♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛✳ ❊s ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡❧
♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡s ❡❧ ❞❡♥♦♠✐♥❛❞♦ ✏❈♦♥str❛✐♥t✑ ✱ ❡❧ ❝✉❛❧ ú♥✐❝❛♠❡♥t❡ ❧❛ tr❛♥s♠✐s✐ó♥✱
r❡❞✉❝❝✐ó♥ ♦ ❛♠♣❧✐✜❝❛❝✐ó♥✱ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❡s ❞❡ ✐♥t❡rés✳

✭❛✮ ❚✐♣♦ ❞❡ ❝❛❞❡♥❛ ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©

✭❜✮ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©

❋✐❣✉r❛ ✹✳✻✽✿ ❚✐♣♦ ❞❡ ❝❛❞❡♥❛ ② ♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✳

❊❧ ❞✐á♠❡tr♦ ❞❡ ❛♠❜♦s ❞✐s❝♦s✱ ❝❛t❛r✐♥❛s✱ s♦♥ ✐❣✉❛❧❡s✳ P♦r ❡stá r❛③♦♥✱ ú♥✐❝❛♠❡♥t❡ s❡ ♠✉❡str❛♥ ❧♦s
♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✻✾✳

❋✐❣✉r❛ ✹✳✻✾✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✳

✶✹✶



▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧♦s ❞✐s❝♦s✱ ❝❛t❛r✐♥❛s✱ A ② B✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✼✵✳ ❉❡❜❡
♥♦t❛rs❡ q✉❡ ❧♦s ❞❛t♦s ♠ás ✐♠♣♦rt❛♥t❡s s♦♥ ❧❛s ♠❛s❛s ❞❡ ❧♦s ❞✐s❝♦s✱ ❝❛t❛r✐♥❛s✱ ② ❧♦s ♠♦♠❡♥t♦s
❞❡ ✐♥❡r❝✐❛ ❞❡ ❧♦s ❞✐s❝♦s✱ ❝❛t❛r✐♥❛s✱ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z q✉❡ ♣❛s❛ ♣♦r ❡❧ ❝❡♥tr♦ ❞❡ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s
❝❛t❛r✐♥❛s✳ ❊st♦s ✈❛❧♦r❡s ❞❡❜❡♥ ❝♦rr❡s♣♦♥❞❡r ❛ ❧♦s ❡♠♣❧❡❛❞♦s ❡♥ ❧❛ s♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛ ❞❡❧ ♣r♦❜❧❡♠❛✳
▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥
❡♠❜❛r❣♦✱ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ✉♥ ❞✐s❝♦ s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛
♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✳

✭❛✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛ A

✭❜✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛ B

❋✐❣✉r❛ ✹✳✼✵✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ❝❛t❛r✐♥❛s A ② B✳

P❛r❛ ❛♣❧✐❝❛r t♦rq✉❡ ❛ ❧❛ ❝❛t❛r✐♥❛ A✱ ❡s ♥❡❝❡s❛r✐♦ ❡♠♣❧❡❛r ✉♥ ❛❝t✉❛❞♦r ❡♥ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✱
✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✼✶✳ ❊❧ ❛❝t✉❛❞♦r ❛♣❧✐❝❛ ✉♥ t♦rq✉❡ ❝✉②❛ ♠❛❣♥✐t✉❞ ❡s ❞❡ 12000 t s✳ ❉❡❜❡ r❡❝♦r❞❛rs❡ q✉❡
❧❛ ✉♥✐❞❛❞ ❞❡ ❧♦♥❣✐t✉❞ s❡❧❡❝❝✐♦♥❛❞❛ s♦♥ ❧♦s ♠✐❧í♠❡tr♦s✱ ② ❧❛ ✉♥✐❞❛❞ ❞❡ ❢✉❡r③❛ ❡stá ❡♥ ◆❡✇t♦♥s❀ ❞❡
♠♦❞♦ q✉❡✱ ❡❧ t♦rq✉❡ ❛♣❧✐❝❛❞♦ s♦❜r❡ ❧❛ ❝❛t❛r✐♥❛ A ❡s ✐❣✉❛❧ ❛ 12000tN −mm✳

✶✹✷



✭❛✮ ❚✐♣♦ ❞❡ ❛❝t✉❛❞♦r ✭❜✮ P❛rá♠❡tr♦s ❞❡ ❧❛ ❢✉♥❝✐ó♥ q✉❡ ❞❡✜♥❡ ❡❧ t♦rq✉❡ ❛♣❧✐✲
❝❛❞♦ ❛ ❧❛ ❝❛t❛r✐♥❛ A

❋✐❣✉r❛ ✹✳✼✶✿ ❚✐♣♦ ❞❡ ❛❝t✉❛❞♦r ② t♦rq✉❡ ❛♣❧✐❝❛❞♦ ❛ ❧❛ ❝❛t❛r✐♥❛ A✳

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✸ s❡❣✉♥❞♦s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦ ❞❡
♣❛s♦s ❞❡ ✶✵✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞✐♥á♠✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✼✷✳ P♦r ♦tr♦ ❧❛❞♦✱ ❧❛
s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧
t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱ s✐ ❧❛s ❤❛②✳

❋✐❣✉r❛ ✹✳✼✷✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛❧ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✹✳✼✸✱ ✹✳✼✹✱ ✹✳✼✺ ② ✹✳✼✻✳ ❉❡❜❡
♥♦t❛rs❡ q✉❡ s❡ s♦❧✐❝✐t❛♥ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ② ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛s ❝❛t❛r✐♥❛s ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡❧
❡❥❡ z✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ s✐ ❤❛② ♦tr❛s ✈❛r✐❛❜❧❡s ❞❡ ✐♥t❡rés✱ ♣✉❡❞❡♥ ✐❣✉❛❧♠❡♥t❡ s♦❧✐❝✐t❛rs❡✳

✶✹✸



❋✐❣✉r❛ ✹✳✼✸✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✳

❋✐❣✉r❛ ✹✳✼✹✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ B✳

❋✐❣✉r❛ ✹✳✼✺✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✳

❋✐❣✉r❛ ✹✳✼✻✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ B✳

✶✹✹



▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✹✳✼✼ ② ✹✳✼✽✳

X: 3.0

Y: 77.2395

❋✐❣✉r❛ ✹✳✼✼✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✳

❋✐❣✉r❛ ✹✳✼✽✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✳

❈♦♠♦ s❡ ♦❜s❡r✈❛ ❡♥ ❧❛s ✜❣✉r❛s ✹✳✼✼ ② ✹✳✼✽✱ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ② ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❛r❡s
❞❡❧ ✈♦❧❛♥t❡ A ② ❞❡❧ ❞✐s❝♦ B✱ s♦♥ ✐❣✉❛❧❡s✳ ❊st♦ ❡s ❞❡❜✐❞♦ ❛ q✉❡ ❛♠❜♦s ❝✉❡r♣♦s t✐❡♥❡♥ ❧❛s ♠✐s♠❛s
❞✐♠❡♥s✐♦♥❡s✱ rA = rB✱ ✈❡❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✷✸✮ ② ✭✹✳✷✹✮✳

P♦r ♦tr♦ ❧❛❞♦✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛
s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

▲❛ ❚❛❜❧❛ ✹✳✻ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛
❛♥á❧✐t✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

✶✹✺



❚❛❜❧❛ ✹✳✻✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✻✳◦ ♣r♦❜❧❡♠❛ ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✳
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

αA|t=3s 77.24286 rad/s2 	 77.2395 rad/s2 	

αB|t=3s 77.24286 rad/s2 	 77.2395 rad/s2 	

ωA|t=3s 115.85965 rad/s 	 115.8645 rad/s 	

ωB|t=3s 115.85965 rad/s 	 115.8645 rad/s 	

✹✳✼✳ ❙é♣t✐♠♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✾✲✷✵ ❞❡❧ ❧✐❜r♦ ❞❡
❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✺✶✹✳

Pr♦❜❧❡♠❛ ✼✳ ❊❧ ✈♦❧❛♥t❡ A ❞❡ 30 lb t✐❡♥❡ ✉♥ r❛❞✐♦ ❞❡ ❣✐r♦ ❝♦♥ r❡s♣❡❝t♦ ❛ s✉ ❝❡♥tr♦ ❞❡ kA = 4 in✳
❊❧ ❞✐s❝♦ B ♣❡s❛ 50 lb ② ❡stá ❛❝♦♣❧❛❞♦ ❛❧ ✈♦❧❛♥t❡ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ ❜❛♥❞❛ q✉❡ ♥♦ s❡ ❞❡s❧✐③❛ ❡♥ s✉s
s✉♣❡r✜❝✐❡s ❞❡ ❝♦♥t❛❝t♦✳ ❙✐ ✉♥ ♠♦t♦r ♣r♦♣♦r❝✐♦♥❛ ✉♥ ♣❛r ❞❡ t♦rs✐ó♥ ❡♥ s❡♥t✐❞♦ ❝♦♥tr❛r✐♦ ❛❧ ❞❡ ❧❛s
♠❛♥❡❝✐❧❧❛s ❞❡❧ r❡❧♦❥ ❞❡ M = (50 t) lbf ✲ft✱ ❞♦♥❞❡ t ❡stá ❡♥ s❡❣✉♥❞♦s✱ ❞❡t❡r♠✐♥❡ ❡❧ t✐❡♠♣♦ r❡q✉❡r✐❞♦
♣❛r❛ q✉❡ ❡❧ ❞✐s❝♦ B ❛❧❝❛♥❝❡ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ 60 rad/s ❛ ♣❛rt✐r ❞❡❧ r❡♣♦s♦✳ ❉♦♥❞❡✿ rA = 6 in✱
rB = 9 in ② ωB = 60 rad/s✳

❋✐❣✉r❛ ✹✳✼✾✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✾✲✷✵ ❍✐❜❜❡❧❡r ❬✶✽❪✳

✹✳✼✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

P✉❡st♦ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❧❛ ❜❛♥❞❛ ② ❧♦s ❞✐s❝♦s✱ s❡ t✐❡♥❡ q✉❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ②
❝♦♠♣♦♥❡♥t❡s t❛♥❣❡♥❝✐❛❧❡s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡❧ ♣✉♥t♦ P1 ❡♥ ❡❧ ✈♦❧❛♥t❡ A ② ❞❡❧ ♣✉♥t♦ P2 ❡♥ ❡❧
❞✐s❝♦ B s♦♥ ✐❣✉❛❧❡s✳ ❆ ♣❛rt✐r ❞❡ ❡st❡ r❡s✉❧t❛❞♦ s❡ ♦❜t✐❡♥❡♥ ❞♦s r❡❧❛❝✐♦♥❡s✱ ❧❛ ♣r✐♠❡r❛ ❡♥tr❡ ❧❛s
✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜❛s ♣♦❧❡❛s ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s ② ❧❛ s❡❣✉♥❞❛ ❡♥tr❡ ❧❛s ❛❝❡❧❡r❛❝✐♦✲
♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜❛s ♣♦❧❡❛s ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✼✾ ② ❧❛s ❡❝✉❛❝✐♦♥❡s ✹✳✸✵ ② ✹✳✸✶✳

▲❛s ✈❡❧♦❝✐❞❛❞❡s ❡♥ ❧♦s ♣✉♥t♦ P1 ② P2✱ ❝♦♠♦ ♣❛rt❡ ❞❡ ❧♦s ❞✐s❝♦s A ② B✱ r❡s✉❧t❛♥✿

~ωA × ~rP1/OA
= ωA k̂ × rA ĵ = −ωA rA î = vAP1

= vBP2
= ~ωB × ~rP2/OB

= ωB k̂ × rB ĵ = −ωB rB î

✶✹✻



P♦r ❧♦ q✉❡✿
rA ωA = rB ωB t❛❧ q✉❡ ωA =

rB
rA

ωB ✭✹✳✸✵✮

▲❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❡♥ ❧♦s ♣✉♥t♦s P1 ② P2✱ ❝♦♠♦ ♣❛rt❡ ❞❡ ❧♦s ❞✐s❝♦s A ② B✱ r❡s✉❧t❛♥✿

~αA × ~rP1/OA
= αA k̂ × rA ĵ = −αA rA î = atAP1

= atBP2
= ~αB × ~rP2/OB

= αB k̂ × rB ĵ = −αB rB î

❉❡ ♠❛♥❡r❛ q✉❡✿
rA αA = rB αB t❛❧ q✉❡ αA =

rB
rA

αB ✭✹✳✸✶✮

❈♦♥ ❡st❡ r❡s✉❧t❛❞♦ t❡r♠✐♥❛ ❧❛ ♣❛rt❡ ❝✐♥❡♠át✐❝❛ ❞❡❧ ♣r♦❜❧❡♠❛✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ s❡ ♦❜t✐❡♥❡♥ ❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ t❛♥t♦ ❞❡ ❧❛ ♣♦❧❡❛ A ❝♦♠♦ ❧❛ ♣♦❧❡❛ B✳
❆♣❧✐❝❛♥❞♦ ❧❛ ❧❡② ❞❡ ❝♦♥s❡r✈❛❝✐ó♥ ❞❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❛♥❣✉❧❛r ② ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ✐♠♣✉❧s♦✱
s❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛r ✉♥❛ ❡①♣r❡s✐ó♥ ❞❡❧ t✐❡♠♣♦ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s✱ ♠♦♠❡♥t♦s ❞❡
✐♥❡r❝✐❛ ② s✉s r❛❞✐♦s❀ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✻✺ ② ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✷✮✳

❊❝✉❛❝✐ó♥ ❞❡ ✐♠♣✉❧s♦ ❛♥❣✉❧❛r ♣❛r❛ ✉♥ ❝✉❡r♣♦ rí❣✐❞♦ E ❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦t❛❝✐ó♥ ❛❧r❡❞❡❞♦r ❞❡
✉♥ ❡❥❡ ✜❥♦✱ r❡s♣❡❝t♦ ❛ ✉♥ ♣✉♥t♦ ❛r❜✐tr❛r✐♦ O✱ ✈❡❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✷✮ ② ❏✳▼✳ ❘✐❝♦ ❬✸✽❪✳

IE (~ωE)1 +
E
∑

Fext

(
∫ t

0

ME dt

)

= IE (~ωE)1 +
E
∑

Fext

(
∫ t

0

~rP/O × ~Fext dt

)

= IE (~ωE)2 ✭✹✳✸✷✮

❆♥❛❧✐③❛♥❞♦ ❡❧ ❞✐❛❣r❛♠❛ ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡❧ ✈♦❧❛♥t❡ A✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✽✵✱ s❡ t✐❡♥❡ q✉❡✱ ❝♦♠♦ ❡❧
✈♦❧❛♥t❡ A ♣❛rt❡ ❞❡❧ r❡♣♦s♦✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ✐♥✐❝✐❛❧ ❞❡❧ ✈♦❧❛♥t❡ A ❡s ✐❣✉❛❧ ❛ ❝❡r♦❀ ❞❡ ♠❛♥❡r❛
q✉❡✱ IOA

(ωA)1 = 0✳

∫ t

0

M dt+

∫ t

0

T2 (rA) dt−
∫ t

0

T1 (rA) dt = IOA
(ωA)2

P♦r ❧♦ q✉❡✿
∫ t

0

[T2 − T1] dt =

[

IOA
(ωA)2 −

∫ t

0

M dt

](

1

rA

)

✭✹✳✸✸✮

❆♥❛❧✐③❛♥❞♦ ❡❧ ❞✐❛❣r❛♠❛ ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡❧ ❞✐s❝♦ B✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✽✵✱ s❡ t✐❡♥❡ q✉❡✱ ❝♦♠♦ ❡❧
❞✐s❝♦ B ♣❛rt❡ ❞❡❧ r❡♣♦s♦✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ✐♥✐❝✐❛❧ ❞❡❧ ❞✐s❝♦ B ❡s ✐❣✉❛❧ ❛ ❝❡r♦❀ ❞❡ ♠❛♥❡r❛ q✉❡✱
IOB

(ωB)1 = 0✳
∫ t

0

T1 (rB) dt−
∫ t

0

T2 (rB) dt = IOB
(ωB)2

❚❛❧ q✉❡✿
∫ t

0

[T2 − T1] dt = −
IOB

(ωB)2
rB

✭✹✳✸✹✮

■❣✉❛❧❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✸✸✮ ② ✭✹✳✸✹✮✱ s❡ ♦❜t✐❡♥❡✿

(

IA (ωA)2 −
∫ t

0

M dt

)

1

rA
= −IB (ωB)2

rB

✶✹✼



❋✐❣✉r❛ ✹✳✽✵✿ ❉✐❛❣r❛♠❛ ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡❧ ✈♦❧❛♥t❡ A ② ❡❧ ❞✐s❝♦ B✳

❉❡ ♠❛♥❡r❛ q✉❡✿
∫ t

0

M dt = IA (ωA)2 + IB (ωB)2

(

rA
rB

)

✭✹✳✸✺✮

❙❡ s❛❜❡ q✉❡ ❧♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡ ❛♠❜♦s ❞✐s❝♦s ❡stá♥ ❞❡✜♥✐❞♦s ❝♦♠♦✿

IA = mA k2

A = (30 lbf )

(

1

32 ft/s2

)

(4 in)2
(

1 ft

12 in

)2

= 0.10351967 slug − ft2

IB =
mBr

2

B

2
=

1

2

(

50

32
slug

)(

9

12
ft

)2

= 0.4367236 slug − ft2

▲❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A✱ ✈❡❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✵✮✱ ❝✉❛♥❞♦ ❧❛ ♣♦❧❡❛ B ❛❧❝❛♥③❛ ✉♥❛ ✈❡❧♦❝✐❞❛❞
❛♥❣✉❧❛r ❞❡ 60 rad/s✱ r❡s✉❧t❛✿

ωA = ωB
rB
rA

= (60 rad/s)

(

9 in

6 in

)

= 90
rad

s
	

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✺✮✱ s❡ ♦❜t✐❡♥❡✿

∫

2

0

50 t lbf − ft =
(

0.10351967 slug − ft2
)

(90 rad/s)

+
(

0.4367236025 slug − ft2
)

(60 rad/s)

(

6

9

)

■♥t❡❣r❛♥❞♦ ❧❛ ♣❛rt❡ ✐③q✉✐❡r❞❛ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ② ❞❡s♣❡❥❛♥❞♦ ❧❛ ✈❛r✐❛❜❧❡ ❞❡ t✐❡♠♣♦✱ s❡ ♦❜t✐❡♥❡✿

25 t2 = 26.78571428 ❞❡ ❞♦♥❞❡ t =

√

26.78571428

25
s = 1.035098 s

❆♣❧✐❝❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✉❧❡r✱ t❛♥t♦ ❛❧ ✈♦❧❛♥t❡ A ❝♦♠♦ ❛❧ ❞✐s❝♦ B✱ s❡ ♦❜t✐❡♥❡♥ ❧❛s ❡①♣r❡s✐♦♥❡s
♣❛r❛ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜♦s ✈♦❧❛♥t❡s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✽✵✳

❉❡ ❧❛ s✉♠❛ ❞❡ ♠♦♠❡♥t♦s ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣✉♥t♦ OA ❡♥ ❡❧ ✈♦❧❛♥t❡ A✱ r❡s✉❧t❛✿

ΣMOA
= IOA

αA t❛❧ q✉❡ rA (T2 − T1) +M = IOA
αA

✶✹✽



❉❡ ♠❛♥❡r❛ q✉❡✿

T2 − T1 =
IOA

αA −M

rA
✭✹✳✸✻✮

❉❡ ❧❛ s✉♠❛ ❞❡ ♠♦♠❡♥t♦s ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣✉♥t♦ OB ❡♥ ❡❧ ❞✐s❝♦ B✱ r❡s✉❧t❛✿

ΣMOB
= IOB

αB t❛❧ q✉❡ rB (T1 − T2) = IOB
αB

❉❡ ❛q✉í q✉❡✿

T2 − T1 = −
IOB

αB

rB
✭✹✳✸✼✮

■❣✉❛❧❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✸✻✮ ② ✭✹✳✸✼✮ s❡ ♦❜t✐❡♥❡ ✉♥❛ r❡❧❛❝✐ó♥ ✐❣✉❛❧ ❛✿

IOA
αA −M

rA
= −IOB

αB

rB
♦

IOA
αA

rA
+

IOB
αB

rB
=

M

rA

② ❞❡ ❛❧❧í ✉♥❛ ❡❝✉❛❝✐ó♥ q✉❡ r❡❧❛❝✐♦♥❛ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❞✐s❝♦s ❝♦♥ ❡❧ ♠♦♠❡♥t♦
❛♣❧✐❝❛❞♦ ❛❧ ✈♦❧❛♥t❡ A✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

IOA
αA + IOB

αB
rA
rB

= M ✭✹✳✸✽✮

❙✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✶✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✽✮✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ r❡❧❛❝✐ó♥ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛
❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r αA✱ ② ❧♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡❧ ✈♦❧❛♥t❡ A ② ❡❧ ❞✐s❝♦ B✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

IOA
αA +

(

rA
rB

)2

IOB
αA = M

❉❡s♣❡❥❛♥❞♦ αA✱ s❡ ♦❜t✐❡♥❡✿

αA =
M

IOA
+ IOB

(

rA
rB

)2
✭✹✳✸✾✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✾✮✱ s❡ ♦❜t✐❡♥❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥
❛♥❣✉❧❛r ❞❡❧ ✈♦❧❛♥t❡ A ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ t✐❡♠♣♦ ❞❛❞❛ ♣♦r✿

αA (t) =
50 t

0.2976190465

lbf − ft

slug − ft2
= 167.9999999 t

rad

s2
✭✹✳✹✵✮

▲❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ✈♦❧❛♥t❡ A ❛❧ tr❛♥s❝✉rr✐r ✶✳✵✸✺✵✾✽ s❡❣✉♥❞♦s✱ ❡stá ❞❛❞❛ ♣♦r✿

αA (1.035098 s) = 167.9999999 (1.035098) = 173.8964639
rad

s2
	

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✶✮ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥
❛♥❣✉❧❛r ❞❡❧ ❞✐s❝♦ B ✐❣✉❛❧ ❛✿

αB (1.035098 s) = (173.8964639)

(

6 in

9 in

)

= 115.9309759 rad/s2 	

✶✹✾



✹✳✼✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ▼❛❝❤✐♥❡r②✱ ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡✲
ñ❛❧❛r q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥✱ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛ ❝❛❞❡♥❛ ②
❧❛ ❝❛t❛r✐♥❛✳ ❊st♦s ✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛s s❡❝❝✐♦♥❡s ✷✳✸ ② ✷✳✸✳✸✱ ❡♥
❧❛s ♣á❣✐♥❛s ✶✹ ② ✶✼ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❊s ♥❡❝❡s❛r✐♦ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ❝❛❞❡♥❛ s❡
❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐♥❛❞❛ ✏❈♦♥str❛✐♥t✑ ✳ ❊st❛ ♦♣❝✐ó♥ s❡ ❡♠♣❧❡❛ ❝✉❛♥❞♦
ú♥✐❝❛♠❡♥t❡ s❡ ❞❡s❡❛ ❛♥❛❧✐③❛r ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❝♦♥st❛♥t❡✳ ❆❧
s❡❧❡❝❝✐♦♥❛r ❡st❡ t✐♣♦ ❞❡ ❛♥á❧✐s✐s s✐♠♣❧✐✜❝❛❞♦✱ ❆❞❛♠s ❝© ❞❡s♣r❡❝✐❛ ❧♦s ❝♦♠♣♦♥❡♥t❡s ② ❧♦ ❡s❧❛❜♦♥❡s ❞❡
❧❛ ❝❛❞❡♥❛❀ ❛sí ♠✐s♠♦✱ ❧❛s ❢✉❡r③❛s ✐♥✈♦❧✉❝r❛❞❛s ❡♥ ❡❧ s✐st❡♠❛✳ P♦r ❡s❛ r❛③ó♥ s❡ ♣✉❡❞❡ ✉s❛r ❝❛❞❡♥❛s ②
❝❛t❛r✐♥❛s ❝✉❛♥❞♦ ❡❧ ♣r♦❜❧❡♠❛ ✐♥❞✐❝❛ q✉❡ ❧❛ tr❛♥s♠✐s✐ó♥ s❡ r❡❛❧✐③❛ ♠❡❞✐❛♥t❡ ✉♥❛ ❜❛♥❞❛✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✾✲✷✵ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛✹✳✽✶✳

✭❛✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡ ❛❧❛♠❜r❡ ✭❜✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s

❋✐❣✉r❛ ✹✳✽✶✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

▲❛ ✜❣✉r❛ ✹✳✽✷ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❝❛❞❡♥❛ ② ❞❡ ❝❛t❛r✐♥❛ ❡♠♣❧❡❛❞❛ ❡♥ ❡❧ ♠♦❞❡❧♦✳ ❈♦♠♦ ♣✉❡❞❡
♦❜s❡r✈❛rs❡✱ s❡ s❡❧❡❝❝✐♦♥ó ✉♥❛ ❝❛❞❡♥❛ ❞❡ r♦❞✐❧❧♦s ❝♦♥ s✉ ❝❛t❛r✐♥❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡✳

❋✐❣✉r❛ ✹✳✽✷✿ ❚✐♣♦ ❞❡ ❝❛❞❡♥❛ ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✱ ♣❛r❛ ❧❛s ❝❛t❛r✐♥❛s A ② B✳

✶✺✵



▲❛ ✜❣✉r❛ ✹✳✽✸ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✳ ❊s ✐♠♣♦rt❛♥✲
t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡❧ ♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡s ❡❧ ❞❡♥♦♠✐♥❛❞♦ ✏❈♦♥str❛✐♥t✑ ✱ ❡❧ ❝✉❛❧ ú♥✐❝❛♠❡♥t❡ ❧❛
tr❛♥s♠✐s✐ó♥✱ r❡❞✉❝❝✐ó♥ ♦ ❛♠♣❧✐✜❝❛❝✐ó♥✱ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❡s ❞❡ ✐♥t❡rés✳

❋✐❣✉r❛ ✹✳✽✸✿ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✳

P♦r ♦tr♦ ❧❛❞♦✱ ❧❛s ✉♥✐❞❛❞❡s ❞❡❧ ♠♦❞❡❧♦ s❡ ❞❡s❝r✐❜❡♥ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✽✹✱ ♠✐❡♥tr❛s q✉❡ ❧♦s ♣❛rá♠❡tr♦s
❣❡♦♠étr✐❝♦s ❞❡❧ ✈♦❧❛♥t❡ A ② ❡❧ ❞✐s❝♦ B✱ ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ❝❛t❛r✐♥❛s✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s
✹✳✽✺ ② ✹✳✽✻✳

❋✐❣✉r❛ ✹✳✽✹✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

❋✐❣✉r❛ ✹✳✽✺✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✳

✶✺✶



❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ s❡❧❡❝❝✐♦♥❛r ❧♦s r❛❞✐♦s ✐❣✉❛❧❡s ❛ ❧♦s ✐♥❞✐❝❛❞♦s ❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦
❞❡❧ ♣r♦❜❧❡♠❛✳ ❊♥ ❡st❡ ❝❛s♦✱ ❞❡❜❡ ♥♦t❛rs❡ q✉❡ ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❞❡❜❡ s❡r ♠❛②♦r ❛ ❧❛ s✉♠❛
❞❡ ❧♦s r❛❞✐♦s ❞❡ ❧♦s ❞✐s❝♦s✱ ❝❛t❛r✐♥❛s✳

❋✐❣✉r❛ ✹✳✽✻✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ❝❛t❛r✐♥❛ B✳

▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧♦s ❞✐s❝♦s✱ ❝❛t❛r✐♥❛s✱ A ② B✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✹✳✽✼ ② ✹✳✽✽✳
❉❡❜❡ ♥♦t❛rs❡ q✉❡ ❧♦s ❞❛t♦s ♠ás ✐♠♣♦rt❛♥t❡s s♦♥ ❧❛s ♠❛s❛s ② ❧♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡ ❧♦s ❞✐s❝♦s✱
❝❛t❛r✐♥❛s✱ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z ② q✉❡ ♣❛s❛ ♣♦r ❡❧ ❝❡♥tr♦ ❞❡ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❝❛t❛r✐♥❛s✳ ❊st♦s ✈❛❧♦r❡s
❞❡❜❡♥ ❝♦rr❡s♣♦♥❞❡r ❛ ❧♦s ❡♠♣❧❡❛❞♦s ❡♥ ❧❛ s♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛ ❞❡❧ ♣r♦❜❧❡♠❛✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛
❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦✱ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡
❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ✉♥ ❞✐s❝♦✱ s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛
❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✳

❋✐❣✉r❛ ✹✳✽✼✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛ A

✶✺✷



❋✐❣✉r❛ ✹✳✽✽✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ❝❛t❛r✐♥❛ B

P❛r❛ ❛♣❧✐❝❛r t♦rq✉❡ ❛ ❧❛ ❝❛t❛r✐♥❛ A✱ ❡s ♥❡❝❡s❛r✐♦ ❡♠♣❧❡❛r ✉♥ ❛❝t✉❛❞♦r ❡♥ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✱
✈❡❛ ❧❛s ✜❣✉r❛s ✹✳✽✾✭❛✮ ② ✹✳✽✾✭❜✮✳ ❊❧ ❛❝t✉❛❞♦r ❛♣❧✐❝❛ ✉♥ t♦rq✉❡ ❝✉②❛ ♠❛❣♥✐t✉❞ ❡s ❞❡ 50t✳ ❉❡❜❡ r❡✲
❝♦r❞❛rs❡ q✉❡ ❧❛ ✉♥✐❞❛❞ ❞❡ ❧♦♥❣✐t✉❞ s❡❧❡❝❝✐♦♥❛❞❛ s♦♥ ♣✐❡s ② ❧❛ ✉♥✐❞❛❞ ❞❡ ❢✉❡r③❛ ❡s ❧✐❜r❛ ❢✉❡r③❛✱ ❞❡
♠♦❞♦ q✉❡✱ ❡❧ t♦rq✉❡ ❛♣❧✐❝❛❞♦ ❡stá ❞❛❞♦ ♣♦r 50t lbf ✲ft✳

✭❛✮ ❚✐♣♦ ❞❡ ❛❝t✉❛❞♦r

✭❜✮ P❛rá♠❡tr♦s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧❛ ❝❛t❛r✐♥❛ A

❋✐❣✉r❛ ✹✳✽✾✿ ❚✐♣♦ ❞❡ ❛❝t✉❛❞♦r ② ♣❛rá♠❡tr♦s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧❛ ❝❛t❛r✐♥❛ A

✶✺✸



P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✷ s❡❣✉♥❞♦s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦ ❞❡
♣❛s♦s ❞❡ ✸✵✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞✐♥á♠✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✹✳✾✵✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s
♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱
s✐ ❧❛s ❤❛②✳

❋✐❣✉r❛ ✹✳✾✵✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✹✳✾✶ ② ✹✳✾✷✳

✭❛✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A

✭❜✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ B

❋✐❣✉r❛ ✹✳✾✷✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛s ❝❛t❛r✐♥❛s A ② B✳

✶✺✹



✭❛✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A

✭❜✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ B

❋✐❣✉r❛ ✹✳✾✶✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛s ❝❛t❛r✐♥❛s A ② B✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✹✳✾✸✱ ✹✳✾✹ ② ✹✳✾✺✳

❈♦♠♦ ②❛ s❡ ♠❡♥❝✐♦♥ó✱ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ✈❛rí❛♥ ❛ ❧♦ ❧❛r❣♦ ❞❡❧ t✐❡♠♣♦ ② ❛ ❧♦ ❧❛r❣♦ ❞❡
t♦❞❛ ❧❛ s✐♠✉❧❛❝✐ó♥✳ P♦r ❝♦♥s✐❣✉✐❡♥t❡✱ ❧♦s r❡s✉❧t❛❞♦s q✉❡ s❡ ♦❜s❡r✈❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✹✳✾✸ ② ✹✳✾✹✱ ❡stá♥
✐♥❞✐❝❛❞❛s ♣❛r❛ ✉♥ t✐❡♠♣♦ t = 1.036✱ q✉❡ ❡s ❡❧ t✐❡♠♣♦ q✉❡ ❧❛ ♣♦❧❡❛ B t❛r❞❛ ❡♥ ❧❧❡❣❛r ❛ ✉♥❛ ✈❡❧♦❝✐❞❛❞
❛♥❣✉❧❛r ✐❣✉❛❧ ❛ 60 rad/s✳

❋✐❣✉r❛ ✹✳✾✸✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ t✐❡♠♣♦ t ❝✉❛♥❞♦ ωB = 60 rad/s✳

✶✺✺



❋✐❣✉r❛ ✹✳✾✹✿ ❱❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ωA ❝✉❛♥❞♦ ωB ❛❧❝❛♥③❛ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ 60 rad/s✳

❋✐❣✉r❛ ✹✳✾✺✿ ❆❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r αA ❝✉❛♥❞♦ ωB ❛❧❝❛♥③❛ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ 60 rad/s✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐✲
❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥
❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✹✳✼ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛
❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥á❧✐t✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

❚❛❜❧❛ ✹✳✼✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✼✳◦ ♣r♦❜❧❡♠❛ ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✳
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

ωA|ωB=60rad/s 90 rad/s 	 90.0409 rad/s 	

t|ωB=60rad/s 1.035098 s 1.0353 s

αA|ωB=60rad/s 173.8964639 rad/s2 	 173.9024 rad/s2 	

αB|ωB=60rad/s 115.9309759 rad/s2 	 115.9349 rad/s2 	

✶✺✻



❈❛♣ít✉❧♦ ✺

❙✐st❡♠❛s ❞❡ ❜❛♥❞❛s r❡s✉❡❧t♦s ♠❡❞✐❛♥t❡
❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❊♥ ❡st❡ ❝❛♣ít✉❧♦ s❡ ♣r❡s❡♥t❛♥ ❞✐❢❡r❡♥t❡s ♣r♦❜❧❡♠❛s q✉❡ ✐♥✈♦❧✉❝r❛♥ s✐st❡♠❛s ❞❡ ❜❛♥❞❛s ② ♣♦❧❡❛s✱
t♦❞♦s ❡s♦s ♣r♦❜❧❡♠❛s s❡ r❡s♦❧✈❡rá♥ ✐♥✐❝✐❛❧♠❡♥t❡ ♠❡❞✐❛♥t❡ ❧♦s ♠ét♦❞♦s ❛♥❛❧ít✐❝♦s q✉❡ s❡ ♣r❡s❡♥t❛♥
❡♥ ❧❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❡♥ ❧❛s ❧✐❝❡♥❝✐❛t✉r❛s ❞❡ ✐♥❣❡♥✐❡rí❛ ♠❡❝á♥✐❝❛ ❡ ✐♥❣❡✲
♥✐❡rí❛ ♠❡❝❛tró♥✐❝❛ ❞❡ ❧❛ ❉✐✈✐s✐ó♥ ❞❡ ■♥❣❡♥✐❡rí❛s ❞❡❧ ❈❛♠♣✉s ■r❛♣✉❛t♦✲❙❛❧❛♠❛♥❝❛ ❞❡ ❧❛ ❯♥✐✈❡rs✐❞❛❞
❞❡ ●✉❛♥❛❥✉❛t♦❀ ♣♦st❡r✐♦r♠❡♥t❡ ❡s♦s ♣r♦❜❧❡♠❛s s❡ r❡s✉❡❧✈❡♥ ♠❡❞✐❛♥t❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ❡♠✲
♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡❧ ♠ó❞✉❧♦ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳ P♦r ❧❛ ♥❛t✉r❛❧❡③❛ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡
❧❛s ♣♦❧❡❛s✱ ❧❛ t♦t❛❧✐❞❛❞ ❞❡ ❧♦s ♣r♦❜❧❡♠❛s ♣r❡s❡♥t❛❞♦s ❡♥ ❡st❡ ❝❛♣ít✉❧♦ ♣❡rt❡♥❡❝❡♥ ❛ ❧❛ ❞✐♥á♠✐❝❛ ❞❡❧
❝✉❡r♣♦ rí❣✐❞♦✳

✺✳✶✳ Pr✐♠❡r ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❜❛♥❞❛s ② ♣♦❧❡❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✺✳✷✸ ❞❡❧ ❧✐❜r♦ ❞❡
❇❡❡r ❡t ❛❧✳ ❬✺❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✾✷✾✳

Pr♦❜❧❡♠❛✿ ▲❛ ❧✐❥❛❞♦r❛ ❞❡ ❜❛♥❞❛ q✉❡ s❡ ♠✉❡str❛ ✐♥✐❝✐❛❧♠❡♥t❡ ❡stá ❡♥ r❡♣♦s♦✳ ❙✐ ❡❧ t❛♠❜♦r ❞❡
❛❝❝✐♦♥❛♠✐❡♥t♦ B t✐❡♥❡ ✉♥❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❝♦♥st❛♥t❡ ❞❡ 120 rad/s2 ❡♥ s❡♥t✐❞♦ ❛♥t✐❤♦r❛r✐♦✱
❞❡t❡r♠✐♥❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❧❛ ❝♦rr❡❛ ❡♥ ❡❧ ♣✉♥t♦ C ❝✉❛♥❞♦ (a) t = 0.5s ② (b) t = 2s✳
❉♦♥❞❡ rA = rB = 25mm ② αB = 120 rad/s2✳

✺✳✶✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛

P✉❡st♦ q✉❡ ❛♠❜❛s ♣♦❧❡❛s ❡stá♥ s✉❥❡t❛s ❛ ✉♥ ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦t❛❝✐ó♥ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❡❥❡ ✜❥♦
❞♦♥❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡s ❝♦♥st❛♥t❡ ② ❛❞❡♠ás s❡ s❛❜❡ q✉❡ ❡❧ s✐st❡♠❛ ♣❛rt❡ ❞❡❧ r❡♣♦s♦ ♣❛r❛ ✉♥ t✐❡♠♣♦
t = 0✱ ♣♦r ❧♦ q✉❡✿

ωA =✟✟✟✯
0

ωA0
+ αA t ❞❡ ♠❛♥❡r❛ q✉❡ ωA = αA t ✭✺✳✶✮

❆❞❡♠ás s❡ s❛❜❡ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❧❛ ❜❛♥❞❛ ② ❧♦s ❞✐s❝♦s✱ ♣♦r ❧♦ q✉❡ ❧❛s ✈❡❧♦❝✐✲
❞❛❞❡s ② ❧❛s ❝♦♠♣♦♥❡♥t❡s t❛♥❣❡♥❝✐❛❧❡s ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ P1 ❡♥ ❧❛ ♣♦❧❡❛ A ② ❞❡❧ ♣✉♥t♦ P2

✶✺✼



❋✐❣✉r❛ ✺✳✶✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✺✳✷✸ ❇❡❡r ❡t ❛❧✳ ❬✺❪✳

❡♥ ❧❛ ♣♦❧❡❛ B s♦♥ ✐❣✉❛❧❡s✳ ❆ ♣❛rt✐r ❞❡ ❡st❡ r❡s✉❧t❛❞♦ s❡ ♦❜t✐❡♥❡♥ ❞♦s r❡❧❛❝✐♦♥❡s✿ ❧❛ ♣r✐♠❡r❛✱ ❡♥tr❡
❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜❛s ♣♦❧❡❛s ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s❀ ❧❛ s❡❣✉♥❞❛ ❡♥tr❡ ❧❛s ❛❝❡❧❡r❛✲
❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜❛s ♣♦❧❡❛s ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✺✳✷ ② ❧❛s ❡❝✉❛❝✐♦♥❡s ✺✳✷ ② ✺✳✸✳

▲❛s ✈❡❧♦❝✐❞❛❞❡s ❡♥ ❧♦s ♣✉♥t♦s P1 ② P2 ✱ ❝♦♠♦ ♣❛rt❡ ❞❡ ❧❛s ♣♦❧❡❛s A ② B✱ r❡s✉❧t❛✿

~ωA × ~rP1/OA
= ωA k̂ × rA ĵ = −ωA rA î = vAP1

= vBP2
= ~ωB × ~rP2/OB

= ωB k̂ × rB ĵ = −ωB rB î

❉❡ ♠❛♥❡r❛ q✉❡✿
rA ωA = rB ωB t❛❧ q✉❡ ωB =

rA
rB

ωA ✭✺✳✷✮

▲❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❡♥ ❧♦s ♣✉♥t♦s P1 ② P2✱ ❝♦♠♦ ♣❛rt❡ ❞❡ ❧♦s ❞✐s❝♦s A ② B✱ r❡s✉❧t❛♥✿

~αA × ~rP1/OA
= αA k̂ × rA ĵ = −αA rA î = atAP1

= atBP2
= ~αB × ~rP2/OB

= αB k̂ × rB ĵ = −αB rB î

P♦r ❧♦ t❛♥t♦✿
rA αA = rB αB t❛❧ q✉❡ αA =

rB
rA

αB ✭✺✳✸✮

❆♥á❧✐s✐s ❞❡ ❛❝❡❧❡r❛❝✐ó♥✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ✜❣✉r❛ ✺✳✷✱ s❡ s❛❜❡ q✉❡✿

~aC = ✚
✚✚❃

0
~aOA

+ ~ac/OA
− ω2

A ~rC/OA

❉❡ ♠❛♥❡r❛ q✉❡✿

~aC = αAk̂ ×
(

−rC/OA

)

î− ω2

A

(

−rC/OA
î
)

t❛❧ q✉❡ ~aC = −αA rAĵ + ω2

A rAî ✭✺✳✹✮

❙❡ s❛❜❡ q✉❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ B ❡s ✐❣✉❛❧ ❛ 120 rad/s2✳ P♦r ❧♦ q✉❡✱ s✉st✐t✉②❡♥❞♦
❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✸✮✱ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r ❞❡ αA ✐❣✉❛❧ ❛✿

αA =

(

0.025

0.025

)

120 rad/s2 = 120 rad/s2

✶✺✽



❋✐❣✉r❛ ✺✳✷✿ ❉✐❛❣r❛♠❛ ❝✐♥❡♠át✐❝♦ ❞❡❧ ♣r♦❜❧❡♠❛✳

✭❛✮ ❈❛❧❝✉❧❛r ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ C ♣❛r❛ ✉♥ t✐❡♠♣♦ t = 0.5s✳ ❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s
♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✮ s❡ ❝❛❧❝✉❧❛ ✉♥ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A ❞❡✿

ωA =
(

120 rad/s2
)

(0.5s) = 60 rad/s

❯♥❛ ✈❡③ ♦❜t❡♥✐❞♦ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A✱ s❡ s✉st✐t✉②❡♥ t♦❞♦s
❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✹✮✱ ♣❛r❛ ♦❜t❡♥❡r ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ C ♣❛r❛
✉♥ t✐❡♠♣♦ t = 0.5s✱ ♣♦r ❧♦ q✉❡✿

~aC = −
(

120 rad/s2
)

(0.025m) ĵ + (60 rad/s)2 (0.025m) î t❛❧ q✉❡ ~aC = −90̂i+ 3ĵ m/s2

❉❡ ♠❛♥❡r❛ q✉❡✱ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ C r❡s✉❧t❛✿

|aC | =
√
902 + 32 m/s2 = 90.04998612m/s2

✭❜✮ ❈❛❧❝✉❧❛r ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ C ♣❛r❛ ✉♥ t✐❡♠♣♦ t = 2s✳ ❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s
❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✮✱ s❡ ❝❛❧❝✉❧❛ ✉♥ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A ❞❡✿

ωA =
(

120 rad/s2
)

(2s) = 240 rad/s

❯♥❛ ✈❡③ ♦❜t❡♥✐❞♦ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A✱ s❡ s✉st✐t✉②❡♥ t♦❞♦s
❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✹✮✱ ♣❛r❛ ♦❜t❡♥❡r ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ C ♣❛r❛
✉♥ t✐❡♠♣♦ t = 2s✱ ♣♦r ❧♦ q✉❡✿

~aC = −
(

120 rad/s2
)

(0.025m) ĵ+(240 rad/s)2 (0.025m) î ❞♦♥❞❡ ~aC = −1440̂i+3ĵ m/s2

❉❡ ♠❛♥❡r❛ q✉❡✱ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ C r❡s✉❧t❛✿

|aC | =
√
14402 + 32 m/s2 = 1440.003125m/s2

✶✺✾



✺✳✶✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ▼❛❝❤✐♥❡r②✱ ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡✲
ñ❛❧❛r q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛s ♣♦❧❡❛s ②
❧❛ ❜❛♥❞❛✳ ❊st♦s ✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✶✱ ❡♥ ❧❛ ♣á❣✐♥❛
✽ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❊s ♥❡❝❡s❛r✐♦ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ❜❛♥❞❛s s❡ ❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥
❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐♥❛❞❛ ✏❈♦♥str❛✐♥t✑ ✳ ❊st❛ ♦♣❝✐ó♥ s❡ ❡♠♣❧❡❛ ❝✉❛♥❞♦ ú♥✐❝❛♠❡♥t❡ s❡
❞❡s❡❛ ❛♥❛❧✐③❛r ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❝♦♥st❛♥t❡✳ ❉❡ ❛❝✉❡r❞♦ ❝♦♥
❆❞❛♠s ❝©✱ ❡st❡ ♠ét♦❞♦ s❡ ✉s❛ ❝✉❛♥❞♦ ❧❛s ❢✉❡r③❛s ② ❧♦s ❝♦♠♣♦♥❡♥t❡s ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛✱ ② ❞♦♥❞❡
ú♥✐❝❛♠❡♥t❡ ❧❛ r❡❞✉❝❝✐ó♥ ♦ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞ ❡s ❞❡ ✐♥t❡rés✳ P♦r ❡s❛ r❛③ó♥✱ t❛♥t♦ ❡❧ ♠ó❞✉❧♦
❞❡ ❜❛♥❞❛s ❝♦♠♦ ❡❧ ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✱ s❡ ♣✉❡❞❡♥ ✉t✐❧✐③❛r ❝✉❛♥❞♦ ❡❧ ♣r♦❜❧❡♠❛ ✐♥❞✐❝❛ q✉❡ ❧❛
tr❛♥s♠✐s✐ó♥ s❡ r❡❛❧✐③❛ ♠❡❞✐❛♥t❡ ✉♥❛ ❜❛♥❞❛✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✺✲✷✸ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛✺✳✸✳

Marker_1

✭❛✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡ ❛❧❛♠❜r❡

✭❜✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s

❋✐❣✉r❛ ✺✳✸✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

▲❛s ✉♥✐❞❛❞❡s ❞❡❧ ♠♦❞❡❧♦ s❡ ❞❡s❝r✐❜❡♥ ❡♥ ❧❛ ✜❣✉r❛ ✺✳✹✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ✜❣✉r❛ ✺✳✺✭❛✮ ♠✉❡str❛ ❡❧
t✐♣♦ ❞❡ ♣♦❧❡❛ q✉❡ s❡ s❡❧❡❝❝✐♦♥ó ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦✳ ❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ s❡ s❡❧❡❝❝✐♦♥❛r♦♥ ♣♦❧❡❛s
❞❡❧ t✐♣♦ ♣♦❧②✲❱✳

P♦r ♦tr♦ ❧❛❞♦✱ ❧❛ ✜❣✉r❛ ✺✳✺✭❜✮✱ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛✳
❊st❡ ♠ét♦❞♦ s✐♠♣❧✐✜❝❛❞♦ só❧♦ ♣❡r♠✐t❡ ❧❛ tr❛♥s♠✐s✐ó♥✱ r❡❞✉❝❝✐ó♥ ♦ ❛♠♣❧✐✜❝❛❝✐ó♥✱ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s
❞❡ ✐♥t❡rés✳

✶✻✵



❋✐❣✉r❛ ✺✳✹✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

✭❛✮ ❚✐♣♦ ❞❡ ♣♦❧❡❛ ❡♠♣❧❡❛❞❛

✭❜✮ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s

❋✐❣✉r❛ ✺✳✺✿ ❚✐♣♦ ❞❡ ♣♦❧❡❛ ② ♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✳

▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡❧ ✈♦❧❛♥t❡ A ② ❡❧ ❞✐s❝♦ B✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✺✳✻✳ ❊❧ ✉s✉❛r✐♦
❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ s❡❧❡❝❝✐♦♥❛r ❧♦s r❛❞✐♦s ✐❣✉❛❧❡s ❛ ❧♦s ✐♥❞✐❝❛❞♦s ❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡❧ ♣r♦❜❧❡♠❛✱
② ❞❡ ❡st❛ ♠❛♥❡r❛✱ s❡❧❡❝❝✐♦♥❛r ✉♥❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❛❝♦r❞❡ ❝♦♥ ❧♦s r❛❞✐♦s ❞❡ ❧♦s ❞✐s❝♦s✳ ❊♥
❡st❡ ❝❛s♦✱ ❞❡❜❡ ♥♦t❛rs❡ q✉❡ ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❞❡❜❡ s❡r ♠❛②♦r ❛ ❧❛ s✉♠❛ ❞❡ ❧♦s r❛❞✐♦s ❞❡ ❧❛s
♣♦❧❡❛s✳

✶✻✶



✭❛✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ♣♦❧❡❛ A

✭❜✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ♣♦❧❡❛ B

❋✐❣✉r❛ ✺✳✻✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛s ♣♦❧❡❛s A ② B✳

▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ♣♦❧❡❛s A ② B✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✺✳✼ ② ✺✳✽✳ ❉❡❜❡ ♥♦t❛rs❡
q✉❡ ❡❧ ♣r♦❜❧❡♠❛ ✶✺✲✷✸ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ ♣r♦❜❧❡♠❛ ❝✐♥❡♠át✐❝♦❀ ♣♦r ❧♦ q✉❡✱ ❧♦s ❞❛t♦s ❝♦♠♦ ❧❛s ♠❛s❛s
❞❡ ❧❛s ♣♦❧❡❛s ♥♦ s♦♥ ❞❡ ✐♥t❡rés✱ ② ❝✉❛❧❡sq✉✐❡r❛ ✈❛❧♦r❡s q✉❡ ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© s❡❧❡❝❝✐♦♥❡✱ ♦ ❡❧
✉s✉❛r✐♦ ❞❡s❡é s❡❧❡❝❝✐♦♥❛r✱ s❡rá♥ ❛❞❡❝✉❛❞♦s✳ ❆✉♥q✉❡✱ ❧♦ ♠❡❥♦r ❡s ♠✐♥✐♠✐③❛r ❧❛ ♠❛s❛ ② ❧♦s ♠♦♠❡♥t♦s
❞❡ ✐♥❡r❝✐❛ ❞❡ ❧❛s ♣♦❧❡❛s✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛
❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦✱ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ✉♥ ❞✐s❝♦✱
s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✳

❋✐❣✉r❛ ✺✳✼✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛ A✳

✶✻✷



❋✐❣✉r❛ ✺✳✽✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛ B✳

P❛r❛ ❧❛ ❝r❡❛❝✐ó♥ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧❛ ♣♦❧❡❛ B ❡♥ ❆❞❛♠s ❝©✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✺✳✶✾✳

✭❛✮ ❙✉❜♠ó❞✉❧♦ ▼♦t✐♦♥ ✭❜✮ P❛rá♠❡tr♦s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧❛
♣♦❧❡❛ B

❋✐❣✉r❛ ✺✳✾✿ ❈r❡❛❝✐ó♥ ❞❡❧ ♦❜❥❡t♦ ❞❡ ♠♦✈✐♠✐❡♥t♦ s♦❜r❡ ❧❛ ♣♦❧❡❛ B✳

❊❧ ✏▼❛r❦❡r❴✶✑ ❝♦♠♦ ♣❛rt❡ ❞❡ ❧❛ ♣♦❧❡❛ A✱ t✐❡♥❡ ❝♦♠♦ ❢✉♥❝✐ó♥✱ ❛♥❛❧✐③❛r ❧❛ ❛❝❡❧❡r❛❝✐ó♥ t❛♥❣❡♥❝✐❛❧
② ♥♦r♠❛❧✱ ❛❧ ✐❣✉❛❧ q✉❡ ❧❛ ♠❛❣♥✐t✉❞ ❡♥ ❡❧ ♣✉♥t♦ C ❞❡❧ ♣r♦❜❧❡♠❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✺✳✸✭❛✮✳

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✷ s❡❣✉♥❞♦s✱ ✉♥ ♥ú♠❡r♦ ❞❡ ♣❛s♦s
❞❡ ✷✺✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❝✐♥❡♠át✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✺✳✶✵✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛s♦s
❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱ s✐
❧❛s ❤❛②✳

P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦
❞❡s♣✉és ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✺✳✶✶✱ ✺✳✶✷ ② ✺✳✶✸✳

✶✻✸



❋✐❣✉r❛ ✺✳✶✵✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

✭❛✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A

✭❜✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ B

❋✐❣✉r❛ ✺✳✶✶✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛s ♣♦❧❡❛s A ② B✳

✶✻✹



✭❛✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A

✭❜✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ B

❋✐❣✉r❛ ✺✳✶✷✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛s ♣♦❧❡❛s A ② B✳

❋✐❣✉r❛ ✺✳✶✸✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ C✳

✶✻✺



▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© ❡stá♥ ❞❛❞♦s ❞❡ ♠❛♥❡r❛ ❣rá✜❝❛ ❡♥ ❧❛s ✜❣✉r❛s
✺✳✶✹✱ ✺✳✶✺ ② ✺✳✶✻✱ ♣❛r❛ ❧♦s t✐❡♠♣♦s t❂✵✳✺s ② t❂✷✳✵s✳

❋✐❣✉r❛ ✺✳✶✹✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛s ♣♦❧❡❛s A ② B✳

❋✐❣✉r❛ ✺✳✶✺✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ B✳

❋✐❣✉r❛ ✺✳✶✻✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ C✳

✶✻✻



❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐✲
❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥
❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✺✳✶ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛
❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥❛❧ít✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

❚❛❜❧❛ ✺✳✶✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✶✳❡r ♣r♦❜❧❡♠❛ ❞❡ ♣♦❧❡❛s ② ❜❛♥❞❛s✳
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

αA|t=0.5s = αA|t=2.0s 120.0 rad/s2 	 120.0 rad/s2 	

αB|t=0.5s = αB|t=2.0s 120.0 rad/s2 	 120.0 rad/s2 	

ωA|t=0.5s 60.0 rad/s 	 60.0 rad/s 	

ωA|t=2.0s 240.0 rad/s 	 240.0 rad/s 	

ωB|t=0.5s 60.0 rad/s 	 60.0 rad/s 	

ωB|t=2.0s 240.0 rad/s 	 240.0 rad/s 	

|aC |t=0.5s 90.04998612m/s2 88.249m/s2

|aC |t=2.0s 1440.003125m/s2 1411.2031m/s2

✺✳✷✳ ❙❡❣✉♥❞♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❜❛♥❞❛s ② ♣♦❧❡❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✺✳✷✹ ❞❡❧ ❧✐❜r♦ ❞❡
❇❡❡r ❡t ❛❧✳ ❬✺❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✾✷✾✳

Pr♦❜❧❡♠❛✿ ▲❛ ✈❡❧♦❝✐❞❛❞ ♥♦♠✐♥❛❧ ❞❡❧ t❛♠❜♦r B ❞❡ ❧❛ ❧✐❥❛❞♦r❛ ❞❡ ❜❛♥❞❛ ♠♦str❛❞❛ ❡s ✷✹✵✵ r♣♠✳
❈✉❛♥❞♦ s❡ ❞❡s❝♦♥❡❝t❛ ❧❛ ❛❧✐♠❡♥t❛❝✐ó♥✱ s❡ ♦❜s❡r✈❛ q✉❡ ❧❛ ❧✐❥❛❞♦r❛ ♣❛s❛ ❞❡ s✉ ✈❡❧♦❝✐❞❛❞ ♥♦♠✐♥❛❧
❛❧ r❡♣♦s♦ ❡♥ ✶✵ s❡❣✉♥❞♦s✳ ❙✉♣♦♥✐❡♥❞♦ ✉♥ ♠♦✈✐♠✐❡♥t♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❞❡s❛❝❡❧❡r❛❞♦✱ ❞❡t❡r♠✐♥❡ ❧❛
✈❡❧♦❝✐❞❛❞ ② ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❡❧ ♣✉♥t♦ C ❞❡ ❧❛ ❝♦rr❡❛✱ (a) ❥✉st♦ ❛♥t❡s ❞❡ q✉❡ ❧❛ ❡♥❡r❣í❛ s❡ ❛♣❛❣✉❡✱
(b) ✾ s❡❣✉♥❞♦s ♠ás t❛r❞❡✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✺✳✶ ❡♥ ❧❛ ♣á❣✐♥❛ ✶✺✽✳

✺✳✷✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

❙❡ s❛❜❡ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❧❛ ❜❛♥❞❛ ② ❧♦s ❞✐s❝♦s✱ ♣♦r ❧♦ q✉❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ②
❧❛s ❝♦♠♣♦♥❡♥t❡s t❛♥❣❡♥❝✐❛❧❡s ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ P1 ❡♥ ❡❧ t❛♠❜♦r A ② ❞❡❧ ♣✉♥t♦ P2 ❡♥ ❡❧
t❛♠❜♦r B✱ s♦♥ ✐❣✉❛❧❡s✳ ❆ ♣❛rt✐r ❞❡ ❡st❡ r❡s✉❧t❛❞♦ s❡ ♦❜t✐❡♥❡♥ ❞♦s r❡❧❛❝✐♦♥❡s✿ ❧❛ ♣r✐♠❡r❛✱ ❡♥tr❡ ❧❛s
✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜❛s ♣♦❧❡❛s ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s❀ ❧❛ s❡❣✉♥❞❛ ❡♥tr❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s
❛♥❣✉❧❛r❡s ❞❡ ❛♠❜❛s ♣♦❧❡❛s ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✺✳✷ ② ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✺✳✺✮ ② ✭✺✳✻✮✳

▲❛s ✈❡❧♦❝✐❞❛❞❡s ❡♥ ❧♦s ♣✉♥t♦s P1 ② P2✱ ❝♦♠♦ ♣❛rt❡ ❞❡ ❧♦s t❛♠❜♦r❡s A ② B✱ r❡s✉❧t❛♥✿

~ωA × ~rP1/OA
= ωA k̂ × rA ĵ = −ωA rA î = vAP1

= vBP2
= ~ωB × ~rP2/OB

= ωB k̂ × rB ĵ = −ωB rB î

P♦r ❧♦ q✉❡✿
rA ωA = rB ωB t❛❧ q✉❡ ωA =

rB
rA

ωA ✭✺✳✺✮

✶✻✼



▲❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❡♥ ❧♦s ♣✉♥t♦s P1 ② P2✱ ❝♦♠♦ ♣❛rt❡ ❞❡ ❧♦s t❛♠❜♦r❡s A ② B✱ r❡s✉❧t❛♥✿

~αA × ~rP1/OA
= αA k̂ × rA ĵ = −αA rA î = atAP1

= atBP2
= ~αB × ~rP2/OB

= αB k̂ × rB ĵ = −αB rB î

❉❡ ♠❛♥❡r❛ q✉❡✿
rA αA = rB αB t❛❧ q✉❡ αA =

rB
rA

αB ✭✺✳✻✮

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ♣r♦❜❧❡♠❛ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ t❛♠❜♦r B ❡s ✐❣✉❛❧ ❛ 2400 rpm✱ ♦ ❧♦ q✉❡ ❡s
✐❣✉❛❧✿

ωB = 80π rad/s = 251.3274123 rad/s 	

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✺✮✱ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞
❛♥❣✉❧❛r ❞❡❧ t❛♠❜♦r A ✐❣✉❛❧ ❛✿

ωA =
�
�
��✒

1
(

25

25

)

(80π) = 80π rad/s = 251.3274123 rad/s 	

❆♥á❧✐s✐s ❞❡ ✈❡❧♦❝✐❞❛❞✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ✜❣✉r❛ ✺✳✷✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ♣✉♥t♦ C ♣✉❡❞❡ ❡①♣r❡s❛rs❡ ❝♦♠♦✿

~vC = ✚
✚✚❃

0
~vOA

+ ~vC/OA

❉❡ ❛q✉í q✉❡✿

~vC = ~ωA × ~rC/OA
= ωAk̂ × (−rA) î t❛❧ q✉❡ ~vC = −ωArAĵ ✭✺✳✼✮

❆♥á❧✐s✐s ❞❡ ❛❝❡❧❡r❛❝✐ó♥✳

❉❡ ✐❣✉❛❧ ♠❛♥❡r❛✱ ② ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ✜❣✉r❛ ✺✳✷✱ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ C ♣✉❡❞❡ ❡①♣r❡s❛rs❡
❝♦♠♦✿

~aC = ✚
✚✚❃

0
~aOA

+ ~aC/OA
− ω2

A ~rC/OA

P♦r ❧♦ t❛♥t♦✿

~aC = αAk̂ ×
(

−rAî
)

− ω2

A (−rA) î ❞♦♥❞❡ ~aC = αArAĵ + ω2

ArAî ✭✺✳✽✮

❈❛s♦ ✭❛✮✳ ❉❡t❡r♠✐♥❛r ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❡❧ ♣✉♥t♦ C ❞❡ ❧❛ ❝♦rr❡❛ ❥✉st♦ ❛♥t❡s ❞❡ q✉❡
❧❛ ❡♥❡r❣í❛ s❡ ❛♣❛❣✉❡✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ♣r♦❜❧❡♠❛✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ t❛♠❜♦r B ② A s♦♥ ❝♦♥st❛♥t❡s✱ ❛♥t❡s ② ❥✉st♦
❡♥ ❡❧ ♠♦♠❡♥t♦ ❡♥ q✉❡ ❧❛ ❡♥❡r❣í❛ s❡ ❛♣❛❣❛✳ P♦r ❧♦ q✉❡✱ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ t❛♠❜♦r A ② B
s♦♥ ✐❣✉❛❧❡s ❛ ❝❡r♦❀ ❝♦♥ ❡st♦ ❡♥ ♠❡♥t❡ ② ❛ s❛❜✐❡♥❞❛s q✉❡ ωA = 80π rad/s = 251.3274123 rad/s✱ s❡
s✉st✐t✉②❡♥ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✺✳✼✮ ② ✭✺✳✽✮✱ ♣❛r❛ ♦❜t❡♥❡r ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞
② ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ C ❡♥ ❢♦r♠❛ ✈❡❝t♦r✐❛❧✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

~vC = − (80π rad/s) (0.025m) ĵ = −6.283185307 ĵ m/s

~aC = 0ĵ + (80π rad/s)2 (0.025m) î = 1579.136704̂i m/s2

✶✻✽



▼✐❡♥tr❛s q✉❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ♠❛❣♥✐t✉❞ t❛♥t♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❝♦♠♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ C
❡stá♥ ❞❛❞♦s ♣♦r✿

|vC | = 6.283185307m/s

|aC | = 1579.136704m/s2

❈❛s♦ ✭❜✮✳ ❉❡t❡r♠✐♥❛r ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❡❧ ♣✉♥t♦ C ❞❡ ❧❛ ❝♦rr❡❛ ✾ s❡❣✉♥❞♦s ♠ás
❞❡s♣✉és ❞❡ ❛♣❛❣❛r ❧❛ ❡♥❡r❣í❛✳

❈♦♠♦ ♠❡♥❝✐♦♥❛ ❡❧ ♣r♦❜❧❡♠❛✱ ❡❧ t❛♠❜♦r s✉❢r❡ ✉♥ ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦t❛❝✐ó♥ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❡❥❡ ✜❥♦
❝♦♥ ❞❡s❛❝❡❧❡r❛❝✐ó♥ ❝♦♥st❛♥t❡✱ ❥✉st♦ ❡♥ ❡❧ ♠♦♠❡♥t♦ ❞❡ ❛♣❛❣❛r ❧❛ ❡♥❡r❣í❛ ❞❡❧ t❛♠❜♦r B❀ ♣♦r ❧♦ q✉❡✱ ❧❛
✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❥✉st♦ ❡♥ ❡s❡ ✐♥st❛♥t❡ ❡s ✐❣✉❛❧ ❛ ωBO

= 80π rad/s✳ ❆❞❡♠ás✱ s❡ s❛❜❡ q✉❡ ❡❧ t❛♠❜♦r
B ❧❧❡❣❛ ❛❧ r❡♣♦s♦ ✶✵ s❡❣✉♥❞♦s ❞❡s♣✉és ❞❡ ❛♣❛❣❛r ❧❛ ❡♥❡r❣í❛✱ ♣♦r ❧♦ q✉❡✿

ωB = ωBO
+ αB t rad/s ❞♦♥❞❡ ωA = 80π + αB t rad/s ✭✺✳✾✮

❊✈❛❧✉❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r ♣❛r❛ ✉♥ t✐❡♠♣♦ t = 10✱ ❡❧ ❝✉❛❧ ❡s ❥✉st♦ ❡❧ ♠♦♠❡♥t♦ ❡♥ ❡❧ q✉❡ ❡❧
t❛♠❜♦r B ❧❧❡❣❛ ❛❧ r❡♣♦s♦✱ s❡ ♦❜t✐❡♥❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r αB ❝✉②♦ ✜♥ ❡s ✐r ❞❡t❡♥✐❡♥❞♦
❡❧ t❛♠❜♦r B ❤❛st❛ ❡❧ r❡♣♦s♦✳ P♦r ❧♦ t❛♥t♦✿

0 = (80π rad/s) + αB (10s) t❛❧ q✉❡ αB = −8π = −25.13274123 rad/s2

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✻✮✱ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ t❛♠❜♦r A r❡s✉❧t❛

αA =

(

0.025

0.025

)

(−8π) = −8π = −25.13274123 rad/s2

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✾✮ s❡ ♦❜t✐❡♥❡ ❧❛ ❡①♣r❡s✐ó♥ q✉❡ r✐❣❡ ❡❧ ❝♦♠✲
♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ t❛♠❜♦r A✱ ❞❡ ♠❛♥❡r❛ q✉❡✿

ωA = π (80− 8t) rad/s ✭✺✳✶✵✮

❊✈❛❧✉❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r ♣❛r❛ ✉♥ t✐❡♠♣♦ t = 9s✱ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r ❞❡ ωA ♣❛r❛ ❡s❡ ✐♥st❛♥t❡
❞❡✿

ωA = 80π − 8π (9s) = 8π rad/s

P❛r❛ ♦❜t❡♥❡r ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ C ❡♥ ❢♦r♠❛ ✈❡❝t♦r✐❛❧✱ s❡ s✉st✐t✉②❡♥
❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✺✳✼✮ ② ✭✺✳✽✮✱ ❞❡ ❛q✉í q✉❡✿

~vC = − (0.025m) (8π rad/s) ĵ = −0.6283185307

~aC = −
(

−8π rad/s2
)

(0.025m) ĵ + (8π rad/s)2 (0.025m) î

= 15.79136704̂i+ 0.6283185307ĵ
[

m/s2
]

▼✐❡♥tr❛s q✉❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ♠❛❣♥✐t✉❞ t❛♥t♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞✱ ❝♦♠♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦
C✱ ❡stá♥ ❞❛❞♦s ♣♦r✿

|vC | = 0.6283185307m/s

|aC | = 15.8038621m/s2

✶✻✾



✺✳✷✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡ ❝❛✲
❞❡♥❛s ② ❝❛t❛r✐♥❛s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ▼❛❝❤✐♥❡r②✱ ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r
q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛s ♣♦❧❡❛s ② ❧❛ ❜❛♥❞❛✳
❊st♦s ✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✶✱ ❡♥ ❧❛ ♣á❣✐♥❛ ✽ ❞❡ ❡st❡
tr❛❜❛❥♦✳ ❊s ♥❡❝❡s❛r✐♦ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ❜❛♥❞❛s s❡ ❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥ ❞❡ s✉♠❛
✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐♥❛❞❛ ✏❈♦♥str❛✐♥t✑ ✳ ❊st❛ ♦♣❝✐ó♥ s❡ ❡♠♣❧❡❛ ❝✉❛♥❞♦ ú♥✐❝❛♠❡♥t❡ s❡ ❞❡s❡❛ ❛♥❛❧✐✲
③❛r ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❝♦♥st❛♥t❡✳ ❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❆❞❛♠s ❝©✱
❡st❡ ♠ét♦❞♦ s❡ ✉s❛ ❝✉❛♥❞♦ ❧❛ ❢✉❡r③❛ ② ❧♦s ❝♦♠♣♦♥❡♥t❡s ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛✱ ② ❞♦♥❞❡ ú♥✐❝❛♠❡♥t❡
❧❛ r❡❞✉❝❝✐ó♥ ♦ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞ ❡s ❞❡ ✐♥t❡rés✳ P♦r ❡s❛ r❛③ó♥✱ t❛♥t♦ ❡❧ ♠ó❞✉❧♦ ❞❡ ❜❛♥❞❛s
❝♦♠♦ ❡❧ ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s s❡ ♣✉❡❞❡♥ ✉t✐❧✐③❛r ❝✉❛♥❞♦ ❡❧ ♣r♦❜❧❡♠❛ ✐♥❞✐❝❛ q✉❡ ❧❛ tr❛♥s♠✐s✐ó♥ s❡
r❡❛❧✐③❛ ♠❡❞✐❛♥t❡ ✉♥❛ ❜❛♥❞❛✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✺✲✷✹ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✺✳✶✼✱
♠✐❡♥tr❛s q✉❡ ❧❛ ✜❣✉r❛ ✺✳✶✽ ♠✉❡str❛ ❧❛s ✉♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝©✳

Marker_21

✭❛✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡ ❛❧❛♠❜r❡

✭❜✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s

❋✐❣✉r❛ ✺✳✶✼✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❈♦♠♦ ❡st❡ ♣r♦❜❧❡♠❛ ❡s ✉♥❛ ❛❞❛♣t❛❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✺✳✷✸ ❞❡❧ ❧✐❜r♦ ❇❡❡r ❡t ❛❧✳ ❬✺❪✱ t❛♥t♦ ❡❧ t✐♣♦
❞❡ ♣♦❧❡❛s✱ ❡❧ ♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ② ❧❛s ♣r♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❡ ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ♣♦❧❡❛s ❞❡❧ ♣r♦❜❧❡♠❛
✶✺✳✷✸✱ s♦♥ ❧❛s ♠✐s♠❛s❀ ✈❡❛ ❧❛s ✜❣✉r❛s ✺✳✺✭❛✮✱ ✺✳✺✭❜✮✱ ✺✳✻ ② ✺✳✼✳

✶✼✵



P♦r ❧❛ ♥❛t✉r❛❧❡③❛ ❞❡❧ ♣r♦❜❧❡♠❛✱ s❡ ❝r❡ó ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦ q✉❡ r✐❣❡♥ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦
❞❡ ❧❛ ♣♦❧❡❛ B ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦✱ ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ♣♦❞❡r ❛♥❛❧✐③❛r ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧
♣✉♥t♦ C✱ ❥✉st♦ ❛♥t❡s ② ❥✉st♦ ❞❡s♣✉és ❞❡ ❛♣❛❣❛r ❧❛ ❡♥❡r❣í❛ ❛♣❧✐❝❛❞❛ s♦❜r❡ ❧❛ ♣♦❧❡❛ B✱ ✈❡❛ ❧❛ ✜❣✉r❛
✺✳✶✾✳

❋✐❣✉r❛ ✺✳✶✽✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

✭❛✮ ❙✉❜♠ó❞✉❧♦ ▼♦t✐♦♥ ✭❜✮ ❋✉♥❝✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦

❋✐❣✉r❛ ✺✳✶✾✿ P❛rá♠❡tr♦s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧❛ ♣♦❧❡❛ B✳

❊❧ ✏▼❛r❦❡r❴✷✶✑ ❝♦♠♦ ♣❛rt❡ ❞❡ ❧❛ ♣♦❧❡❛ A✱ t✐❡♥❡ ❝♦♠♦ ❢✉♥❝✐ó♥✱ ❛♥❛❧✐③❛r ❧❛s ❛❝❡❧❡r❛❝✐ó♥ t❛♥❣❡♥❝✐❛❧
② ♥♦r♠❛❧✱ ❛❧ ✐❣✉❛❧ q✉❡ ❧❛ ♠❛❣♥✐t✉❞ ❡♥ ❡❧ ♣✉♥t♦ C ❞❡❧ ♣r♦❜❧❡♠❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✺✳✶✼✭❛✮✳

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✶✵ s❡❣✉♥❞♦s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦
❞❡ ♣❛s♦s ❞❡ ✸✵✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❝✐♥❡♠át✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✺✳✷✵✳ ▲❛ s❡❧❡❝❝✐ó♥
❞❡ ❧♦s ♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦
❞❡ ❝ó♠♣✉t♦✱ s✐ ❧❛s ❤❛②✳ P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st
♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✺✳✷✶✱
✺✳✷✷✱ ✺✳✷✸✱ ✺✳✷✹✱ ✺✳✷✺ ② ✺✳✷✻✳

✶✼✶



❋✐❣✉r❛ ✺✳✷✵✿ P❛rá♠❡tr♦s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

❋✐❣✉r❛ ✺✳✷✶✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A✳

❋✐❣✉r❛ ✺✳✷✷✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ B✳

✶✼✷



❋✐❣✉r❛ ✺✳✷✸✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A✳

❋✐❣✉r❛ ✺✳✷✹✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ B✳

❋✐❣✉r❛ ✺✳✷✺✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ C✳

❋✐❣✉r❛ ✺✳✷✻✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ C✳

✶✼✸



❘❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© ❛♥t❡s ② ❞❡s♣✉és ❞❡ ❛♣❛❣❛r ❧❛ ❡♥❡r❣í❛ s♦❜r❡ ❧❛ ♣♦❧❡❛
B s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✺✳✷✼✱ ✺✳✷✽✱ ✺✳✷✾ ② ✺✳✸✵✳

❋✐❣✉r❛ ✺✳✷✼✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛s ♣♦❧❡❛s A ② B✳

❋✐❣✉r❛ ✺✳✷✽✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ B✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐✲
❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❧❛ s✐♠✉❧❛❝✐ó♥ t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥
❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✺✳✷ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛
❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥❛❧ít✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❡♥ ❆❞❛♠s ❝©✳

✶✼✹



❋✐❣✉r❛ ✺✳✷✾✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❡♥ ❡❧ ♣✉♥t♦ C✳

❋✐❣✉r❛ ✺✳✸✵✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ C✳

❚❛❜❧❛ ✺✳✷✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✷✳◦ ♣r♦❜❧❡♠❛ ❞❡ ♣♦❧❡❛s ② ❜❛♥❞❛s✳
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦ ❆❞❛♠s ❝©

❈❛s♦ (a)
ωA 251.3274 rad/s 	 251.3274 rad/s 	

ωB 251.3274 rad/s 	 251.3274 rad/s 	

|vC | 6.2831m/s 6.1575m/s
|aC | 1579.1367m/s2 1547.554m/s2

❈❛s♦ (b) ♣❛r❛ t = 9s
ωA 25.1327 rad/s 	 25.1574 rad/s 	

ωB 25.1327 rad/s 	 25.1574 rad/s 	

αA −25.1327 rad/s2 −25.13 rad/s2
αB −25.1327 rad/s2 −25.13 rad/s2
|vC | 0.6283m/s 0.6164m/s
|aC | 15.803m/s2 15.5182m/s2

✶✼✺



✺✳✸✳ ❚❡r❝❡r ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❜❛♥❞❛s ② ♣♦❧❡❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✺✳✷✷ ❞❡❧ ❧✐❜r♦ ❞❡
▼❡r✐❛♠ ② ❑r❛✐❣❡ ❬✷✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✷✾✷✳

Pr♦❜❧❡♠❛✿ ▲❛ ✜❣✉r❛ r❡♣r❡s❡♥t❛ ✉♥ r❡❞✉❝t♦r ❞❡ ✈❡❧♦❝✐❞❛❞ ❛ ❜❛s❡ ❞❡ ❜❛♥❞❛s tr❛♣❡③♦✐❞❛❧❡s✱ ❡♥ ❡❧
q✉❡ ❧❛ ♣♦❧❡❛ A ❛rr❛str❛ ❛ ❧❛s ❞♦s ♣♦❧❡❛s ✉♥✐❞❛s rí❣✐❞❛♠❡♥t❡ B ② D✱ q✉❡ ❛ s✉ ✈❡③ ❛rr❛str❛ ❛ ❧❛ ♣♦❧❡❛
C✳ ❙✐ A ♣❛rt❡ ❞❡❧ r❡♣♦s♦ ❡♥ ❡❧ ✐♥st❛♥t❡ t = 0 ② ❡stá s✉❥❡t❛ ❛ ✉♥❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❝♦♥st❛♥t❡ αA✳
❉♦♥❞❡✿ rA = rD = r1✱ rB = rC = r2 ② αA = α1✳

❈❛s♦✭❛✮✿ ❉❡❞✉③❝❛ ❧❛s ❡①♣r❡s✐♦♥❡s ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ C ② ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛
❛❝❡❧❡r❛❝✐ó♥ ❞❡ ✉♥ ♣✉♥t♦ P ❞❡ ❧❛ ❝♦rr❡❛✱ ❛♠❜❛s ♣❛r❛ ✉♥ ✐♥st❛♥t❡ t✳

❈❛s♦ ✭❜✮✿ ❊✈❛❧✉é ❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ ✉♥ t✐❡♠♣♦ t = 9s✱ α1 = 57 rads/s2✱ r1 = 0.1m ②
r2 = 0.2m✳

❋✐❣✉r❛ ✺✳✸✶✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✺✳✷✷ ▼❡r✐❛♠ ❡t ❛❧✳ ❬✷✽❪✳

✺✳✸✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

P✉❡st♦ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❧❛s ❜❛♥❞❛s ② ❧❛s ♣♦❧❡❛s✱ ♣♦r ❧♦ q✉❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ② ❧❛s
❝♦♠♣♦♥❡♥t❡s t❛♥❣❡♥❝✐❛❧❡s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡❧ ♣✉♥t♦ P1 ❡♥ ❧❛ ♣♦❧❡❛ A ② ❞❡❧ ♣✉♥t♦ P2 ❡♥ ❧❛ ♣♦❧❡❛
B✱ s♦♥ ✐❣✉❛❧❡s✳ ▲♦ ♠✐s♠♦ ♦❝✉rr❡ ♣❛r❛ ❧❛ ♣♦❧❡❛s D ② C ❡♥ ❡❧ ♣✉♥t♦ P3 ② P4 = P ✳ ❆ ♣❛rt✐r ❞❡ ❡st❡
r❡s✉❧t❛❞♦ s❡ ♦❜t✐❡♥❡♥ ❞♦s r❡❧❛❝✐♦♥❡s✿ ❧❛ ♣r✐♠❡r❛✱ ❡♥tr❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜❛s ♣♦❧❡❛s ❡♥
❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s❀ ② ❧❛ s❡❣✉♥❞❛✱ ❡♥tr❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜❛s ♣♦❧❡❛s ❡♥ ❢✉♥❝✐ó♥ ❞❡
s✉s r❛❞✐♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✺✳✸✷ ② ❧❛s ❡❝✉❛❝✐♦♥❡s ✺✳✶✶✱ ✺✳✶✷✱ ✺✳✶✸ ② ✺✳✶✹✳

❆♥á❧✐s✐s ❝✐♥❡♠át✐❝♦ ♣❛r❛ ❧❛s ♣♦❧❡❛s A ② B✳

▲❛s ✈❡❧♦❝✐❞❛❞❡s ❡♥ ❧♦s ♣✉♥t♦s P1 ② P2✱ ❝♦♠♦ ♣❛rt❡ ❞❡ ❧❛s ♣♦❧❡❛s A ② B✱ r❡s✉❧t❛♥✿

~ωA × ~rP1/OA
= −ωA k̂ × rA ĵ = ωA rA î = vAP1

= vBP2
= ~ωB × ~rP2/OB

= −ωB k̂ × rB ĵ = ωB rB î

✶✼✻



❉❡ ♠❛♥❡r❛ q✉❡✿
rA ωA = rB ωB t❛❧ q✉❡ ωB =

rA
rB

ωA ✭✺✳✶✶✮

▲❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❡♥ ❧♦s ♣✉♥t♦s P1 ② P2✱ ❝♦♠♦ ♣❛rt❡ ❞❡ ❧❛s ♣♦❧❡❛s A ② B✱ r❡s✉❧t❛♥✿

~αA × ~rP1/OA
= −αA k̂ × rA ĵ = αA rA î = atAP1

= atBP2
= ~αB × ~rP2/OB

= −αB k̂ × rB ĵ = αB rB î

P♦r ❧♦ q✉❡✿
rA αA = rB αB t❛❧ q✉❡ αB =

rA
rB

αA ✭✺✳✶✷✮

❆♥á❧✐s✐s ❝✐♥❡♠át✐❝♦ ♣❛r❛ ❧❛s ♣♦❧❡❛s D ② C✳

▲❛s ✈❡❧♦❝✐❞❛❞❡s ❡♥ ❧♦s ♣✉♥t♦s P3 ② P4✱ ❝♦♠♦ ♣❛rt❡ ❞❡ ❧❛s ♣♦❧❡❛s D ② C✱ r❡s✉❧t❛♥✿

~ωD × ~rP3/OD
= −ωD k̂ × rD ĵ = ωD rD î = vDP3

= vCP4
= ~ωC × ~rP4/OC

= −ωC k̂ × rC ĵ = ωC rC î

❉❡ ❛q✉í q✉❡✿
rD ωD = rC ωC ❞♦♥❞❡ ωC =

rD
rC

ωD ✭✺✳✶✸✮

▲❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❡♥ ❧♦s ♣✉♥t♦s P3 ② P4✱ ❝♦♠♦ ♣❛rt❡ ❞❡ ❧❛s ♣♦❧❡❛s D ② C✱ r❡s✉❧t❛♥✿

~αD × ~rP3/OD
= −αD k̂ × rD ĵ = αD rD î = atDP3

= atCP4
= ~αC × ~rP4/OC

= −αC k̂ × rC ĵ = αC rC î

❉❡ ♠❛♥❡r❛ q✉❡✿
rD αD = rC αC t❛❧ q✉❡ αC =

rD
rC

αD ✭✺✳✶✹✮

❋✐❣✉r❛ ✺✳✸✷✿ ❉✐❛❣r❛♠❛ ❝✐♥❡♠át✐❝♦ ❞❡❧ ♣r♦❜❧❡♠❛✳

❈❛s♦ ✭❛✮✿ ❉❡❞✉③❝❛ ❧❛s ❡①♣r❡s✐♦♥❡s ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ C ② ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥
❞❡ ✉♥ ♣✉♥t♦ P ❞❡ ❧❛ ❝♦rr❡❛✱ ❛♠❜❛s ♣❛r❛ ✉♥ ✐♥st❛♥t❡ t✳

✶✼✼



❉❡ ❛❝✉❡r❞♦ ❛❧ ♣r♦❜❧❡♠❛✱ s❡ s❛❜❡ q✉❡ t♦❞❛s ❧❛s ♣♦❧❡❛s ❡stá♥ s✉❥❡t❛s ❛ ✉♥ ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦t❛❝✐ó♥
❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❡❥❡ ✜❥♦ ② ✉♥✐❢♦r♠❡♠❡♥t❡ ❛❝❡❧❡r❛❞♦✳ ❆❞❡♠ás✱ s❡ s❛❜❡ q✉❡ ❡❧ s✐st❡♠❛ ♣❛rt❡ ❞❡❧ r❡♣♦s♦
♣❛r❛ ✉♥ t✐❡♠♣♦ t = 0✱ ♣♦r ❧♦ q✉❡✿

ωA =✟✟✟✯
0

ωA0
+ αA t ❞♦♥❞❡ ωA = αA t ✭✺✳✶✺✮

❙✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✺✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✶✮✱ s❡ ♦❜t✐❡♥❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r
❞❡ ❧❛ ♣♦❧❡❛ B✳

ωB =

(

rA
rB

)

αA t ✭✺✳✶✻✮

P✉❡st♦ q✉❡ ❧❛ ♣♦❧❡❛ B ② D s❡ ❡♥❝✉❡♥tr❛♥ r✐❣í❞❛♠❡♥t❡ ✉♥✐❞❛s ❡♥tr❡ s✐✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡
❛♠❜❛s ♣♦❧❡❛s s♦♥ ✐❣✉❛❧❡s✱ ❞❡ ♠❛♥❡r❛ q✉❡✿

ωD =

(

rA
rB

)

αA t ✭✺✳✶✼✮

❙✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✼✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✸✮ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r
❞❡ ❧❛ ♣♦❧❡❛ C ✐❣✉❛❧ ❛✿

ωC =

(

rD
rC

)(

rA
rB

)

αA t

❊♥ tér♠✐♥♦s ❞❡ r1✱ r2 ② α1✱ r❡s✉❧t❛✿

ωC =

(

r1
r2

)2

α1 t ✭✺✳✶✽✮

❙❡ s❛❜❡ q✉❡ αB = αD✱ ♣♦r ❧♦ q✉❡✱ s✉st✐t✉②❡♥❞♦ ❡❧ ✈❛❧♦r ❞❡ αD ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✹✮ s❡ ♦❜t✐❡♥❡
✉♥❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ C✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

αC =

(

rD
rC

)(

rA
rB

)

αA

❊♥ tér♠✐♥♦s ❞❡ r1✱ r2 ② α1✱ r❡s✉❧t❛✿

αC =

(

r1
r2

)2

α1 ✭✺✳✶✾✮

❆♥á❧✐s✐s ❞❡ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ P✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ✜❣✉r❛ ✺✳✸✷✱ s❡ s❛❜❡ q✉❡✿

~aP = ✚
✚✚❃

0
~aOC

+ ~aP/OC
− ω2

C ~rP/OC

P♦r ❧♦ q✉❡✿

~aP = −αC k̂ ×
(

rP/OC
ĵ
)

+ ω2

C ĵ
(

rP/OC
ĵ
)

❞♦♥❞❡ ~aP = αCrC î− ω2

CrC ĵ ✭✺✳✷✵✮

✶✼✽



❊♥ ❞♦♥❞❡✱ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ P ✱ r❡s✉❧t❛✿

a2P = (αCrC)
2 +

(

ω2

CrC
)2

❙✉st✐t✉②❡♥❞♦ ❡❧ ✈❛❧♦r ❞❡ ❝❛❞❛ ✈❛r✐❛❜❧❡ ❡♥ tér♠✐♥♦s ❞❡ r1✱ r2 ② α1✱ s❡ ♦❜t✐❡♥❡✿

a2P =

[

α1

(

r1
r2

)2

r2

]2

+

[

(

r1
r2

)4

(r2)α
2

1
t2

]2

❉❡s❛rr♦❧❧❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ s❡ ♦❜t✐❡♥❡✿

|aP | = α1

(

r1
r2

)2

r2

√

1 +

(

r1
r2

)4

α2

1
t4 ✭✺✳✷✶✮

❆♥á❧✐s✐s ❞❡ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ♣✉♥t♦ P✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ✜❣✉r❛ ✺✳✸✷✱ s❡ s❛❜❡ q✉❡✿

~vP = ✚
✚✚❃

0
~vOC

+ ~ωC × ~rP/OC

❉❡ ♠❛♥❡r❛ q✉❡✿

~vP = −ωC k̂ ×
(

rP/OC
ĵ
)

t❛❧ q✉❡ ~vP = ωCrC î

▲❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❡♥ ❡❧ ♣✉♥t♦ P ❡stá ❞❛❞❛ ♣♦r✿

|~vP | = r2

(

r1
r2

)2

α1 t ✭✺✳✷✷✮

❈❛s♦ ✭❜✮✿ ❊✈❛❧ú❡ ❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ ✉♥ t✐❡♠♣♦ t = 9s✱ α1 = 57 rad/s2✱ r1 = 0.1m ② r2 = 0.2m✳

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✺✳✶✺✮✱ ✭✺✳✶✻✮✱ ✭✺✳✶✼✮ ② ✭✺✳✶✽✮✱ s❡ ♦❜t✐❡♥❡♥
❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ♣♦❧❡❛s✳

ωA =
(

57 rad/s2
)

(9s) = 513 rad/s

ωB = ωD = (0.1/0.2)
(

57 rad/s2
)

(9s) = 256.5 rad/s

ωC = (0.1/0.2)2
(

57 rad/s2
)

(9s) = 128.25 rad/s

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✺✳✶✷✮ ② ✭✺✳✶✹✮✱ s❡ ♦❜t✐❡♥❡♥ ❧♦s ✈❛❧♦r❡s
♥✉♠ér✐❝♦s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧❛s ♣♦❧❡❛s B✱ C ② D✳

αB = αD = (0.1/0.2)
(

57 rad/s2
)

= 28.5 rad/s2

αC = (0.1/0.2)2
(

57 rad/s2
)

= 14.25 rad/s2

✶✼✾



P❛r❛ ♦❜t❡♥❡r ❡❧ ✈❛❧♦r ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ♣❛r❛ ❡❧ ♣✉♥t♦ P ✱ s❡ s✉st✐t✉②❡♥ ❧♦s ✈❛❧♦r❡s
♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✷✶✮✱ r❡s✉❧t❛♥❞♦✿

|aP | =
(

57 rad/s2
)

(0.1/0.2)2 (0.2m)

√

1 + (0.1/0.2)4 (57 ras/s2)2 (9s)4 = 3289.613735m/s2

❊✈❛❧✉❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✷✷✮ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❡♥ ❡❧ ♣✉♥t♦ P
✐❣✉❛❧ ❛✿

vP = (0.1/0.2)2
(

57 rad/s2
)

(9s) (0.2m) = 25.65m/s

❈♦♥ ❡st❡ ❝á❧❝✉❧♦ ✜♥❛❧✐③❛ ❧❛ s♦❧✉❝✐ó♥ ❛❧❣❡❜r❛✐❝❛ ❞❡❧ ♣r♦❜❧❡♠❛✳ ▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛q✉í ❝♦✐♥✲
❝✐❞❡♥ ❝♦♥ ❧♦s r❡♣♦rt❛❞♦s ♣♦r ❡❧ ❧✐❜r♦✳

✺✳✸✳✷✳ ❙♦❧✉❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐✲
❝♦s ❞❡ ❧❛s ♣♦❧❡❛s ② ❧❛ ❜❛♥❞❛✳ ❊st♦s ✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛ s❡❝❝✐ó♥
✷✳✶✱ ❡♥ ❧❛ ♣á❣✐♥❛ ✽ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❊s ♥❡❝❡s❛r✐♦ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ❜❛♥❞❛s s❡
❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐♥❛❞❛ ✏❈♦♥str❛✐♥t✑ ✳ ❊st❛ ♦♣❝✐ó♥ s❡ ❡♠♣❧❡❛ ❝✉❛♥❞♦
ú♥✐❝❛♠❡♥t❡ s❡ ❞❡s❡❛ ❛♥❛❧✐③❛r ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❝♦♥st❛♥t❡✳ ❉❡
❛❝✉❡r❞♦ ❝♦♥ ❆❞❛♠s ❝©✱ ❡st❡ ♠ét♦❞♦ s❡ ✉s❛ ❝✉❛♥❞♦ ❧❛ ❢✉❡r③❛ ② ❧♦s ❝♦♠♣♦♥❡♥t❡s ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥✲
❝✐❛✱ ② ❡♥ ❞♦♥❞❡ ú♥✐❝❛♠❡♥t❡ ❧❛ r❡❞✉❝❝✐ó♥ ♦ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞ ❡s ❞❡ ✐♥t❡rés✳ P♦r ❡s❛ r❛③ó♥✱
t❛♥t♦ ❡❧ ♠ó❞✉❧♦ ❞❡ ❜❛♥❞❛s ❝♦♠♦ ❡❧ ❞❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s s❡ ♣✉❡❞❡♥ ✉t✐❧✐③❛r ❝✉❛♥❞♦ ❡❧ ♣r♦❜❧❡♠❛
✐♥❞✐❝❛ q✉❡ ❧❛ tr❛♥s♠✐s✐ó♥ s❡ r❡❛❧✐③❛ ♠❡❞✐❛♥t❡ ✉♥❛ ❜❛♥❞❛✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✺✳✷✷ s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s
✺✳✸✸ ② ✺✳✸✹✳

Marker_41

❋✐❣✉r❛ ✺✳✸✸✿ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡ ❛❧❛♠❜r❡✳

✶✽✵



❋✐❣✉r❛ ✺✳✸✹✿ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s✳

▲❛s ✉♥✐❞❛❞❡s ❞❡❧ ♠♦❞❡❧♦ s❡ ❞❡s❝r✐❜❡♥ ❡♥ ❧❛ ✜❣✉r❛ ✺✳✸✺✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ✜❣✉r❛ ✺✳✸✻ ♠✉❡str❛ ❡❧
t✐♣♦ ❞❡ ♣♦❧❡❛ q✉❡ s❡ s❡❧❡❝❝✐♦♥ó ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦✳ ❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡✱ s❡ s❡❧❡❝❝✐♦♥❛r♦♥ ♣♦❧❡❛s
❞❡❧ t✐♣♦ ❞❡♥t❛❞♦ tr❛♣❡③♦✐❞❛❧✱ ❛✉♥q✉❡ ♣❛r❛ ❡❧ ♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ✏❈♦♥str❛✐♥t✑ ✱ q✉❡ ❡s ❡❧ q✉❡ s❡
s❡❧❡❝❝✐♦♥ó ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✱ ❡❧ t✐♣♦ ❞❡ ♣♦❧❡❛ ♥♦ ❡s ❞❡ ✐♠♣♦rt❛♥❝✐❛✳ ❈❛❜❡ r❡❝♦r❞❛r q✉❡ ❆❞❛♠s ❝©

só❧♦ ♣❡r♠✐t❡ ❝r❡❛r ✉♥ ♣❛r ❞❡ ♣♦❧❡❛s ❛ ❧❛ ✈❡③✱ ♣♦r ❧♦ q✉❡ ❢✉é ♥❡❝❡s❛r✐♦ ❝r❡❛r ❞♦s ♣❛r❡s ❞❡ ♣♦❧❡❛s ♣❛r❛
r❡♣r❡s❡♥t❛r ❧❛s ♣♦❧❡❛ A✱ B✱ D ② C✳

❋✐❣✉r❛ ✺✳✸✺✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

▲❛ ✜❣✉r❛ ✺✳✸✼ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✳ P♦r ♦tr♦ ❧❛❞♦✱
❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡❧ ♣❛r ❞❡ ♣♦❧❡❛s A✲B✱ ② ❡❧ ♣❛r ❞❡ ♣♦❧❡❛s D✲C✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s
✜❣✉r❛s ✺✳✸✽ ② ✺✳✸✾✳ ❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ s❡❧❡❝❝✐♦♥❛r ❧♦s r❛❞✐♦s ✐❣✉❛❧❡s ❛ ❧♦s ✐♥❞✐❝❛❞♦s
❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡❧ ♣r♦❜❧❡♠❛✱ ② ❞❡ ❡st❛ ♠❛♥❡r❛✱ s❡❧❡❝❝✐♦♥❛r ✉♥❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❛❝♦r❞❡ ❝♦♥
❧♦s r❛❞✐♦s ❞❡ ❧❛s ♣♦❧❡❛s✳ ❊♥ ❡st❡ ❝❛s♦✱ ❞❡❜❡ ♥♦t❛rs❡ q✉❡ ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❞❡❜❡ s❡r ♠❛②♦r ❛
❧❛ s✉♠❛ ❞❡ ❧♦s r❛❞✐♦s ❞❡ ❧❛s ♣♦❧❡❛s✳

✶✽✶



❋✐❣✉r❛ ✺✳✸✻✿ ❚✐♣♦ ❞❡ ♣♦❧❡❛ ❡♠♣❧❡❛❞❛ ❡♥ ❆❞❛♠s ❝©✳

❋✐❣✉r❛ ✺✳✸✼✿ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✳

✭❛✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ♣♦❧❡❛ D

✭❜✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ♣♦❧❡❛ C

❋✐❣✉r❛ ✺✳✸✾✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛s ♣♦❧❡❛s D ② C✳

✶✽✷



✭❛✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ♣♦❧❡❛ A

✭❜✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ♣♦❧❡❛ B

❋✐❣✉r❛ ✺✳✸✽✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛s ♣♦❧❡❛s A ② B✳

▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ♣♦❧❡❛s A ② B✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✺✳✹✵ ② ✺✳✹✶✳ ❉❡❜❡
♥♦t❛rs❡ q✉❡ ❡❧ ♣r♦❜❧❡♠❛ ✺✳✷✷ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ ♣r♦❜❧❡♠❛ ❝✐♥❡♠át✐❝♦✱ ♣♦r ❧♦ q✉❡✱ ❧♦s ❞❛t♦s ❝♦♠♦ ❧❛s
♠❛s❛s ❞❡ ❧❛s ♣♦❧❡❛s ♥♦ s♦♥ ❞❡ ✐♥t❡rés✱ ② ❝✉❛❧❡sq✉✐❡r❛ ✈❛❧♦r❡s q✉❡ ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© s❡❧❡❝❝✐♦♥❡✱ ♦
❡❧ ✉s✉❛r✐♦ ❞❡s❡é s❡❧❡❝❝✐♦♥❛r✱ s❡rá♥ ❛❞❡❝✉❛❞♦s✳ ❆✉♥q✉❡ ❧♦ ♠❡❥♦r ❡s ♠✐♥✐♠✐③❛r ❧❛ ♠❛s❛ ② ❧♦s ♠♦♠❡♥t♦s
❞❡ ✐♥❡r❝✐❛ ❞❡ ❧❛s ♣♦❧❡❛s✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡ ❧❛s ♣♦❧❡❛s ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y✱ q✉❡
♣❛s❛♥ ♣♦r ❧♦s ❝❡♥tr♦s ❞❡ ♠❛s❛ ❞❡ ❧❛s ♣♦❧❡❛s✱ ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦✱
❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ✉♥ ❞✐s❝♦✱ s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧
♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✳

❋✐❣✉r❛ ✺✳✹✵✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛ A✳

✶✽✸



❋✐❣✉r❛ ✺✳✹✶✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛ B✳

▲❛s ♣r♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❡ ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛ D ② C✱ s♦♥ ❧❛s ♠✐s♠❛ q✉❡ ❡❧ ❞❡ ❧❛s ♣♦❧❡❛s A
② B✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊st♦ ❡s ❞❡❜✐❞♦ ❛ q✉❡ ❧❛ ♣♦❧❡❛ D✱ ♣♦s❡é ❧❛s ♠✐s♠❛s ♣r♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s
❡ ✐♥❡r❝✐❛❧❡s q✉❡ ❧❛ ♣♦❧❡❛ A✱ ❧♦ ♠✐s♠♦ ♦❝✉rr❡ ♣❛r❛ ❧❛s ♣♦❧❡❛s D ② B❀ ✈❡❛ ❧❛s ✜❣✉r❛s ✺✳✹✵ ② ✺✳✹✶✳

P❛r❛ ✐♠♣❛rt✐r❧❡ ♠♦✈✐♠✐❡♥t♦ ❛❧ s✐st❡♠❛✱ s❡ ❝r❡ó ✉♥ ♠♦✈✐♠✐❡♥t♦ q✉❡ r✐❣❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛
❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A ❡♥ ❆❞❛♠s ❝©✱ ✈❡❛ ❧❛s ✜❣✉r❛s ✺✳✹✷ ② ✺✳✹✸✳

❋✐❣✉r❛ ✺✳✹✷✿ ❙✉❜♠ó❞✉❧♦ ▼♦t✐♦♥✳

❋✐❣✉r❛ ✺✳✹✸✿ P❛rá♠❡tr♦s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧❛ ♣♦❧❡❛ A✳

❊❧ t✐♣♦ ❞❡ ❝♦♥❡①✐ó♥ ❞❡ ❧❛s ♣♦❧❡❛s A✱ B ② C✱ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ t✐❡rr❛✱ ❡s ✉♥ ♣❛r ❞❡❧ t✐♣♦ r❡✈♦❧✉t❛❀
♠✐❡♥tr❛s q✉❡✱ ❧❛ ♣♦❧❡❛ D s❡ ❝♦♥❡❝t❛ ❞❡ ♠❛♥❡r❛ ✜❥❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ♣♦❧❡❛ B✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✺✳✹✹✳

✶✽✹



✭❛✮ ❚✐♣♦ ❞❡ ❝♦♥❡①✐ó♥ ❡♥tr❡ ❧❛s ♣♦❧❡❛s A✱ B✱ C ② ❧❛ t✐❡rr❛

✭❜✮ ❚✐♣♦ ❞❡ ❝♦♥❡①✐ó♥ ❡♥tr❡ ❧❛ ♣♦❧❡❛ D ② ❧❛ ♣♦❧❡❛ B

❋✐❣✉r❛ ✺✳✹✹✿ ❈r❡❛❝✐ó♥ ❞❡❧ ♦❜❥❡t♦ ❞❡ ♠♦✈✐♠✐❡♥t♦ s♦❜r❡ ❧❛ ♣♦❧❡❛ A✳

❈♦♠♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡♥ ❧❛ ✜❣✉r❛ ✺✳✸✸✱ ❡❧ ✏▼❛r❦❡r❴✹✶✑ ✜❥❛ ❡♥ ❧❛ ♣♦❧❡❛ C✱ t✐❡♥❡ ❝♦♠♦ ❢✉♥❝✐ó♥✱
❛♥❛❧✐③❛r ❧❛s ❛❝❡❧❡r❛❝✐ó♥ t❛♥❣❡♥❝✐❛❧ ② ♥♦r♠❛❧✱ ❛❧ ✐❣✉❛❧ q✉❡ ❧❛ ♠❛❣♥✐t✉❞ ❡♥ ❡❧ ♣✉♥t♦ P ❞❡❧ ♣r♦❜❧❡♠❛✳

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✷ s❡❣✉♥❞♦s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦ ❞❡
♣❛s♦s ❞❡ ✷✺✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❝✐♥❡♠át✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✺✳✹✺✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s
♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡❡ ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱
s✐ ❧❛s ❤❛②✳

❋✐❣✉r❛ ✺✳✹✺✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

✶✽✺



P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✺✳✹✻✱ ✺✳✹✼✱ ✺✳✹✽✱ ✺✳✹✾✱ ✺✳✺✵✱ ✺✳✺✶✱
✺✳✺✷✱ ✺✳✺✸✱ ✺✳✺✹ ② ✺✳✺✺✳

❋✐❣✉r❛ ✺✳✹✻✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A✳

❋✐❣✉r❛ ✺✳✹✼✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ B✳

❋✐❣✉r❛ ✺✳✹✽✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ D✳

✶✽✻



❋✐❣✉r❛ ✺✳✹✾✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ C✳

❋✐❣✉r❛ ✺✳✺✵✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A✳

❋✐❣✉r❛ ✺✳✺✶✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ B✳

❋✐❣✉r❛ ✺✳✺✷✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ D✳

✶✽✼



❋✐❣✉r❛ ✺✳✺✸✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ C✳

❋✐❣✉r❛ ✺✳✺✹✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❡♥ ❡❧ ♣✉♥t♦ P ✳

❋✐❣✉r❛ ✺✳✺✺✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ P ✳

✶✽✽



▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© ❡stá♥ ❞❛❞♦s ❞❡ ♠❛♥❡r❛ ❣rá✜❝❛ ❡♥ ❧❛ ✜❣✉r❛s ✺✳✺✻✱
✺✳✺✼✱ ✺✳✺✽ ② ✺✳✺✾✱ ♣❛r❛ ✉♥ t✐❡♠♣♦ t❂✾s✳

5

❋✐❣✉r❛ ✺✳✺✻✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛s ♣♦❧❡❛s A✱ B✱ C ② D✳

❋✐❣✉r❛ ✺✳✺✼✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛s ♣♦❧❡❛s A✱ B✱ C ❨ D✳

❋✐❣✉r❛ ✺✳✺✽✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❡♥ ❡❧ ♣✉♥t♦ P ✳

✶✽✾



❋✐❣✉r❛ ✺✳✺✾✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ P ✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐✲
❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥
❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✺✳✸ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛
❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥❛❧ít✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

❚❛❜❧❛ ✺✳✸✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✸✳❡r ♣r♦❜❧❡♠❛ ❞❡ ♣♦❧❡❛s ② ❜❛♥❞❛s✳
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

αA 57.0 rad/s2 � 57.0 rad/s2 �

αB 28.5 rad/s2 � 28.5 rad/s2 �

αC 14.25 rad/s2 � 14.25 rad/s2 �

αD 28.5 rad/s2 � 28.5 rad/s2 �

ωA 513.0 rad/s � 513.0 rad/s �

ωB 256.5 rad/s � 256.5 rad/s �

ωC 128.25 rad/s � 128.25 rad/s �

ωD 256.5 rad/s � 256.5 rad/s �

|vP | 25.65m/s 25.5859m/s
|aP | 3289.613735m/s2 3281.3897m/s2

✶✾✵



✺✳✹✳ ❈✉❛rt♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❜❛♥❞❛s ② ♣♦❧❡❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✾✲✶✾ ❞❡❧ ❧✐❜r♦ ❞❡
❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✺✶✹✳

❊st❡ ♣r♦❜❧❡♠❛ ❢✉é ❞❡s❛rr♦❧❧❛❞♦ ❝♦♥ ❛♥t❡r✐♦r✐❞❛❞ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✹✱ ♣♦r ❧♦ q✉❡ ❡❧ ♦❜❥❡t✐✈♦ ♣❛r❛
❞❡s❛rr♦❧❧❛r ❡st❡ ♣r♦❜❧❡♠❛ ♥✉❡✈❛♠❡♥t❡✱ ❡s ❞❡♠♦str❛r q✉❡ s❡ ♣✉❡❞❡♥ ♦❜t❡♥❡r ❧♦s ♠✐s♠♦s r❡s✉❧t❛❞♦s ♦
r❡s✉❧t❛❞♦s ❛♣r♦①✐♠❛❞♦s✱ t❛♥t♦ ❝♦♥ ❡❧ ♠ó❞✉❧♦ ❞❡ ❝❛❞❡♥❛s ❝♦♠♦ ❡❧ ❞❡ ♣♦❧❡❛s ② ❜❛♥❞❛s✳ ❈♦♥ ❧❛ ú♥✐❝❛
❝♦♥❞✐❝✐ó♥ ❞❡ ❡♠♣❧❡❛r ❡❧ ♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❞❡♥♦♠✐♥❛❞♦ ✏❈♦♥str❛✐♥t✑ ✳

Pr♦❜❧❡♠❛ ✻✳ ❊❧ ✈♦❧❛♥t❡ A t✐❡♥❡ ✉♥❛ ♠❛s❛ ❞❡ 30 kg ② ✉♥ r❛❞✐♦ ❞❡ ❣✐r♦ ❞❡ kC = 95mm✳ ❊❧ ❞✐s❝♦
❇ t✐❡♥❡ ✉♥❛ ♠❛s❛ ❞❡ 25 kg✱ ❡stá ❛♣♦②❛❞♦ ❡♥ ❉ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ ♣❛s❛❞♦r ② ❡stá ❛❝♦♣❧❛❞♦ ❛❧ ✈♦❧❛♥t❡
♣♦r ✉♥❛ ❜❛♥❞❛✱ ❧❛ ❝✉❛❧ ❡stá s♦♠❡t✐❞❛ ❛ ✉♥❛ t❡♥s✐ó♥ ❞❡ ♠♦❞♦ q✉❡ ♥♦ s❡ ❞❡s❧✐❝❡ s♦❜r❡ ❧❛s s✉♣❡r✜❝✐❡s
❞❡ ❝♦♥t❛❝t♦✳ ❙✐ ✉♥ ♠♦t♦r ♣r♦♣♦r❝✐♦♥❛ ✉♥ ♣❛r ❞❡ t♦rs✐ó♥ M = (12t) N · m ❛❧ ✈♦❧❛♥t❡ ❡♥ s❡♥t✐❞♦
❝♦♥tr❛r✐♦ ❛❧ ❞❡ ❧❛s ♠❛♥❡❝✐❧❧❛s ❞❡ r❡❧♦❥✱ ❞♦♥❞❡ t ❡stá ❡♥ s❡❣✉♥❞♦s✱ ❞❡t❡r♠✐♥❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r
❞❡❧ ❞✐s❝♦ 3s ❞❡s♣✉és ❞❡ q✉❡ s❡ ❡♥❝✐❡♥❞❡ ❡❧ ♠♦t♦r✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❡❧ ✈♦❧❛♥t❡ ❡stá ❡♥ r❡♣♦s♦✳ ❉♦♥❞❡✿
rA = rB = 125mm✳

❋✐❣✉r❛ ✺✳✻✵✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✾✲✶✾ ❍✐❜❜❡❧❡r ❬✶✽❪✳

✺✳✹✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

▲❛ s♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ✹✳✻ ❞❡♥tr♦ ❞❡❧ ❝❛♣ít✉❧♦ ✹✱ ♣♦r ❧♦ q✉❡ ❧♦s
r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❡❧ ❛♥á❧✐s✐s ❝✐♥❡♠át✐❝♦ s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✺✳✷✸ ② ✺✳✷✹✳

ωB =
rA
rB

ωA ✭✺✳✷✸✮

αB =
rA
rB

αA ✭✺✳✷✹✮

▼✐❡♥tr❛s q✉❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❡❧ ❛♥á❧✐s✐s ❝✐♥ét✐❝♦ s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s
✺✳✷✺ ② ✺✳✷✻✳

αA (t) = 25.74762 t
rad

s2
✭✺✳✷✺✮

ωA (t) = ωB (t) = 12.87381t
rad

s
✭✺✳✷✻✮

✶✾✶



▲♦s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ♦❜t❡♥✐❞♦s ❞❡ ♠❛♥❡r❛ ❛♥❛❧ít✐❝❛ ❡stá♥ ❞❛❞♦s ♣♦r✿

▲❛ ❛❝❡❧❡r❛❝✐ó♥ ② ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ✈♦❧❛♥t❡ A ❛❧ tr❛♥s❝✉rr✐r ✸ s❡❣✉♥❞♦s r❡s✉❧t❛

αA (3 s) = 77.24286
rad

s2
	

ωA (3s) = 115.85965
rad

s
	

❙❡ s❛❜❡ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ✈♦❧❛♥t❡ A ❡s ❡❧ ♠✐s♠♦ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❞✐s❝♦ B✱
♣♦r ❧♦ q✉❡✿

ωB = 115.85965
rad

s
	

▼✐❡♥tr❛s q✉❡ ❧♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡❧ ✈♦❧❛♥t❡ A ② ❞❡❧ ❞✐s❝♦ B ❡stá♥ ❞❡✜♥✐❞♦s ❝♦♠♦

IC = mAk
2

C = (30 kg) (0.095m)2 = 0.27075 kg −m2

ID =
mBr

2

B

2
=

(25 kg)(0.125m)2

2
= 0.1953125 kg −m2

✺✳✹✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❜❛♥❞❛s ② ♣♦❧❡❛s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ▼❛❝❤✐♥❡r②✱ ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r
q✉❡ ❡♥ ❡st❛ s❡❝❝✐ó♥✱ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧❛ ❝❛❞❡♥❛ ② ❧❛
❝❛t❛r✐♥❛✳ ❊st♦s ✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✶✱ ❡♥ ❧❛ ♣á❣✐♥❛ ✽
❞❡ ❡st❡ tr❛❜❛❥♦✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✾✲✶✾ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✺✳✻✶✳

❋✐❣✉r❛ ✺✳✻✶✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛
s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✺✳✻✷✳

❊❧ t✐♣♦ ❞❡ ♣♦❧❡❛ ❡s ❡❧ ♠✐s♠♦ ♣❛r❛ ❛♠❜❛s ♣♦❧❡❛s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✺✳✻✸✳ ❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛
✜❣✉r❛ ✺✳✻✸ s❡ s❡❧❡❝❝✐♦♥❛r♦♥ ♣♦❧❡❛s ❞❡❧ t✐♣♦ P♦❧②✲❱✳ ❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r q✉❡ ❆❞❛♠s ❝© ✴▼❛❝❤✐♥❡r②
♣❡r♠✐t❡ ú♥✐❝❛♠❡♥t❡ ❝r❡❛r ✉♥ ♣❛r ❞❡ ♣♦❧❡❛s ❛ ❧❛ ✈❡③✳

✶✾✷



❋✐❣✉r❛ ✺✳✻✷✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

▲❛ ✜❣✉r❛ ✺✳✻✹ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ q✉❡ ❞❡❜❡ s❡r ❡❧
♠✐s♠♦ ♣❛r❛ ❛♠❜❛s ❝❛t❛r✐♥❛s✳ ❊s ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡❧ ♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡s ❡❧ ❞❡♥♦♠✐♥❛❞♦
✏❈♦♥str❛✐♥t✑ ❞♦♥❞❡ ú♥✐❝❛♠❡♥t❡ ❧❛ tr❛♥s♠✐s✐ó♥✱ r❡❞✉❝❝✐ó♥ ♦ ❛♠♣❧✐✜❝❛❝✐ó♥✱ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❡s ❞❡
✐♥t❡rés✳

❋✐❣✉r❛ ✺✳✻✸✿ ❚✐♣♦ ❞❡ ♣♦❧❡❛ ❡♠♣❧❡❛❞♦ ❡♥ ❆❞❛♠s ❝©✳

❋✐❣✉r❛ ✺✳✻✹✿ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✳

▲❛ ✜❣✉r❛ ✺✳✻✺ ♠✉❡str❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛s ♣♦❧❡❛s A ② B✱ ❝❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡
❛♠❜❛s ♣♦❧❡❛s ♣♦s❡é♥ ❧❛s ♠✐s♠❛s ♣r♦♣✐❡❞❛❞❡s✳ ▲♦ q✉❡ ❧❛s ❞✐❢❡r❡♥❝✐❛ s♦♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ s✉s
❝❡♥tr♦s✳

✶✾✸



✭❛✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ♣♦❧❡❛ A

✭❜✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ♣♦❧❡❛ B

❋✐❣✉r❛ ✺✳✻✺✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛s ♣♦❧❡❛s A ② B✳

▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ♣♦❧❡❛s A ② B✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✺✳✻✻✳ ❉❡❜❡ ♥♦t❛rs❡ q✉❡
❧♦s ❞❛t♦s ♠ás ✐♠♣♦rt❛♥t❡s s♦♥ ❧❛s ♠❛s❛s ② ❧♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡ ❧❛s ♣♦❧❡❛s✱ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z
q✉❡ ♣❛s❛ ♣♦r ❡❧ ❝❡♥tr♦ ❞❡ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ♣♦❧❡❛s✳ ❊st♦s ✈❛❧♦r❡s ❞❡❜❡♥ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ❡♠♣❧❡❛❞♦s
❡♥ ❧❛ s♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛ ❞❡❧ ♣r♦❜❧❡♠❛✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y ♥♦
s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s
✐♥❡r❝✐❛❧❡s ❞❡ ✉♥ ❞✐s❝♦ s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✳

P♦r ♦tr♦ ❧❛❞♦✱ ❧❛ ❝r❡❛❝✐ó♥ ❞❡❧ ❛❝t✉❛❞♦r ❡♥ ❆❞❛♠s✴▼❛❝❤✐♥❡r② ❝©✱ s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✺✳✻✼✭❛✮
② ✺✳✻✼✭❜✮✳

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✸ s❡❣✉♥❞♦s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦ ❞❡
♣❛s♦s ❞❡ ✶✵✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞✐♥á♠✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✺✳✻✽✳ P♦r ♦tr♦ ❧❛❞♦✱ ❧❛
s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧
t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱ s✐ ❧❛s ❤❛②✳

✶✾✹



✭❛✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛ A

✭❜✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ♣♦❧❡❛ B

❋✐❣✉r❛ ✺✳✻✻✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ♣♦❧❡❛s A ② B✳

✭❛✮ ❚✐♣♦ ❞❡ ❛❝t✉❛❞♦r ✭❜✮ P❛rá♠❡tr♦s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧❛ ♣♦❧❡❛ A

❋✐❣✉r❛ ✺✳✻✼✿ ❚✐♣♦ ❞❡ ❛❝t✉❛❞♦r ② ♣❛rá♠❡tr♦s ❞❡ ❧❛ ❢✉♥❝✐ó♥ q✉❡ ❞❡✜♥❡ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧❛ ♣♦❧❡❛ A✳

✶✾✺



❋✐❣✉r❛ ✺✳✻✽✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛❧ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✺✳✻✾ ② ✺✳✼✵✳

✭❛✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A

✭❜✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ B

❋✐❣✉r❛ ✺✳✻✾✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜❛s ♣♦❧❡❛s✳

✶✾✻



✭❛✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ A

✭❜✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ♣♦❧❡❛ B

❋✐❣✉r❛ ✺✳✼✵✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❛♠❜❛s ♣♦❧❡❛s✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© ❡stá♥ ❞❛❞♦s ❞❡ ♠❛♥❡r❛ ❣rá✜❝❛ ❡♥ ❧❛s ✜❣✉r❛s
✺✳✼✶ ② ✺✳✼✷✳

❈♦♠♦ s❡ ♦❜s❡r✈❛ ❡♥ ❧❛s ✜❣✉r❛s ✺✳✼✶ ② ✺✳✼✷✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ✈♦❧❛♥t❡ A ② ❞❡❧ ❞✐s❝♦ B
s♦♥ ✐❣✉❛❧❡s✱ ❛❧ ✐❣✉❛❧ q✉❡ s✉s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s✱ ❡st♦ ❡s ❞❡❜✐❞♦ ❛ q✉❡ ❛♠❜♦s ❝✉❡r♣♦s t✐❡♥❡♥ ❧❛s
♠✐s♠❛s ❞✐♠❡♥s✐♦♥❡s✱ rA = rB❀ ✈❡❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✺✳✷✸✮ ② ✭✺✳✷✹✮✳

❋✐❣✉r❛ ✺✳✼✶✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✳

✶✾✼



❋✐❣✉r❛ ✺✳✼✷✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧❛ ❝❛t❛r✐♥❛ A✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐✲
❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥
❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✺✳✹ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛
❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥á❧✐t✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

❚❛❜❧❛ ✺✳✹✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✹✳◦ ♣r♦❜❧❡♠❛ ❞❡ ♣♦❧❡❛s ② ❜❛♥❞❛s✳
❱❛r✐❛❜❧❡ ❆♥❛❧ít✐❝♦ ▼ó❞✉❧♦ ❈❛❞❡♥❛s ② ❈❛t❛r✐♥❛ ▼ó❞✉❧♦ ❇❛♥❞❛s ② P♦❧❡❛s
αA|t=3s 77.24286 rad/s2 	 77.2395 rad/s2 	 77.2395 rad/s2 	

αB|t=3s 77.24286 rad/s2 	 77.2395 rad/s2 	 77.2395 rad/s2 	

ωA|t=3s 115.85965 rad/s 	 115.8645 rad/s 	 115.8645 rad/s 	

ωB|t=3s 115.85965 rad/s 	 115.8645 rad/s 	 115.8645 rad/s 	

✺✳✺✳ ◗✉✐♥t♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❜❛♥❞❛s ② ♣♦❧❡❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❡❥❡♠♣❧♦ ✶✾✲✷✵ ❞❡❧
❧✐❜r♦ ❞❡ ❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✺✶✹✳

❊st❡ ♣r♦❜❧❡♠❛ ❢✉é ❞❡s❛rr♦❧❧❛❞♦ ❝♦♥ ❛♥t❡r✐♦r✐❞❛❞ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✹ ♠❡❞✐❛♥t❡ ❝❛❞❡♥❛s ② ❝❛t❛r✐♥❛s✱
♣♦r ❧♦ q✉❡ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❞❡s❛rr♦❧❧❛r ❡st❡ ♣r♦❜❧❡♠❛ ♥✉❡✈❛♠❡♥t❡✱ ❡s ❡❧ ❞❡♠♦str❛r q✉❡ s❡ ♣✉❡❞❡♥
♦❜t❡♥❡r ❧♦s ♠✐s♠♦s r❡s✉❧t❛❞♦s ♦ r❡s✉❧t❛❞♦s ❛♣r♦①✐♠❛❞♦s✱ t❛♥t♦ ❝♦♥ ❡❧ ♠ó❞✉❧♦ ❞❡ ❝❛❞❡♥❛s ❝♦♠♦ ❡❧
❞❡ ♣♦❧❡❛s ② ❜❛♥❞❛s✳ ❈♦♥ ❧❛ ú♥✐❝❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❡♠♣❧❡❛r ❡❧ ♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❞❡♥♦♠✐♥❛❞♦ ✏❈♦♥s✲
tr❛✐♥t✑ ✳

Pr♦❜❧❡♠❛ ✼✳ ❊❧ ✈♦❧❛♥t❡ ❆ ❞❡ 30 lbf t✐❡♥❡ ✉♥ r❛❞✐♦ ❞❡ ❣✐r♦ ❝♦♥ r❡s♣❡❝t♦ ❛ s✉ ❝❡♥tr♦ ❞❡ kA = 4 in✳
❊❧ ❞✐s❝♦ ❇ ♣❡s❛ 50 lb ② ❡stá ❛❝♦♣❧❛❞♦ ❛❧ ✈♦❧❛♥t❡ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ ❜❛♥❞❛ q✉❡ ♥♦ s❡ ❞❡s❧✐③❛ ❡♥ s✉
s✉♣❡r✜❝✐❡s ❞❡ ❝♦♥t❛❝t♦✳ ❙✐ ✉♥ ♠♦t♦r ♣r♦♣♦r❝✐♦♥❛ ✉♥ ♣❛r ❞❡ t♦rs✐ó♥ ❡♥ s❡♥t✐❞♦ ❝♦♥tr❛r✐♦ ❛❧ ❞❡ ❧❛s
♠❛♥❡❝✐❧❧❛s ❞❡❧ r❡❧♦❥ ❞❡ M = (50 t) lbf ✲ft✱ ❞♦♥❞❡ t ❡stá ❡♥ s❡❣✉♥❞♦s✱ ❞❡t❡r♠✐♥❡ ❡❧ t✐❡♠♣♦ r❡q✉❡r✐❞♦
♣❛r❛ q✉❡ ❡❧ ❞✐s❝♦ B ❛❧❝❛♥❝❡ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ 60 rad/s ❛ ♣❛rt✐r ❞❡❧ r❡♣♦s♦✳ ❉♦♥❞❡✿ rA = 6 in✱
rB = 9 in ② ωB = 60 rad/s✳

✶✾✽



❋✐❣✉r❛ ✺✳✼✸✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✾✲✷✵ ❍✐❜❜❡❧❡r ❬✶✽❪✳

✺✳✺✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

▲❛ s♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ✹✳✼ ❞❡♥tr♦ ❞❡❧ ❝❛♣ít✉❧♦ ✹✱ ♣♦r ❧♦ q✉❡ ❧♦s
r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❡❧ ❛♥á❧✐s✐s ❝✐♥❡♠át✐❝♦ s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✺✳✷✼ ② ✺✳✷✽✳

ωA =
rB
rA

ωB ✭✺✳✷✼✮

αB =
rA
rB

αA ✭✺✳✷✽✮

▼✐❡♥tr❛s q✉❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❡❧ ❛♥á❧✐s✐s ❝✐♥ét✐❝♦ s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s
✺✳✷✾ ② ✺✳✸✵✳

∫ t

0

M dt = IA (ωA)2 + IB (ωB)2

(

rA
rB

)

✭✺✳✷✾✮

αA (t) = 167.9999999 t
rad

s2
✭✺✳✸✵✮

▲❛ ❡❝✉❛❝✐ó♥ ✺✳✷✾ ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❡❧ t✐❡♠♣♦ ❡♥ ❡❧ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❞✐s❝♦ B ❛❧❝❛♥③❛
✉♥❛ ✈❡❧♦❝✐❞❛❞ ❞❡ 60 rad/s✳

❙❡ s❛❜❡ q✉❡ ❧♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡ ❛♠❜❛s ♣♦❧❡❛s ❡stá♥ ❞❡✜♥✐❞♦s ❝♦♠♦✿

IA = 0.10351967 slug✲ft2

IB = 0.4367236 slug✲ft2

❘❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ♦❜t❡♥✐❞♦s ❞❡ ♠❛♥❡r❛ ❛♥❛❧ít✐❝❛✳

❊❧ t✐❡♠♣♦ q✉❡ t❛r❞❛ ❡❧ ❞✐s❝♦ B ❡♥ ❛❧❝❛♥③❛r ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ 60 rad/s✳

t = 1.035098 s

▲❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ✈♦❧❛♥t❡ A ② B ♣❛r❛ t = 1.035098 s✱ r❡s✉❧t❛

ωA = 90.0
rad

s
	

ωB = 60.0 rad/s 	

✶✾✾



▲❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ✈♦❧❛♥t❡ A ② B ♣❛r❛ t = 1.035098 s✱ r❡s✉❧t❛

αA = 173.8964639
rad

s2
	

αB = 115.9309759 rad/s2 	

✺✳✺✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❊♥ ❡st❛ s❡❝❝✐ó♥ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá s✐♠✉❧❛♥❞♦ ❡❧ s✐st❡♠❛ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❜❛♥❞❛s ② ♣♦❧❡❛s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ▼❛❝❤✐♥❡r② ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝©

q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✾✲✷✵ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✺✳✼✹✳

✭❛✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡ ❛❧❛♠❜r❡ ✭❜✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s

❋✐❣✉r❛ ✺✳✼✹✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛
s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✺✳✼✺✳

❋✐❣✉r❛ ✺✳✼✺✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

❊❧ t✐♣♦ ❞❡ ♣♦❧❡❛ ❡s ❡❧ ♠✐s♠♦ ♣❛r❛ ❛♠❜❛s ♣♦❧❡❛s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✺✳✼✻✳ ❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛
✜❣✉r❛ ✺✳✼✻ s❡ s❡❧❡❝❝✐♦♥❛r♦♥ ♣♦❧❡❛s ❞❡❧ t✐♣♦ P♦❧②✲❱✳ ❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r q✉❡ ❆❞❛♠s ❝© ✴▼❛❝❤✐♥❡r②
♣❡r♠✐t❡ ú♥✐❝❛♠❡♥t❡ ❝r❡❛r ✉♥ ♣❛r ❞❡ ♣♦❧❡❛s ❛ ❧❛ ✈❡③✳

✷✵✵



▲❛ ✜❣✉r❛ ✺✳✼✼ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛✳ ❊s ✐♠♣♦r✲
t❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡❧ ♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡s ❡❧ ❞❡♥♦♠✐♥❛❞♦ ✏❈♦♥str❛✐♥t✑ ✱ ❞♦♥❞❡ ú♥✐❝❛♠❡♥t❡ ❧❛
tr❛♥s♠✐s✐ó♥✱ r❡❞✉❝❝✐ó♥ ♦ ❛♠♣❧✐✜❝❛❝✐ó♥✱ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❡s ❞❡ ✐♥t❡rés✳

❋✐❣✉r❛ ✺✳✼✻✿ ❚✐♣♦ ❞❡ ♣♦❧❡❛ ❡♠♣❧❡❛❞♦ ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

❋✐❣✉r❛ ✺✳✼✼✿ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✳

▲❛ ✜❣✉r❛ ✺✳✼✽ ♠✉❡str❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛s ♣♦❧❡❛s A ② B✱ ❝❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡
❛♠❜❛s ♣♦❧❡❛s ♣♦s❡é♥ ❧❛s ♠✐s♠❛ ♣r♦♣✐❡❞❛❞❡s✱ ❧♦ q✉❡ ❧❛s ❞✐❢❡r❡♥❝✐❛ s♦♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ s✉s ❝❡♥tr♦s✳

▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛s ♣♦❧❡❛s A ② B✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✺✳✼✾✳ ❉❡❜❡ ♥♦t❛rs❡ q✉❡
❧♦s ❞❛t♦s ♠ás ✐♠♣♦rt❛♥t❡s s♦♥ ❧❛s ♠❛s❛s ② ❧♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡ ❧❛s ♣♦❧❡❛s✱ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z
q✉❡ ♣❛s❛ ♣♦r ❡❧ ❝❡♥tr♦ ❞❡ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ♣♦❧❡❛s✳ ❊st♦s ✈❛❧♦r❡s ❞❡❜❡♥ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ❡♠♣❧❡❛❞♦s
❡♥ ❧❛ s♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛ ❞❡❧ ♣r♦❜❧❡♠❛✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y ♥♦
s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s
✐♥❡r❝✐❛❧❡s ❞❡ ✉♥ ❞✐s❝♦ s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✳

P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ ❧❛ ❝r❡❛❝✐ó♥ ❞❡❧ ❛❝t✉❛❞♦r s♦❜r❡ ❧❛ ♣♦❧❡❛ A ❡♥ ❆❞❛♠s✴▼❛❝❤✐♥❡r② ❝©✱ ✈❡❛ ❧❛
✜❣✉r❛ ✺✳✽✵✳

✷✵✶



✭❛✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡❧ ✈♦❧❛♥t❡ A

✭❜✮ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡❧ ❞✐s❝♦ B

❋✐❣✉r❛ ✺✳✼✽✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡❧ ✈♦❧❛♥t❡ A ② ❡❧ ❞✐s❝♦ B✳

✭❛✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ✈♦❧❛♥t❡ A

✭❜✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❞✐s❝♦ B

❋✐❣✉r❛ ✺✳✼✾✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ✈♦❧❛♥t❡ A ② ❡❧ ❞✐s❝♦ B✳

✷✵✷



✭❛✮ ❚✐♣♦ ❞❡ ❛❝t✉❛❞♦r

✭❜✮ P❛rá♠❡tr♦s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡❧ ✈♦❧❛♥t❡ A

❋✐❣✉r❛ ✺✳✽✵✿ ❚✐♣♦ ❞❡ ❛❝t✉❛❞♦r ② ♣❛rá♠❡tr♦s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡❧ ✈♦❧❛♥t❡ A✳

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✷ s❡❣✉♥❞♦s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦ ❞❡
♣❛s♦s ❞❡ ✷✵✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞✐♥á♠✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✺✳✽✶✳ P♦r ♦tr♦ ❧❛❞♦✱ ❧❛
s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧
t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱ s✐ ❧❛s ❤❛②✳

❋✐❣✉r❛ ✺✳✽✶✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

✷✵✸



P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✺✳✽✷ ② ✺✳✽✸✳

✭❛✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ✈♦❧❛♥t❡ A

✭❜✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❞✐s❝♦ B

❋✐❣✉r❛ ✺✳✽✷✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡❧ ✈♦❧❛♥t❡ A ② ❡❧ ❞✐s❝♦ B✳

✭❛✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ✈♦❧❛♥t❡ A

✭❜✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❞✐s❝♦ B

❋✐❣✉r❛ ✺✳✽✸✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡❧ ✈♦❧❛♥t❡ A ② ❡❧ ❞✐s❝♦ B✳

✷✵✹



▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© ❡stá♥ ❞❛❞♦s ❞❡ ♠❛♥❡r❛ ❣rá✜❝❛ ❡♥ ❧❛s ✜❣✉r❛s
✺✳✽✹✱ ✺✳✽✺ ② ✺✳✽✻✱ t♦❞♦s ❡st♦s r❡s✉❧t❛❞♦s ❡stá♥ ✐♥❞✐❝❛❞♦s ♣❛r❛ ✉♥ t✐❡♠♣♦ t = 1.036 s✱ q✉❡ ❡s ❡❧ t✐❡♠♣♦
q✉❡ ❧❛ ♣♦❧❡❛ B t❛r❞❛ ❡♥ ❧❧❡❣❛r ❛ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ✐❣✉❛❧ ❛ 60 rad/s✳

❋✐❣✉r❛ ✺✳✽✹✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ t✐❡♠♣♦ t ❝✉❛♥❞♦ ωB = 60 rad/s✳

❋✐❣✉r❛ ✺✳✽✺✿ ❱❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ωA ❝✉❛♥❞♦ ωB ❛❧❝❛♥③❛ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ 60 rad/s✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐✲
❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐ó♥ t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥
❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✺✳✺ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛
❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥á❧✐t✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

✷✵✺



❋✐❣✉r❛ ✺✳✽✻✿ ❆❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r αA ② αB ♣❛r❛ ✉♥ t✐❡♠♣♦ t = 1.035 s✳

❚❛❜❧❛ ✺✳✺✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✺✳◦ ♣r♦❜❧❡♠❛ ❞❡ ♣♦❧❡❛s ② ❜❛♥❞❛s✳
❱❛r✐❛❜❧❡ ❆♥❛❧ít✐❝❛♠❡♥t❡ ▼ó❞✉❧♦ ❈❛❞❡♥❛s ② ❈❛t❛r✐♥❛s ▼ó❞✉❧♦ ❇❛♥❞❛s ② P♦❧❡❛s
ωA|ωB=60rad/s 90 rad/s 	 90.0409 rad/s 	 89.9829 rad/s

t|ωB=60rad/s 1.035098 s 1.0353 s 1.035

αA|ωB=60rad/s 173.8964639 rad/s2 	 173.9024 rad/s2 	 173.8296 rad/s2 	

αB|ωB=60rad/s 115.9309759 rad/s2 	 115.9349 rad/s2 	 115.8864 rad/s2 	

✷✵✻



❈❛♣ít✉❧♦ ✻

❙✐st❡♠❛s ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s
r❡s✉❡❧t♦s ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❊♥ ❡st❡ ❝❛♣ít✉❧♦ s❡ ♣r❡s❡♥t❛♥ ❞✐❢❡r❡♥t❡s ♣r♦❜❧❡♠❛s q✉❡ ✐♥✈♦❧✉❝r❛♥ s✐st❡♠❛s ❞❡ ❡♥❣r❛♥❡s ♦ ❝♦♠✲
❜✐♥❛❝✐♦♥❡s ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s✱ t♦❞♦s ❡s♦s ♣r♦❜❧❡♠❛s s❡ r❡s♦❧✈❡rá♥ ✐♥✐❝✐❛❧♠❡♥t❡ ♠❡❞✐❛♥t❡ ❧♦s
♠ét♦❞♦s ❛♥❛❧ít✐❝♦s q✉❡ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❞❡ ❛♣r❡♥❞✐③❛❥❡ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❡♥ ❧❛s ❧✐❝❡♥✲
❝✐❛t✉r❛s ❞❡ ✐♥❣❡♥✐❡rí❛ ♠❡❝á♥✐❝❛ ❡ ✐♥❣❡♥✐❡rí❛ ♠❡❝❛tró♥✐❝❛ ❞❡ ❧❛ ❉✐✈✐s✐ó♥ ❞❡ ■♥❣❡♥✐❡rí❛s ❞❡❧ ❈❛♠♣✉s
■r❛♣✉❛t♦✲❙❛❧❛♠❛♥❝❛ ❞❡ ❧❛ ❯♥✐✈❡rs✐❞❛❞ ❞❡ ●✉❛♥❛❥✉❛t♦❀ ♣♦st❡r✐♦r♠❡♥t❡ ❡s♦s ♣r♦❜❧❡♠❛s s❡ r❡s✉❡❧✈❡♥
♠❡❞✐❛♥t❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡❧ ♠ó❞✉❧♦ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳
P♦r ❧❛ ♥❛t✉r❛❧❡③❛ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧♦s ❡♥❣r❛♥❡s✱ ❧❛ t♦t❛❧✐❞❛❞ ❞❡ ❧♦s ♣r♦❜❧❡♠❛s ♣r❡s❡♥t❛❞♦s ❡♥ ❡st❡
❝❛♣ít✉❧♦ ♣❡rt❡♥❡❝❡♥ ❛ ❧❛ ❞✐♥á♠✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✳

✻✳✶✳ Pr✐♠❡r ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✾ ❞❡❧ ❧✐❜r♦ ❞❡
❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✸✷✹✳

Pr♦❜❧❡♠❛ ✶✿ ❈✉❛♥❞♦ só❧♦ ❞♦s ❡♥❣r❛♥❡s ❡stá♥ ❡♥❣r❛♥❛❞♦s✱ ❡❧ ❡♥❣r❛♥❡ ♣r♦♣✉❧s♦r A ② ❡❧ ❡♥❣r❛♥❡
♣r♦♣✉❧s❛❞♦ B s✐❡♠♣r❡ ❣✐r❛rá♥ ❡♥ ❞✐r❡❝❝✐♦♥❡s ♦♣✉❡st❛s✳ P❛r❛ ❤❛❝❡r❧♦s q✉❡ ❣✐r❡♥ ❡♥ ❧❛ ♠✐s♠❛ ❞✐r❡❝❝✐ó♥
s❡ ✉t✐❧✐③❛ ✉♥ ❡♥❣r❛♥❡ ❧♦❝♦ ♦ ❣✉í❛ C✳ ❊♥ ❡❧ ❝❛s♦ q✉❡ s❡ ✐❧✉str❛✱ ❞❡t❡r♠✐♥❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧
❡♥❣r❛♥❡ B ❝✉❛♥❞♦ t ❂ ✺s✱ s✐ ❡❧ ❡♥❣r❛♥❡ A ❝♦♠✐❡♥③❛ ❛ ❣✐r❛r ❞❡s❞❡ ❡❧ r❡♣♦s♦ ❝♦♥ ✉♥❛ ❛❝❡❧❡r❛❝✐ó♥
❛♥❣✉❧❛r αA = (3t+ 2) rad/s2✱ ❞♦♥❞❡ t ❡stá ❡♥ s❡❣✉♥❞♦s✳ ▲❛s ❞✐♠❡♥s✐♦♥❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s ❡stá♥
❞❛❞❛s ♣♦r✿ rA = 50mm✱ rC = 50mm ② rB = 75mm✳

✻✳✶✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

P✉❡st♦ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❡❧ ❡♥❣r❛♥❡ A ② ❡❧ ❡♥❣r❛♥❡ C❀ ② ❡♥tr❡ ❡❧ ❡♥❣r❛♥❡ C ②
❡❧ ❡♥❣r❛♥❡ B✱ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ② ❧❛s ❝♦♠♣♦♥❡♥t❡s t❛♥❣❡♥❝✐❛❧❡s ❞❡ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ P1 ❡♥tr❡ ❧♦s
❡♥❣r❛♥❡s A ② C s♦♥ ✐❣✉❛❧❡s✳ ❉❡ ❧❛ ♠✐s♠❛ ♠❛♥❡r❛ ♦❝✉rr❡ ♣❛r❛ ❧♦s ❡♥❣r❛♥❡s C ② B ❡♥ ❡❧ ♣✉♥t♦ P2✱ ✈❡❛
❧❛ ✜❣✉r❛ ✻✳✷✳ ❆ ♣❛rt✐r ❞❡ ❡st❡ r❡s✉❧t❛❞♦✱ s❡ ♦❜t✐❡♥❡♥ ❞♦s r❡❧❛❝✐♦♥❡s✿ ❧❛ ♣r✐♠❡r❛✱ ❡♥tr❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s
❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A✲C✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s✱ ❧♦ ♠✐s♠♦ ♦❝✉rr❡ ❝♦♥ ❧♦s ❡♥❣r❛♥❡s C✲B❀ ❧❛
s❡❣✉♥❞❛✱ ❡♥tr❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A✲C✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s✱ ❧♦ ♠✐s♠♦

✷✵✼



❋✐❣✉r❛ ✻✳✶✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✾ ❍✐❜❜❡❧❡r ❬✶✽❪✳

♦❝✉rr❡ ❝♦♥ ❧♦s ❡♥❣r❛♥❡s C ② B❀ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✷ ② ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✻✳✶✮✱ ✭✻✳✷✮✱ ✭✻✳✸✮ ② ✭✻✳✹✮✳

❆♥á❧✐s✐s ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❡♥tr❡ ❧♦s ❡♥❣r❛♥❡s A ② C✳

~ωA × ~rP1/OA
= −ωA k̂ ×−rA î = ωA rA ĵ = vAP1

= vCP1
= ~ωC × ~rP1/OC

= ωC k̂ × rC î = ωC rC ĵ

❉♦♥❞❡✿
rA ωA = rC ωC ❞❡ ♠❛♥❡r❛ q✉❡ ωC =

rA
rC

ωA ✭✻✳✶✮

❆♥á❧✐s✐s ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❡♥tr❡ ❧♦s ❡♥❣r❛♥❡s C ② B✳

~ωC × ~rP2/OC
= ωC k̂ ×−rC î = −ωC rC ĵ = vCP2

= vBP2
= ~ωB × ~rP2/OB

= −ωB k̂ × rB î = −ωB rB ĵ

P♦r ❧♦ q✉❡✿
rC ωC = rB ωB t❛❧ q✉❡ ωB =

rC
rB

ωC ✭✻✳✷✮

❆♥á❧✐s✐s ❞❡ ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❡♥tr❡ ❧♦s ❡♥❣r❛♥❡s A ② C✳

~αA × ~rP1/OA
= −αA k̂ ×−rA î = αA rA ĵ = atAP1

= atCP1
= ~αC × ~rP1/OC

= αC k̂ × rC î = αC rC ĵ

❉❡ ♠❛♥❡r❛ q✉❡
rA αA = rC αC ② αC =

rA
rC

αA ✭✻✳✸✮

❆♥á❧✐s✐s ❞❡ ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❡♥tr❡ ❧♦s ❡♥❣r❛♥❡s C ② B✳

~αC × ~rP2/OC
= αC k̂ ×−rC î = −αC rC ĵ = atCP2

= atBP2
= ~αB × ~rP2/OB

= −αB k̂ × rB î = −αB rB ĵ

❉❡ ❛q✉í q✉❡✿
rC αC = rB αB ② αB =

rC
rB

αC ✭✻✳✹✮

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ♣r♦❜❧❡♠❛ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A ❡stá ❞❡✜♥✐❞❛ ♣♦r αA =
(3t+ 2) rad/s2✱ s✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ♣❛r❛ ✉♥ t✐❡♠♣♦ t = 5s✱ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r
❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r αA ❞❡

αA = (3)(5) + 2 = 17 rad/s2 �

✷✵✽



❋✐❣✉r❛ ✻✳✷✿ ❉✐❛❣r❛♠❛ ❝✐♥❡♠át✐❝♦ ❞❡❧ ♣r♦❜❧❡♠❛✳

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✸✮✱ s❡ ♦❜t✐❡♥❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥
❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ C✳

αC =

(

50mm

50mm

)

(

17 rad/s2
)

= 17 rad/s2 	

❈♦♠♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A ② ❡❧ ❡♥❣r❛♥❡ C s♦♥ ✐❣✉❛❧❡s ❡♥ ♠❛❣✲
♥✐t✉❞✱ ❡st♦ ❞❡❜✐❞♦ ❛ q✉❡ ❛♠❜♦s ❡♥❣r❛♥❡s t✐❡♥❡♥ s✉s r❛❞✐♦s ♣r✐♠✐t✐✈♦s ♦ ❞❡ ♣❛s♦ ✐❣✉❛❧❡s✳

❯♥❛ ✈❡③ ♦❜t❡♥✐❞♦ ❡❧ ✈❛❧♦r ❞❡ αC ✱ s❡ s✉st✐t✉②❡♥ ❧♦s ❞❛t♦s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❝✐ó♥ ✭✻✳✹✮ ♣❛r❛
♦❜t❡♥❡r ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B✳

αB =

(

50mm

75mm

)

(17 rad/s) = 11.33334 rad/s2 �

P❛r❛ ♦❜t❡♥❡r ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ ♠♦tr✐③ A ❜❛st❛ ❝♦♥ ✐♥t❡❣r❛r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❧❛
❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r αA ❞❡s❞❡ ✉♥ t✐❡♠♣♦ t = 0s ❤❛st❛ t = 5s✳

ωA =

∫

5

0

(3t+ 2) dt =
3

2
t2 + 2t

∣

∣

∣

∣

t=5s

t=0

=
3

2

(

52
)

+ 2(5) = 47.5 rad/s �

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✶✮✱ s❡ ♦❜t✐❡♥❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r
❞❡❧ ❡♥❣r❛♥❡ C✳

ωC =

(

50mm

50mm

)

(

47.5 rad/s2
)

= 47.5 rad/s 	

❯♥❛ ✈❡③ ♦❜t❡♥✐❞♦ ❡❧ ✈❛❧♦r❡ ❞❡ ωC ✱ s❡ s✉st✐t✉②❡♥ ❧♦s ❞❛t♦s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✷✮ ♣❛r❛
♦❜t❡♥❡r ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B✳

ωB =

(

50mm

75mm

)

(47.5 rad/s) = 31.66667 rad/s �

✷✵✾



✻✳✶✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❊♥ ❡st❛ s❡❝❝✐ó♥ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá s✐♠✉❧❛♥❞♦ ❡❧ s✐st❡♠❛ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❡♥❣r❛♥❡s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r② ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r q✉❡ ❡♥ ❡st❛
s❡❝❝✐ó♥ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s✳ ❊st♦s ✐♠♣♦rt❛♥t❡s
❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✹ ❡♥ ❧❛ ♣á❣✐♥❛ ✷✷✳ ❊s ♥❡❝❡s❛r✐♦ ♠❡♥❝✐♦♥❛r q✉❡
❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ❡♥❣r❛♥❡s s❡ ❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐♥❛❞❛ ✏❙✐♠♣❧✐✲
✜❡❞✑ ✳ ❊st❛ ♦♣❝✐ó♥ ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❧❛s ❢✉❡r③❛s ❡♥ ❡❧ ❡♥❣r❛♥❛❥❡✱ ❧❛ ❤♦❧❣✉r❛ ♦ ❜❛❝❦❧❛s❤ ❡♥tr❡ ❡❧ ♣❛r
❞❡ ❡♥❣r❛♥❡s ② ❛♥❛❧✐③❛r ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❝♦♥st❛♥t❡✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✾ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✸✳

✭❛✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s

✭❜✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡ ❛❧❛♠❜r❡

❋✐❣✉r❛ ✻✳✸✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❊s ✐♠♣♦rt❛♥t❡ ❛❝❧❛r❛r q✉❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r② só❧♦ ♣✉❡❞❡ ❝r❡❛r ✉♥❛ ♣❛r❡❥❛ ❞❡ ❡♥❣r❛♥❡s ❛ ❧❛ ✈❡③✱
♣♦r ❧♦ q✉❡ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ s❡ ❝r❡❛r♦♥ ❞♦s ♣❛r❡❥❛s ❞❡ ❡♥❣r❛♥❡s✳ ❊❧ t✐♣♦ ❞❡ ❡♥❣r❛♥❡ ❡s ❡❧ ♠✐s♠♦
♣❛r❛ t♦❞♦s ❧♦s ❡♥❣r❛♥❡s ❞❡❧ ♠♦❞❡❧♦✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✹✳ ❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ s❡ s❡❧❡❝❝✐♦♥❛r♦♥
❡♥❣r❛♥❡s r❡❝t♦s ♦ ✏s♣✉r✑✳

✷✶✵



❋✐❣✉r❛ ✻✳✹✿ ❚✐♣♦s ❞❡ ❡♥❣r❛♥❡s ❡♠♣❧❡❛❞♦s ♣♦r ❆❞❛♠s ❝©✱ ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② C✳

▲❛ ✜❣✉r❛ ✻✳✺ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ q✉❡ ❞❡❜❡ s❡r ❡❧
♠✐s♠♦ ♣❛r❛ t♦❞❛ ♣❛r❡❥❛ ❞❡ ❡♥❣r❛♥❡ ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦✳ ❊s ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡❧ ♠ét♦❞♦ ❞❡
❛♥á❧✐s✐s ❡s ❡❧ ❞❡♥♦♠✐♥❛❞♦ ✏❙✐♠♣❧✐✜❡❞✑ ✳

❋✐❣✉r❛ ✻✳✺✿ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✱ ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② C✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♣❛r❛ ❡st❡ ♣r♦✲
❜❧❡♠❛ s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✻✳✻✳

❋✐❣✉r❛ ✻✳✻✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

✷✶✶



▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡ A✱ C ② C✱ B✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s
✻✳✼ ② ✻✳✽✳ ❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ s❡❧❡❝❝✐♦♥❛r ❧♦s r❛❞✐♦s ♣r✐♠✐t✐✈♦s ♦ ❞❡ ♣❛s♦ ✐❣✉❛❧❡s ❛ ❧♦s
✐♥❞✐❝❛❞♦s ❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡❧ ♣r♦❜❧❡♠❛✱ ② s❡❧❡❝❝✐♦♥❛r ✉♥❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❛❝♦r❞❡ ❝♦♥ ❧♦s
r❛❞✐♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s✳ ❊♥ ❡st❡ ❝❛s♦✱ ❞❡❜❡ ♥♦t❛rs❡ q✉❡ ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❡♥tr❡ ❧♦s ❡♥❣r❛♥❡s
A ② C ❞❡❜❡ s❡r ✐❣✉❛❧ ❛ ❧❛ s✉♠❛ ❞❡ ❧♦s r❛❞✐♦s ❞❡ ♣❛s♦ ❞❡ ❛♠❜♦s ❡♥❣r❛♥❡s✳

❋✐❣✉r❛ ✻✳✼✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② C✳

❋✐❣✉r❛ ✻✳✽✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s C ② B✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ s❛❜❡r q✉❡ ♣❛r❛ ❧❛ ❝r❡❛❝✐ó♥ ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s C ② B✱ s❡ s❡❧❡❝❝✐♦♥ó ✉♥ ❡♥❣r❛♥❡
②❛ ❡①✐st❡♥t❡ ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦✱ ❡♥ ❡st❡ ❝❛s♦ s❡ s❡❧❡❝❝✐♦♥ó ❡❧ ❡♥❣r❛♥❡ C ❝♦♠♦ ❡❧ ❡♥❣r❛♥❡ ✉♥♦ ♦ ✏●❡❛r
✶✑ ♣❛r❛ ❡st❛ s❡❣✉♥❞❛ ♣❛r❡❥❛ ❞❡ ❡♥❣r❛♥❡s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✽✳

✷✶✷



▲❛ ✜❣✉r❛ ✻✳✾ ♠✉❡str❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❝♦♥t❛❝t♦ ❡♥tr❡ ❧♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❡s✱ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✱
❞✐❝❤❛s ♣r♦♣✐❡❞❛❞❡s s❡ ❞❡❥❛♥ ✐❣✉❛❧❡s ❛ ❧❛s q✉❡ ❛♣❛r❡❝❡♥ ♣♦r ❞❡❢❛✉❧t✱ ❧❛s ❝✉❛❧❡s s♦♥ ❧❛s ♠✐s♠❛s ♣❛r❛
❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❛❥❡s C ② B✳

❋✐❣✉r❛ ✻✳✾✿ P❛rá♠❡tr♦s ❞❡ ❝♦♥t❛❝t♦s ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② C✳

▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❛❥❡s A✱ C ② C✱ B✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✶✵✳
❉❡❜❡ ♥♦t❛rs❡ q✉❡ ❛❧ s❡r ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❝✐♥❡♠át✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✱ ❧♦s ❞❛t♦s ❝♦♠♦ ❧❛s ♠❛s❛s ❞❡
❧♦s ❡♥❣r❛♥❡s✱ ♥♦ s♦♥ ❞❡ ✐♥t❡rés✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y✱ ♥♦ s♦♥ ❞❡
✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦✱ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s
❞❡ ✉♥ ❞✐s❝♦✱ ❡st❛s s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✳

✭❛✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ A

✭❜✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ B

❋✐❣✉r❛ ✻✳✶✵✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B ♣❛r❛ ❧♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❡s A✲C ② C✲B✳

✷✶✸



▲❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② C✱ ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❡s A✲C ②
C✲B✱ s♦♥ ✐❣✉❛❧❡s❀ ♣♦r ❧♦ q✉❡✱ ú♥✐❝❛♠❡♥t❡ s❡ ♠✉❡str❛♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ A✱ ✈❡❛
❧❛ ✜❣✉r❛ ✻✳✶✵✭❛✮✳ ▲❛ ✜❣✉r❛ ✻✳✶✵✭❜✮ ♠✉❡str❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ B ♣❡rt❡♥❡❝✐❡♥t❡
❛❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s C✲B✳

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✺ s❡❣✉♥❞♦s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦ ❞❡
♣❛s♦s ❞❡ ✷✵✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞✐♥á♠✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✶✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s
♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱
s✐ ❧❛s ❤❛②✳

❋✐❣✉r❛ ✻✳✶✶✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

▲❛ ✜❣✉r❛ ✻✳✶✷✱ ♠✉str❛ ❡❧ ♣❛rá♠❡tr♦ ▼♦t✐♦♥✱ ♦ ❧♦ q✉❡ ❡s ✐❣✉❛❧✱ ❧❛ ❢✉♥❝✐ó♥ q✉❡ r✐❣❡ ❡❧ ❝♦♠♣♦r✲
t❛♠✐❡♥t♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳ ◆♦t❡ q✉❡ ❧❛s ✉♥✐❞❛❞❡s ❞❡ ♠❡❞✐❝✐ó♥ ❞❡ á♥❣✉❧♦s✱
s❡❧❡❝❝✐♦♥❛❞❛ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✻✱ s♦♥ r❛❞✐❛♥❡s✳

❋✐❣✉r❛ ✻✳✶✷✿ ❋✉♥❝✐ó♥ q✉❡ r✐❣❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

✷✶✹



P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✻✳✶✸✱ ✻✳✶✹✱ ✻✳✶✺✱ ✻✳✶✻✱ ✻✳✶✼ ② ✻✳✶✽✳

❋✐❣✉r❛ ✻✳✶✸✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

❋✐❣✉r❛ ✻✳✶✹✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ C✳

❋✐❣✉r❛ ✻✳✶✺✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B✳

✷✶✺



❋✐❣✉r❛ ✻✳✶✻✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

❋✐❣✉r❛ ✻✳✶✼✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ C✳

❋✐❣✉r❛ ✻✳✶✽✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B✳

✷✶✻



▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝© s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✻✳✶✾ ② ✻✳✷✵✳

❋✐❣✉r❛ ✻✳✶✾✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A✱ C ② B✳

❋✐❣✉r❛ ✻✳✷✵✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A✱ C ② B✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐✲
❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✻✳

❊st♦s r❡s✉❧t❛❞♦s s♦♥ ❝❛s✐ ❝♦♠♣❧❡t❛♠❡♥t❡ ✐❣✉❛❧❡s ❛ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛
❚❛❜❧❛ ✻✳✶ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥á❧✐t✐❝❛ ②
♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

✷✶✼



❚❛❜❧❛ ✻✳✶✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✶✳❡r ♣r♦❜❧❡♠❛ ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

ωA|t=5s 47.5 rad/s � 47.5 rad/s �

ωC |t=5s 47.5 rad/s 	 47.5 rad/s 	

ωB|t=5s 31.66667 rad/s � 31.6667 rad/s �

αA|t=5s 17.0 rad/s2 � 17.0 rad/s2 �

αC |t=5s 17.0 rad/s2 	 17.0 rad/s2 	

αB|t=5s 11.33334 rad/s2 � 11.3333 rad/s2 �

✻✳✷✳ ❙❡❣✉♥❞♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ✶✻✲✷✵
❞❡❧ ❧✐❜r♦ ❞❡ ❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✸✷✷✳

Pr♦❜❧❡♠❛ ✷✿ ❊❧ ❡♥❣r❛♥❡ r✉❡❞❛ s♦❜r❡ ❧❛ ❝r❡♠❛❧❧❡r❛ ✜❥❛ ❝♦♥ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ω = 12 rad/s
② ✉♥❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ α = 6 rad/s2✳ ❉❡t❡r♠✐♥❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ A✳ ❉♦♥❞❡✿
rA/O = rO/B2

= 0.3m✱ ω = 12 rad/s � ② α = 6 rad/s2 �

❋✐❣✉r❛ ✻✳✷✶✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ✶✻✲✷✵ ❍✐❜❜❡❧❡r ❬✶✽❪✳

✻✳✷✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

◆♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❡❧ ❡♥❣r❛♥❡ ② ❧❛ ❝r❡♠❛❧❧❡r❛✱ ♣✉❡s ❡❧ s✐st❡♠❛ ❡stá s✉❥❡t♦ ❡♥ ✉♥ ♠♦✈✐✲
♠✐❡♥t♦ ❞❡ r♦❞❛❞✉r❛✱ q✉❡ ❡s ✉♥ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡ ♠♦✈✐♠✐❡♥t♦ ♣❧❛♥♦ ❣❡♥❡r❛❧✱ ♣♦r ❧♦ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❡♥
❡❧ ♣✉♥t♦ B ❝♦♠♦ ♣❛rt❡ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ ② ❡❧ ♣✉♥t♦ B ❝♦♠♦ ♣❛rt❡ ❞❡❧ ❡♥❣r❛♥❡ s♦♥ ✐❣✉❛❧❡s✱ ❧♦ ♠✐s♠♦
♦❝✉rr❡ ❝♦♥ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ t❛♥❣❡♥❝✐❛❧ ❡♥ ❡❧ ♣✉♥t♦ B ❝♦♠♦ ♣❛rt❡ ❞❡ ❛♠❜♦s ❝✉❡r♣♦s✱ ✈❡❛ ❧❛ ❡❝✉❛❝✐ó♥
✭✻✳✺✮ ② ❧❛ ✜❣✉r❛ ✻✳✷✶✳

~vB1
= ~vB2

❞♦♥❞❡ ~atB1
= ~atB2

✭✻✳✺✮

✷✶✽



P✉❡st♦ q✉❡ ❧❛ ❝r❡♠❛❧❧❡r❛ s❡ ❡♥❝✉❡♥tr❛ ✜❥❛✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❛❝❡❧❡r❛❝✐ó♥ t❛♥❣❡♥❝✐❛❧ ❞❡❧ ♣✉♥t♦ B ❝♦♠♦
♣❛rt❡ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ ❡s ✐❣✉❛❧ ❛ ❝❡r♦ ② ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✺✮✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❛❝❡❧❡r❛❝✐ó♥
t❛♥❣❡♥❝✐❛❧ ❞❡❧ ♣✉♥t♦ B ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡♥❣r❛♥❡ ❡s ✐❣✉❛❧ ❛ ❝❡r♦✳

~vB2
= ~0 ~atB2

= ~0

❆♥á❧✐s✐s ❞❡ ✈❡❧♦❝✐❞❛❞

❙❡ s❛❜❡ q✉❡ ❡❧ ❝❡♥tr♦ ❞❡❧ ❡♥❣r❛♥❡✱ s❡ ♠✉❡✈❡ ❛ ❧♦ ❧❛r❣♦ ❞❡ ✉♥❛ ❧í♥❡❛ r❡❝t❛ ❤♦r✐③♦♥t❛❧✱ ❞❡ ♠❛♥❡r❛
q✉❡✿

~v0 = vO î ✭✻✳✻✮

P♦r ❧♦ t❛♥t♦✱ s❡ t✐❡♥❡ q✉❡✿

~vO = ✚
✚✚❃
0

~vB2
+ ~ω × ~rO/B2

❞❡ ♠❛♥❡r❛ q✉❡ ~vO = −ωk̂ × rO/B2
= ω

(

rO/B1

)

î ✭✻✳✼✮

▼✐❡♥tr❛s q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❧✐♥❡❛❧ ❡♥ ❡❧ ✐♥st❛♥t❡ ♠♦str❛❞♦ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✷✶✱ ❡stá ❞❛❞❛ ♣♦r✿

~vA = ~vO + ~ω × ~rA/O

❙✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✼✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ s❡ ♦❜t✐❡♥❡✿

~vA = ω
(

rO/B1

)

î+
(

−ωk̂
)

× rA/O ĵ ❚❛❧ q✉❡ ~vA = ω
(

rO/B1

)

î+ ω
(

rA/O

)

î ✭✻✳✽✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✼✮✱ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❧✐♥❡❛❧
❞❡❧ ♣✉♥t♦ O✱ ✐❣✉❛❧ ❛✿

~vO = (12 rad/s) (0.3m) î = 3.6̂im/s

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✽✮✱ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❧✐♥❡❛❧
❡♥ ❡❧ ♣✉♥t♦ A✱ ✐❣✉❛❧ ❛✿

~vA = (3.6m/s) î+ (12 rad/s) (0.3m) î = 7.2 î m/s

❆♥á❧✐s✐s ❞❡ ❛❝❡❧❡r❛❝✐ó♥

❉❡ ❛❝✉❡r❞♦ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦❞❛❞✉r❛ q✉❡ s✉❢r❡ ❡❧ s✐st❡♠❛✱ s❡ s❛❜❡ q✉❡✿

~aB2
= aB2

ĵ ❞♦♥❞❡ ~aO = aO î

P♦r ❧♦ t❛♥t♦ ✱ s❡ t✐❡♥❡ q✉❡✿

~aO = ~aB2
+ ~α× ~rO/B2

− ω2 ~rO/B2

❉❡s❛rr♦❧❧❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ r❡s✉❧t❛✿

aO î = aB2
ĵ +

(

−αk̂
)

×
(

rO/B2
ĵ
)

− ω2 rO/B2
ĵ

❚♦♠❛♥❞♦ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❡♥ î s❡ t✐❡♥❡✿

aO = α
(

rO/B2

)

✭✻✳✾✮

✷✶✾



❚♦♠❛♥❞♦ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❡♥ ĵ s❡ t✐❡♥❡✿

aB2
+ ω2

(

rO/B2

)

= 0 ❉❡ ♠❛♥❡r❛ q✉❡ aB2
= −ω2

(

rO/B2

)

✭✻✳✶✵✮

▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ A s❡ ❞❡✜♥❡ ❝♦♠♦✿

~aA = ~aO + ~α× ~rA/O − ω2 ~rA/O

❙✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✾✮ ② ❞❡s❛rr♦❧❧❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ s❡ ♦❜t✐❡♥❡✿

~aA = α
(

rA/O + rA/O

)

î− ω2
(

rA/O

)

ĵ ✭✻✳✶✶✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✻✳✾✮✱ ✭✻✳✶✵✮ ② ✭✻✳✶✶✮✱ r❡s✉❧t❛✿

~aO =
(

6 rad/s2
)

(0.3m) = 1.8̂i m/s2

~aB2
= − (12 rad/s)2 (0.3m) = −43.2ĵ m/s2

~aA =
(

6 rad/s2
)

(0.3m+ 0.3m) î− (12 rad/s)2 (0.3m) ĵ = 3.6̂i− 43.2ĵ m/s2

|~aA| = 43.34974 m/s2

✻✳✷✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá s✐♠✉❧❛♥❞♦ ❡❧ s✐st❡♠❛ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❡♥❣r❛♥❡s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r②✱ ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r q✉❡ ❡♥ ❡st❛
s❡❝❝✐ó♥ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s✳ ❊st♦s ✐♠♣♦rt❛♥t❡s
❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✹✱ ❡♥ ❧❛ ♣á❣✐♥❛ ✷✷ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❊s ♥❡❝❡s❛r✐♦
♠❡♥❝✐♦♥❛r q✉❡ ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ❡♥❣r❛♥❡s✱ s❡ ❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐✲
♥❛❞❛ ✏❙✐♠♣❧✐✜❡❞✑✳ ❊st❛ ♦♣❝✐ó♥ ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❧❛s ❢✉❡r③❛s ❡♥ ❡❧ ❡♥❣r❛♥❛❥❡✱ ❧❛ ❤♦❧❣✉r❛ ♦ ❜❛❝❦❧❛s❤
❡♥tr❡ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s ② ♣❡r♠✐t❡ ❛♥❛❧✐③❛r ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥
❝♦♥st❛♥t❡✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ❋✶✻✲✷✵ s❡ ♠✉❡str❛ ❡♥ ❧❛s ✜❣✉r❛s
✻✳✷✷ ② ✻✳✷✸✳

❋✐❣✉r❛ ✻✳✷✷✿ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s

✷✷✵



❋✐❣✉r❛ ✻✳✷✸✿ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡ ❛❧❛♠❜r❡

▲❛ ✜❣✉r❛ ✻✳✷✹ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ s✐st❡♠❛ ❞❡ ❡♥❣r❛♥❛❥❡s ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦✱ s❡ s❡❧❡❝❝✐♦♥ó ❡❧ t✐♣♦
❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛ ♦ ✏r❛❝❦✑✳ ❊s ✐♠♣♦rt❛♥t❡ ❛❝❧❛r❛r q✉❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r② só❧♦ ♣✉❡❞❡ ❝r❡❛r ✉♥
♣❛r ❞❡ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛ ❛ ❧❛ ✈❡③✳

❋✐❣✉r❛ ✻✳✷✹✿ ❚✐♣♦s ❞❡ ❡♥❣r❛♥❡s ❡♠♣❧❡❛❞♦s ♣♦r ❆❞❛♠s ❝©✱ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛✳

▲❛ ✜❣✉r❛ ✻✳✷✺ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛✳ ❊s ✐♠♣♦rt❛♥t❡
♠❡♥❝✐♦♥❛r q✉❡ ❡❧ ♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡s ❡❧ ❞❡♥♦♠✐♥❛❞♦ ✏❙✐♠♣❧✐✜❡❞✑✳

❋✐❣✉r❛ ✻✳✷✺✿ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✳

✷✷✶



❊❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ s❡
✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✻✳✷✻✳

❋✐❣✉r❛ ✻✳✷✻✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡❧ ❡♥❣r❛♥❡ ② ❧❛ ❝r❡♠❛❧❧❡r❛ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✷✼✳ ❊❧ ✉s✉❛r✐♦
❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ s❡❧❡❝❝✐♦♥❛r ❡❧ ♠✐s♠♦ r❛❞✐♦ ♣r✐♠✐t✐✈♦ ❛❧ ✐♥❞✐❝❛❞♦s ❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡❧ ♣r♦❜❧❡♠❛✳

❋✐❣✉r❛ ✻✳✷✼✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡❧ s✐st❡♠❛ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛✳

▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡❧ s✐st❡♠❛ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✷✽✳ ❉❡❜❡
♥♦t❛rs❡ q✉❡ ❛❧ s❡r ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❝✐♥❡♠át✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✱ ❧♦s ❞❛t♦s ❝♦♠♦ ❧❛s ♠❛s❛s ❞❡ ❧♦s
❡♥❣r❛♥❡s✱ ♥♦ s♦♥ ❞❡ ✐♥t❡rés✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y ♥♦ s♦♥ ❞❡
✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦✱ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s
❞❡ ✉♥ ❞✐s❝♦ s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✱ ♣❛r❛ ❡❧ ❡♥❣r❛♥❡
❞❡❧ ♠♦❞❡❧♦✳

✷✷✷



❋✐❣✉r❛ ✻✳✷✽✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ② ❞❡ ❝♦♥t❛❝t♦ ♣❛r❛ ❡❧ ❡♥❣r❛♥❡ ② ❧❛ ❝r❡♠❛❧❧❡r❛✳

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✷✳✷ s❡❣✉♥❞♦s✱ ✉♥ ♥ú♠❡r♦ ❞❡ ♣❛s♦s
❞❡ ✷✺✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞✐♥á♠✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✷✾✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛s♦s
❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱ s✐
❧❛s ❤❛②✳

❋✐❣✉r❛ ✻✳✷✾✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ s✐♠✉❧❛❝✐ó♥✳

✷✷✸



▲❛ ✜❣✉r❛ ✻✳✸✵ ♠✉❡str❛ ❡❧ ♣❛rá♠❡tr♦ ▼♦t✐♦♥ ♦ ❧♦ q✉❡ ❡s ✐❣✉❛❧✱ ❧❛ ❢✉♥❝✐ó♥ q✉❡ r✐❣❡ ❡❧ ❝♦♠♣♦rt❛✲
♠✐❡♥t♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

❋✐❣✉r❛ ✻✳✸✵✿ ❋✉♥❝✐ó♥ q✉❡ r✐❣❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡✳

❊❧ ✏▼❛r❦❡r❴✶✾✑ ❝♦♠♦ ♣❛rt❡ ❞❡❧ ❡♥❣r❛♥❡✱ t✐❡♥❡ ❝♦♠♦ ❢✉♥❝✐ó♥ ❛♥❛❧✐③❛r ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❛❝❡❧❡r❛❝✐ó♥
❡♥ ❡❧ ♣✉♥t♦ A✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✸✶✳

❋✐❣✉r❛ ✻✳✸✶✿ ✏♠❛r❦❡r❴✶✾✑ ✭P✉♥t♦ A✮ ❝♦♠♦ ♣❛rt❡ ❞❡❧ ❡♥❣r❛♥❡✳

P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✻✳✸✷✱ ✻✳✸✸✱ ✻✳✸✹✱ ✻✳✸✺✱ ✻✳✸✻✱ ✻✳✸✼✱
✻✳✸✽ ② ✻✳✸✾✳

✷✷✹



❋✐❣✉r❛ ✻✳✸✷✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡✳

❋✐❣✉r❛ ✻✳✸✸✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡✳

❋✐❣✉r❛ ✻✳✸✹✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❧✐♥❡❛❧ ❞❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛s ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛✳

❋✐❣✉r❛ ✻✳✸✺✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❧✐♥❡❛❧ ❞❡❧ ♣✉♥t♦ O✳

✷✷✺



❋✐❣✉r❛ ✻✳✸✻✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❧✐♥❡❛❧ ❞❡❧ ♣✉♥t♦ A ❞❡❧ ❡♥❣r❛♥❡✳

❋✐❣✉r❛ ✻✳✸✼✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❧✐♥❡❛❧ ❡♥ ❡❧ ♣✉♥t♦ O✳

❋✐❣✉r❛ ✻✳✸✽✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❧✐♥❡❛❧ ❡♥ ❡❧ ♣✉♥t♦ A ❞❡❧ ❡♥❣r❛♥❡ ❡♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s x ② y✳

❋✐❣✉r❛ ✻✳✸✾✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ♣❛r❛ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡❧ ♣✉♥t♦ A ❞❡❧ ❡♥❣r❛♥❡✳

✷✷✻



P❛r❛ ❛✈❡r✐❣✉❛r ❧♦s ✈❛❧♦r❡s s♦❧✐❝✐t❛❞♦s ♣♦r ❡❧ ♣r♦❜❧❡♠❛✱ ♣r✐♠❡r♦ s❡ r❡q✉✐❡r❡ ❛✈❡r✐❣✉❛r ❡❧ t✐❡♠♣♦ q✉❡
t❛r❞❛ ❡❧ ❡♥❣r❛♥❡ ❡♥ ❛❧❝❛♥③❛r ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ✐❣✉❛❧ ❛ 12 rad/s✱ ♣❛r❛ ❡❧❧♦ s❡ s♦❧✐❝✐tó ❧❛ ✈❡❧♦❝✐❞❛❞
❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ ❡♥ ❆❞❛♠s ❝©✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✸✷✳ ❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❆❞❛♠s ❝© ❡❧ t✐❡♠♣♦ q✉❡ t❛r❞❛ ❡❧
❡♥❣r❛♥❡ ❡♥ ❛❧❝❛♥③❛r ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ 12 rad/s ❡s ✐❣✉❛❧ ❛ ✷✳✵✵✶✶ s❡❣✉♥❞♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✹✵✳

❋✐❣✉r❛ ✻✳✹✵✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❆❞❛♠s ❝© s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✻✳✹✶✱ ✻✳✹✷✱ ✻✳✹✸✱ ✻✳✹✹✱ ✻✳✹✺ ② ✻✳✹✻✳

❋✐❣✉r❛ ✻✳✹✶✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡✳

✷✷✼



o

o

❋✐❣✉r❛ ✻✳✹✷✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❧✐♥❡❛❧ ❞❡❧ ♣✉♥t♦ O ♦ ❝❡♥tr♦ ❞❡❧ ❡♥❣r❛♥❡✳

❋✐❣✉r❛ ✻✳✹✸✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❧✐♥❡❛❧ ❞❡❧ ♣✉♥t♦ A ❞❡❧ ❡♥❣r❛♥❡✳

X: 2.0011

Y: 46.102

❋✐❣✉r❛ ✻✳✹✹✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❧✐♥❡❛❧ ❡♥ ❡❧ ♣✉♥t♦ O✳

✷✷✽



❋✐❣✉r❛ ✻✳✹✺✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❧✐♥❡❛❧ ❡♥ ❡❧ ♣✉♥t♦ A ❞❡❧ ❡♥❣r❛♥❡ ❡♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s x ② y✳

❊s ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡❜✐❞♦ ❛ q✉❡ ❡❧ ♠❛r❝❛❞♦r q✉❡ s✐r✈❡ ♣❛r❛ ♠❡❞✐r ❧❛s ❝♦♠♣♦♥❡♥t❡s
❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ A✱ ♣❛r❛ ✉♥ t✐❡♠♣♦ t = 2.001 s✱ ♥♦ s❡ ❧♦❝❛❧✐③❛ ❡♥ ❧❛ ♣♦s✐❝✐ó♥ q✉❡ s❡
♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✷✶❀ ✐♥st❛♥t❡ ❡♥ ❡❧ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ ❛❧❝❛♥③❛ ✉♥ ✈❛❧♦r ❞❡
12.0041 rad/s✱ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ t❛♥❣❡♥❝✐❛❧ ② ♥♦r♠❛❧ ♥♦ ❝♦✐♥❝✐❞❡♥ ❝♦♥ ❧♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛
❛♥❛❧ít✐❝❛✳

❋✐❣✉r❛ ✻✳✹✻✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ♣❛r❛ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡❧ ♣✉♥t♦ A ❞❡❧ ❡♥❣r❛♥❡✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐✲
❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

❊st♦s r❡s✉❧t❛❞♦s t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s
❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✻✳✷ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s
❞❡ ❢♦r♠❛ ❛♥á❧✐t✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

✷✷✾



❚❛❜❧❛ ✻✳✷✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ 2.◦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

t 2.0 s 2.0011 s
ω 12.0 rad/s � 12.0041 rad/s �

α 6.0 rad/s2 � 6.0 rad/s2 �

vO 3.6m/s → 3.6012m/s →
vcm = vB1

0.0m/s 0.0m/s
vA 7.2m/s → 7.0734m/s →
aO 1.8m/s2 → 1.8m/s2 →
aAx

3.2m/s2 → 27.0448m/s2 →
aAy

43.2m/s2 ↓ 37.3359m/s2 ↓
|aA| 43.34974m/s2 46.102m/s2

✻✳✸✳ ❚❡r❝❡r ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✷✼ ❞❡❧ ❧✐❜r♦ ❞❡
❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✸✷✼✳

Pr♦❜❧❡♠❛ ✸✿ ❉✉r❛♥t❡ ✉♥ ❝♦rt♦ t✐❡♠♣♦✱ ❡❧ ❡♥❣r❛♥❡ A ❞❡❧ ♠♦t♦r ❞❡ ❛rr❛♥q✉❡ ❞❡ ✉♥ ❛✉t♦♠ó✈✐❧
❣✐r❛ ❝♦♥ ✉♥❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ αA = (450t2 + 60) rad/s2✱ ❞♦♥❞❡ t ❡stá ❡♥ s❡❣✉♥❞♦s✳ ❉❡t❡r♠✐♥❡
❧❛ ✈❡❧♦❝✐❞❛❞ ② ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r❡s ❞❡❧ ❡♥❣r❛♥❡ B ❝✉❛♥❞♦ t = 2s✱ ❛ ♣❛rt✐r ❞❡❧ r❡♣♦s♦✳ ▲♦s
r❛❞✐♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B s♦♥ ❞❡ 10mm ② 25mm✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✹✼✳ ❉♦♥❞❡✿
rA = 10mm✱ rB = 25mm ② αA = (450t2 + 60) rad/s2 	

❋✐❣✉r❛ ✻✳✹✼✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✷✼ ❍✐❜❜❡❧❡r ❬✶✽❪✳

✷✸✵



✻✳✸✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

P✉❡st♦ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❡❧ ❡♥❣r❛♥❡ A ② ❡❧ ❡♥❣r❛♥❡ B✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❧❛s ❝♦♠✲
♣♦♥❡♥t❡s t❛♥❣❡♥❝✐❛❧❡s ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❡♥❣r❛♥❡ A ② ❡❧ ❡♥❣r❛♥❡ B ❡♥ ❡❧ ♣✉♥t♦ P1 s♦♥ ✐❣✉❛❧❡s✳
❆ ♣❛rt✐r ❞❡ ❡st❡ r❡s✉❧t❛❞♦ s❡ ♦❜t✐❡♥❡♥ ❞♦s r❡❧❛❝✐♦♥❡s✱ ❧❛ ♣r✐♠❡r❛ ❡♥tr❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡
❧♦s ❡♥❣r❛♥❡s A ② B ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s ② ❧❛ s❡❣✉♥❞❛ ❡♥tr❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s
❡♥❣r❛♥❡s A ② B ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✹✽ ② ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✻✳✶✷✮ ② ✭✻✳✶✸✮✳

❆♥á❧✐s✐s ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❡♥tr❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

~ωA × ~rP1/OA
= ωA k̂ ×−rA ĵ = ωA rA î = vAP1

= vBP1
= ~ωB × ~rP1/OB

= −ωB k̂ × rB ĵ = ωB rB î

❉❡ ♠❛♥❡r❛ q✉❡✿
rA ωA = rB ωB ❞♦♥❞❡ ωB =

rA
rB

ωA ✭✻✳✶✷✮

❆♥á❧✐s✐s ❞❡ ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❡♥tr❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

~αA × ~rP1/OA
= αA k̂ ×−rA ĵ = αA rA î = atAP1

= atBP1
= ~αB × ~rP1/OB

= −αB k̂ × rB ĵ = αB rB î

P♦r ❧♦ t❛♥t♦✿
rA αA = rB αB ❞♦♥❞❡ αB =

rA
rB

ωA ✭✻✳✶✸✮

❋✐❣✉r❛ ✻✳✹✽✿ ❉✐❛❣r❛♠❛ ❝✐♥❡♠át✐❝♦ ❞❡❧ ♣r♦❜❧❡♠❛✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ♣r♦❜❧❡♠❛✱ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A ❡stá ❞❡✜❝✐❞❛ ♣♦r αA =
(450t2 + 60) rad/s2✱ s✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ♣❛r❛ ✉♥ t✐❡♠♣♦ t = 2s✱ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r
❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r αA ❞❡✿

αA|t=2
= 450(20)2 + 60 = 1860 rad/s2 	

✷✸✶



❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✶✸✮✱ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥
❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B✱ ✐❣✉❛❧ ❛✿

αB|t=2
=

(

10

25

)

(

1860 rad/s2
)

= 744 rad/s2 �

P❛r❛ ♦❜t❡♥❡r ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ ♠♦tr✐③ A✱ ❜❛st❛ ❝♦♥ ✐♥t❡❣r❛r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❧❛ ❛❝❡❧❡✲
r❛❝✐ó♥ ❛♥❣✉❧❛r αA✱ ❞❡s❞❡ ✉♥ t✐❡♠♣♦ t = 0s ❤❛st❛ t✳

ωA =

∫ t

0

(

450t2 + 60
)

dt
[

rad/s2
]

=
450

3
t3 + 60t

[

rad/s2
]

✭✻✳✶✹✮

❊✈❛❧✉❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r ✭✻✳✶✹✮ ❞❡s❞❡ ✉♥ t✐❡♠♣♦ t = 0s ❤❛st❛ t = 2s✱ s❡ ♦❜t✐❡♥❡✿

ωA =
450

3
t3 + 60t

∣

∣

∣

∣

t=2s

t=0

=
450

3

(

23
)

+ 60(2) = 1320 rad/s 	

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✶✷✮✱ s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞
❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B✱ ✐❣✉❛❧ ❛✿

ωB =

(

10

25

)

(

1320 rad/s2
)

= 528 rad/s �

P❛r❛ ♦❜t❡♥❡r ❧❛ ♣♦s✐❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ ♠♦tr✐③ A✱ ❜❛st❛ ❝♦♥ ✐♥t❡❣r❛r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❧❛
✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ✭✻✳✶✹✮✱ ❞❡s❞❡ ✉♥ t✐❡♠♣♦ t = 0s ❤❛st❛ t = 2s✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

θA =

∫

2

0

(

450

3
t3 + 60t

)

dt [rad/s] =
450

12
t4 +

60

2
t2
∣

∣

∣

∣

t=2s

t=0

= 37.5
(

24
)

+ 30
(

22
)

= 720rad 	

■♥t❡❣r❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✶✷✮✱ s❡ ♦❜t✐❡♥❡ ❧❛ ❡❝✉❛❝✐ó♥ ♣❛r❛ ❧❛ ♣♦s✐❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B✳

θB =
rA
rB

θA

❊✈❛❧✉❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r s❡ ♦❜t✐❡♥❡ ✉♥ ✈❛❧♦r ❞❡ ❧❛ ♣♦s✐❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B✱ ♣❛r❛ ✉♥
t✐❡♠♣♦ ✐❣✉❛❧ ❛ t = 2s✱ ✐❣✉❛❧ ❛✿

θB =
10

25
(720rad) = 288 rad �

✷✸✷



✻✳✸✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá s✐♠✉❧❛♥❞♦ ❡❧ s✐st❡♠❛ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❡♥❣r❛♥❡s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r② ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r q✉❡ ❡♥ ❡st❛
s❡❝❝✐ó♥ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s✳ ❊st♦s ✐♠♣♦rt❛♥t❡s
❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✹✱ ❡♥ ❧❛ ♣á❣✐♥❛ ✷✷ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❊s ♥❡❝❡s❛r✐♦
♠❡♥❝✐♦♥❛r✱ q✉❡ ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ❡♥❣r❛♥❡s s❡ ❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐✲
♥❛❞❛ ✏❙✐♠♣❧✐✜❡❞✑ ✳ ❊st❛ ♦♣❝✐ó♥ ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❧❛s ❢✉❡r③❛s ❡♥ ❡❧ ❡♥❣r❛♥❛❥❡✱ ❧❛ ❤♦❧❣✉r❛ ♦ ❜❛❝❦❧❛s❤
❡♥tr❡ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s❀ ❛❞❡♠ás✱ ♣❡r♠✐t❡ ❛♥❛❧✐③❛r ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛
r❡❧❛❝✐ó♥ ❝♦♥st❛♥t❡✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✾ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✹✾✳

✭❛✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s ✭❜✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡
❛❧❛♠❜r❡

❋✐❣✉r❛ ✻✳✹✾✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❊s ✐♠♣♦rt❛♥t❡ ❛❝❧❛r❛r q✉❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r② só❧♦ ♣✉❡❞❡ ❝r❡❛r ✉♥ ♣❛r ❞❡ ❡♥❣r❛♥❡s ❛ ❧❛ ✈❡③✱ ♣♦r
❧♦ q✉❡ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ s❡ ❝r❡❛r♦♥ ❞♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❡s✳ ❊❧ t✐♣♦ ❞❡ ❡♥❣r❛♥❡ ❡s ❡❧ ♠✐s♠♦ ♣❛r❛
t♦❞♦s ❧♦s ❡♥❣r❛♥❡s ❞❡❧ ♠♦❞❡❧♦✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✺✵✳ ❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ s❡ s❡❧❡❝❝✐♦♥ó ✉♥ ❡♥❣r❛♥❡
t✐♣♦ r❡❝t♦ ♦ ✏s♣✉r✑✳

✷✸✸



❋✐❣✉r❛ ✻✳✺✵✿ ❚✐♣♦s ❞❡ ❡♥❣r❛♥❡s ❡♠♣❧❡❛❞♦s ♣♦r ❆❞❛♠s ❝© ♣❛r❛ ❡❧ ❡♥❣r❛♥❡ A ② B✳

▲❛ ✜❣✉r❛ ✻✳✺✶ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ q✉❡ ❞❡❜❡ s❡r ❡❧
♠✐s♠♦ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ❡♥❣r❛♥❡ ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦✳ ❊s ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡❧ ♠ét♦❞♦ ❞❡
❛♥á❧✐s✐s ❡s ❡❧ ❞❡♥♦♠✐♥❛❞♦ ✏❙✐♠♣❧✐✜❡❞✑ ✳

❋✐❣✉r❛ ✻✳✺✶✿ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛
s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✻✳✺✷✳

❋✐❣✉r❛ ✻✳✺✷✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳
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▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡ A ② B s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✺✸✳ ❊❧
✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ s❡❧❡❝❝✐♦♥❛r ❧♦s r❛❞✐♦s ❞❡ ♣❛s♦ ✐❣✉❛❧❡s ❛ ❧♦s ✐♥❞✐❝❛❞♦s ❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦
❞❡❧ ♣r♦❜❧❡♠❛ ② s❡❧❡❝❝✐♦♥❛r ✉♥❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❛❝♦r❞❡ ❝♦♥ ❧♦s r❛❞✐♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s✳ ❊♥
❡st❡ ❝❛s♦✱ ❞❡❜❡ ♥♦t❛rs❡ q✉❡ ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❡♥tr❡ ❧♦s ❡♥❣r❛♥❡s A ② B ❞❡❜❡ s❡r ✐❣✉❛❧ ❛ ❧❛
s✉♠❛ ❞❡ ❧♦s r❛❞✐♦s ❞❡ ♣❛s♦ ❞❡ ❛♠❜♦s ❡♥❣r❛♥❡s✳

▲♦s ♣❛rá♠❡tr♦s ❞❡ ♠❛②♦r ✐♠♣♦rt❛♥❝✐❛ ♣❛r❛ ✉♥ ✉s✉❛r✐♦ ♥♦ ❡①♣❡r✐♠❡♥t❛❞♦ ❛❧ ♠♦♠❡♥t♦ ❞❡ ❞✐s❡ñ❛r
❛❧❣ú♥ s✐st❡♠❛ ❝♦♥ ❡♥❣r❛♥❡s✱ ❡s ❡❧ ♠ó❞✉❧♦ ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s✱ ést❡ ❞❡♣❡♥❞❡rá ❞❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s
② ❡❧ ❞✐á♠❡tr♦ ❞❡ ❧♦s ❡♥❣r❛♥❡s✱ ♣❛r❛ ❡❧❧♦ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ r❡❝♦r❞❛r q✉❡ ❡❧ ♣❛s♦ ❝✐r❝✉❧❛r ❞❡❜❡ s❡r ❡❧
♠✐s♠♦ ♣❛r❛ ❛♠❜♦s ❡♥❣r❛♥❡s ❧♦ ♠✐s♠♦ q✉❡ ❡❧ ♠ó❞✉❧♦✱ ❡❧ á♥❣✉❧♦ ❞❡ ♣r❡s✐ó♥ ❞❡ 20◦ q✉❡ ❛♣❛r❡❝❡
♣♦r ❞❡❢❡❝t♦ s❡ ❞❡❥❛ ✐♥t❛❝t♦ ❛ ♥♦ s❡r q✉❡ ❡❧ ✉s✉❛r✐♦ ❡♠♣❧❡❛r❛ ♦tr❛s ✉♥✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❝♦♠♦ s♦♥
❧♦s r❛❞✐❛♥❡s✱ ❡♥ ❡st❡ ❝❛s♦ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ♠♦❞✐✜❝❛r ❡❧ ✈❛❧♦r ❛ s✉s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ✉♥✐❞❛❞❡s✱ ❧❛s
❝♦♦r❞❡♥❛❞❛s ❞❡ ❧♦s ❝❡♥tr♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s✱ ❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ❞❡ ❛♠❜♦s ❡♥❣r❛♥❡s s♦♥ ❞❡ s✉♠❛
✐♠♣♦rt❛♥❝✐❛✱ ❧♦s ❞❡♠ás ♣❛rá♠❡tr♦s s❡ ❞❡❥❛♥ ✐♥t❛❝t♦s✳

❋✐❣✉r❛ ✻✳✺✸✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② C✳

▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❛❥❡s✱ A ② B s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✺✹✳
❉❡❜❡ ♥♦t❛rs❡ q✉❡ ❛❧ s❡r ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❝✐♥❡♠át✐❝❛ ❞❡❧ ❝✉❡r♣♦ ❧✐❜r❡✱ ❧♦s ❞❛t♦s ❝♦♠♦ ❧❛s ♠❛s❛s ❞❡
❧♦s ❡♥❣r❛♥❡s✱ ♥♦ s♦♥ ❞❡ ✐♥t❡rés✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y ♥♦ s♦♥ ❞❡
✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s
❞❡ ✉♥ ❞✐s❝♦ s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✳
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✭❛✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ A

✭❜✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ B

❋✐❣✉r❛ ✻✳✺✹✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

▲❛ ✜❣✉r❛ ✻✳✺✺ ♠✉❡str❛ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❝♦♥t❛❝t♦ ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② B✳ ▲♦s ✈❛❧♦r❡s ❞❡
❝♦♥t❛❝t♦ q✉❡ ❛♣❛r❡❝❡♥ ♣♦r ❞❡❢❡❝t♦ s❡ ❞❡❥❛♥ ✐♥t❛❝t♦s✳

❋✐❣✉r❛ ✻✳✺✺✿ P❛rá♠❡tr♦s ❞❡ ❝♦♥t❛❝t♦ ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② B✳
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P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✷ s❡❣✉♥❞♦s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦ ❞❡
♣❛s♦s ❞❡ ✷✵✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞✐♥á♠✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✺✻✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s
♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱
s✐ ❧❛s ❤❛②✳

❋✐❣✉r❛ ✻✳✺✻✿ P❛rá♠❡tr♦s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

▲❛ ✜❣✉r❛ ✻✳✺✼ ♠✉str❛ ❡❧ ♣❛rá♠❡tr♦▼♦t✐♦♥ ♦ ❧♦ q✉❡ ❡s ✐❣✉❛❧✱ ❧❛ ❢✉♥❝✐ó♥ q✉❡ r✐❣❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦
❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

❋✐❣✉r❛ ✻✳✺✼✿ ❋✉♥❝✐ó♥ q✉❡ r✐❣❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

❊❧ ✏▼❛r❦❡r❴✶✾✑ ② ✏▼❛r❦❡r❴✷✵✑ ❝♦♠♦ ♣❛rt❡ ❞❡❧ ❡♥❣r❛♥❡ A ② B✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t✐❡♥❡ ❝♦♠♦
❢✉♥❝✐ó♥ ❛♥❛❧✐③❛r ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r q✉❡ s✉❢r❡ t❛♥t♦ ❡❧ ❡♥❣r❛♥❡ A ❝♦♠♦ ❡❧ ❡♥❣r❛♥❡ B ♣❛r❛
✉♥❛ s✐♠✉❧❛❝✐ó♥ ❞❡ ❞♦s s❡❣✉♥❞♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✺✽✳
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Marker_19

✭❛✮ ✏♠❛r❦❡r❴✶✾✑ ❝♦♠♦ ♣❛rt❡ ❞❡❧ ❡♥❣r❛♥❡ A✳

Marker_20

✭❜✮ ✏♠❛r❦❡r❴✷✵✑ ❝♦♠♦ ♣❛rt❡ ❞❡❧ ❡♥❣r❛♥❡ B✳

❋✐❣✉r❛ ✻✳✺✽✿ ▼❛r❝❛❞♦r❡s ♣❛r❛ ♠❡❞✐r ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

P❛r❛ ♣♦❞❡r ♠❡❞✐r ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r ❞❡❧ ✏▼❛r❦❡r❴✶✾✑ ② ✏▼❛r❦❡r❴✷✵✑ s❡ ❝r❡ó ✉♥❛ ❢✉♥❝✐ó♥
❞❡ ♠❡❞✐❝✐ó♥ ❞❡ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s ❛❜s♦❧✉t♦s ✜❥♦s z ❞❡❧ ❝❡♥tr♦ ❞❡ ❝❛❞❛
❡♥❣r❛♥❡ ♣❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ♠❛r❝❛❞♦r❡s✱ ✈❡❛ ❧❛s ✜❣✉r❛s ✻✳✺✾ ② ✻✳✻✵✳ ❊st♦s ♠❛r❝❛❞♦r❡s ✜❥♦s s♦♥
♥♦♠❜r❛❞♦s ♣♦r ❆❞❛♠s ❝© ❝♦♠♦ ✏ ❉r✐✈❡♥❴✷❴❘❡❢❴✶✑ ② ✏❉r✐✈❡r❴✷❴❘❡❢❴✶✑✱ ❝❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡❧
♥♦♠❜r❡ ❞❡ t♦❞♦s ❧♦s ♠❛r❝❛❞♦r❡s✱ ♣✉♥t♦s ② ❝✉❡r♣♦s ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦ s♦♥ ♥♦♠❜r❛❞♦s ❞❡ ❢♦r♠❛
❛✉t♦♠át✐❝❛ ♣♦r ❡❧ ♣r♦❣r❛♠❛✱ ♣♦r ❧♦ q✉❡ ❡st♦s ♣✉❡❞❡♥ ✈❛r✐❛r ❛ ❧♦s q✉❡ s❡ ♠✉❡str❛♥ ❡♥ ❡st❡ ♣r♦❜❧❡♠❛✳

❋✐❣✉r❛ ✻✳✺✾✿ ❋✉♥❝✐ó♥ ❞❡ ♠❡❞✐❝✐ó♥ ❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r ❞❡❧ ✏♠❛r❦❡r❴✶✾✑ ❝♦♠♦ ♣❛rt❡ ❞❡❧
❡♥❣r❛♥❡ B✳

✷✸✽



❋✐❣✉r❛ ✻✳✻✵✿ ❋✉♥❝✐ó♥ ❞❡ ♠❡❞✐❝✐ó♥ ❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r ❞❡❧ ✏♠❛r❦❡r❴✷✵✑ ❝♦♠♦ ♣❛rt❡ ❞❡❧
❡♥❣r❛♥❡ A✳

P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✻✳✻✶✱ ✻✳✻✷✱ ✻✳✻✸✱ ✻✳✻✹ ② ✻✳✻✺✳

❋✐❣✉r❛ ✻✳✻✶✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

❋✐❣✉r❛ ✻✳✻✷✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B✳

✷✸✾



❋✐❣✉r❛ ✻✳✻✸✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

❋✐❣✉r❛ ✻✳✻✹✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B✳

❋✐❣✉r❛ ✻✳✻✺✿ ❙♦❧✐❝✐t✉❞ ❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

✷✹✵



▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❆❞❛♠s ❝© s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✻✳✻✻✱ ✻✳✻✼ ② ✻✳✻✽✳

❋✐❣✉r❛ ✻✳✻✻✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

❋✐❣✉r❛ ✻✳✻✼✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

❋✐❣✉r❛ ✻✳✻✽✿ ❘❡s✉❧t❛❞♦s ❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

✷✹✶



❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐✲
❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

❊st♦s r❡s✉❧t❛❞♦s t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s
❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✻✳✸ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s
❞❡ ❢♦r♠❛ ❛♥á❧✐t✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

❚❛❜❧❛ ✻✳✸✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ ✸✳❡r ♣r♦❜❧❡♠❛ ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

αA 1860 rad/s2 	 1859.9997 rad/s2 	

αB 744 rad/s2 � 743.9999 rad/s2 �

ωA 1320 rad/s 	 1319.9994 rad/s 	

ωB 528 rad/s � 527.9998 rad/s �

θA 720 rad 	 720.0 rad 	

θB 288 rad � 280.0 rad �

✻✳✹✳ ❈✉❛rt♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✷✽ ❞❡❧ ❧✐❜r♦ ❞❡
❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✸✷✼✳

Pr♦❜❧❡♠❛ ✹✿ ❉✉r❛♥t❡ ✉♥ ❝♦rt♦ t✐❡♠♣♦✱ ❡❧ ❡♥❣r❛♥❡ A ❞❡❧ ♠♦t♦r ❞❡ ❛rr❛♥q✉❡ ❞❡ ✉♥ ❛✉t♦♠ó✈✐❧
❣✐r❛ ❝♦♥ ✉♥❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ αA =

(

50ω1/2
)

rad/s2✱ ❞♦♥❞❡ ω ❡stá ❡♥ rad/s✳ ❉❡t❡r♠✐♥❡ ❧❛
✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B ❞❡s♣✉❡s ❞❡ q✉❡ ❡❧ ❡♥❣r❛♥❡ A ❤❛ r❡❛❧✐③❛❞♦ 50 r❡✈♦❧✉❝✐♦♥❡s✱ ❛ ♣❛rt✐r
❞❡❧ r❡♣♦s♦✳ ▲♦s r❛❞✐♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B s♦♥ 10mm ② 25mm✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✹✼✱ ❡♥ ❧❛ ♣á❣✐♥❛
✷✸✵✳ ❉♦♥❞❡✿ rA = 10mm✱ rB = 25mm ② α =

(

50ω1/2
)

rad/s2 	✳

✻✳✹✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

P✉❡st♦ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❡❧ ❡♥❣r❛♥❡ A ② ❡❧ ❡♥❣r❛♥❡ B✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❧❛s ❝♦♠✲
♣♦♥❡♥t❡s t❛♥❣❡♥❝✐❛❧❡s ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ P1✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✹✽ ❡♥ ❧❛ ♣á❣✐♥❛ ✷✸✶✱ ❡♥tr❡ ❧♦s
❡♥❣r❛♥❡s A ② B s♦♥ ✐❣✉❛❧❡s✳ ❆ ♣❛rt✐r ❞❡ ❡st❡ r❡s✉❧t❛❞♦ s❡ ♦❜t✐❡♥❡♥ ❞♦s r❡❧❛❝✐♦♥❡s✿ ❧❛ ♣r✐♠❡r❛✱ ❡♥tr❡
❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s❀ ② ❧❛ s❡❣✉♥❞❛✱ ❡♥tr❡ ❧❛s
❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✹✽ ② ❧❛s
❡❝✉❛❝✐♦♥❡s ✭✻✳✶✺✮ ② ✭✻✳✶✻✮

❆♥á❧✐s✐s ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❡♥tr❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

~ωA × ~rP1/OA
= ωA k̂ × (−rA) ĵ = ωA rA î = vAP1

= vBP1
= ~ωB × ~rP1/OB

= −ωB k̂ × rB ĵ = ωB rB î

❉❡ ♠❛♥❡r❛ q✉❡✿
rA ωA = rB ωB t❛❧ q✉❡ ωB =

rA
rB

ωA ✭✻✳✶✺✮

✷✹✷



❆♥á❧✐s✐s ❞❡ ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❡♥tr❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

~αA × ~rP1/OA
= αA k̂ × (−rA) ĵ = αA rA î = atAP1

= atBP1
= ~αB × ~rP1/OB

= −αB k̂ × rB ĵ = αB rB î

P♦r ❧♦ t❛♥t♦✿
rA αA = rB αB ❞♦♥❞❡ αB =

rA
rB

αA ✭✻✳✶✻✮

P❛r❛ ❝❛❧❝✉❧❛r ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B ❛❧ ♠♦♠❡♥t♦ q✉❡ ❡❧ ❡♥❣r❛♥❡ A ❣✐r❛ 50 r❡✈♦❧✉❝✐♦✲
♥❡s✱ ♣r✐♠❡r❛♠❡♥t❡ s❡ t✐❡♥❡ q✉❡ ❝❛❧❝✉❧❛r ❡❧ t✐❡♠♣♦ ❡❧ q✉❡ ❡❧ ❡♥❣r❛♥❡ A r❡❝♦rr❡ ❧❛s r❡✈♦❧✉❝✐♦♥❡s ❛♥t❡s
♠❡♥❝✐♦♥❛❞❛s✳

❙❡ s❛❜❡ q✉❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A ❡stá ❞❡✜♥✐❞❛ ❝♦♠♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞
❛♥❣✉❧❛r ❝♦♥ r❡s♣❡❝t♦ ❛❧ t✐❡♠♣♦✱ ♣♦r ❧♦ q✉❡✿

αA =
dω

dt
❞♦♥❞❡ dt =

dω

αA

❉❡ ❛❝✉❡r❞♦ ❛❧ ♣r♦❜❧❡♠❛✱ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A ❡s ✐❣✉❛❧ ❛ α =
(

50ω1/2
)

rad/s2✱
♣♦r ❧♦ q✉❡✱ s✉st✐t✉②❡♥❞♦ αA ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r r❡s✉❧t❛✿

dt =
dω

50ω1/2

❈♦♠♦ ❡❧ ♠♦t♦r ❝♦♠✐❡♥③❛ ❛ ❣✐r❛r ❞❡s❞❡ ❡❧ r❡♣♦s♦✱ s❡ ✐♥t❡❣r❛ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r ❞❡s❞❡ ✉♥ t✐❡♠♣♦
t = 0 ❤❛st❛ t✱ ② ❞❡s❞❡ ω = 0 ❤❛st❛ ω = ωA✳

∫ t

0

dt =
1

50

∫ ωA

0

ω−1/2dω t❛❧ q✉❡ t =
1

25
ω
1/2
A s ✭✻✳✶✼✮

▲❛ ❡❝✉❛❝✐ó♥ ✭✻✳✶✼✮ ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❡❧ t✐❡♠♣♦ q✉❡ t❛r❞❛ ❡❧ ❡♥❣r❛♥❡ A✱ ❡♥ ❧❧❡❣❛r ❛ ✉♥❛ ❞❡t❡r♠✐✲
♥❛❞❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ωA✳

❉❡s♣❡❥❛♥❞♦ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ωA ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✶✼✮✱ r❡s✉❧t❛✿

ωA = 625t2 rad/s ✭✻✳✶✽✮

s❡ s❛❜❡ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A ❡stá ❞❡✜♥✐❞❛ ❝♦♠♦ ❡❧ ❝❛♠❜✐♦ ❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦
❛♥❣✉❧❛r ❝♦♥ r❡s♣❡❝t♦ ❛❧ t✐❡♠♣♦✱ ♣♦r ❧♦ q✉❡✿

ωA =
dθ

dt
❞♦♥❞❡ dt =

dθ

ωA

❙✉st✐t✉②❡♥❞♦ ❡❧ ✈❛❧♦r ❞❡ ωA ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ r❡s✉❧t❛✿

dθ = 625t2 dt

■♥t❡❣r❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r ❞❡s❞❡ ✉♥ t✐❡♠♣♦ t = 0 ❤❛st❛ t ② ❞❡s❞❡ θ = 0 ❤❛st❛ θ = θA✳ P♦r
❧♦ q✉❡✿

∫ θA

0

dθ = 625

∫ t

0

t2 dt t❛❧ q✉❡ θA =
625

3
t3 rad ✭✻✳✶✾✮

✷✹✸



❉❡s♣❡❥❛♥❞♦ ❧❛ ✈❛r✐❛❜❧❡ ❞❡ t✐❡♠♣♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✶✾✮✱ ❞❛ ❝♦♠♦ r❡s✉❧t❛❞♦✿

t =
3

√

3θA
625

❙❡ s❛❜❡ q✉❡ ❡❧ ❡♥❣r❛♥❡ A ❣✐r❛ ✉♥ t♦t❛❧ ❞❡ 50 r❡✈♦❧✉❝✐♦♥❡s✱ ♦ ❧♦ q✉❡ ❡s ✐❣✉❛❧ ❛ 100π rad =
314.1592654 rad ❡♥ s❡♥t✐❞♦ ❛♥t✐❤♦r❛r✐♦✳ ❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡✲
r✐♦r✱ s❡ ♦❜t✐❡♥❡ ❡❧ t✐❡♠♣♦ ♣❛r❛ ❡❧ ❝✉❛❧ ❡❧ ❡♥❣r❛♥❡ A ❣✐r❛ ✉♥ t♦t❛❧ ❞❡ 50 rev✳

t =

[(

3

625

)

(100π)

]1/3

= 1.146736678 s

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s q✉❡ ❞❡✜♥❡♥ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❛❝❡❧❡r❛❝✐ó♥ ❛♥✲
❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✱ ✈❡❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✶✽✮✱ r❡s✉❧t❛✿

ωA|t=1.14674 = 625t2 = (625) (1.146736678)2 = 821.8781299 rad/s 	

αA|t=1.14674 = 50ω
1/2
A = 50 (821.8781299)1/2 = 1433.420847 rad/s2 	

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✻✳✶✺✮ ② ✭✻✳✶✻✮ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❡♥❣r❛♥❡ B✱ r❡s✉❧t❛♥✿

ωB =
10

25
(821.8781299 rad/s) = 328.751252 rad/s �

αB =
10

25

(

1433.420847 rad/s2
)

= 573.3683388 rad/s2 �

■♥t❡❣r❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✶✺✮ s❡ ♦❜t✐❡♥❡ ✉♥❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧♦s ❞❡s♣❧❛③❛♠✐❡♥t♦s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s
❡♥❣r❛♥❡s A ② B ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s ❞❡ ♣❛s♦✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

θA rA = θB rB ❞❡ ♠❛♥❡r❛ q✉❡ θB =
rA
rB

θA

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s✱ s❡ ♦❜t✐❡♥❡

θB =

(

10

25

)

(100π) = 125.6637061 rad �

✷✹✹



✻✳✹✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá s✐♠✉❧❛♥❞♦ ❡❧ s✐st❡♠❛ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❡♥❣r❛♥❡s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r②✱ ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r q✉❡ ❡♥ ❡st❛
s❡❝❝✐ó♥✱ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s✳ ❊st♦s ✐♠♣♦rt❛♥t❡s
❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✹✱ ❡♥ ❧❛ ♣á❣✐♥❛ ✷✷ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❊s ♥❡❝❡s❛r✐♦
♠❡♥❝✐♦♥❛r✱ q✉❡ ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ❡♥❣r❛♥❡s s❡ ❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐✲
♥❛❞❛ ✏❙✐♠♣❧✐✜❡❞✑✳ ❊st❛ ♦♣❝✐ó♥ ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❧❛s ❢✉❡r③❛s ❡♥ ❡❧ ❡♥❣r❛♥❛❥❡✱ ❧❛ ❤♦❧❣✉r❛ ♦ ❜❛❝❦❧❛s❤
❡♥tr❡ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s ② ❛♥❛❧✐③❛r ❧❛ tr❛♥s♠✐s✐ó♥✱ r❡❞✉❝❝✐ó♥ ♦ ❛♠♣❧✐✜❝❛❝✐ó♥✱ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ②
❛❝❡❧❡r❛❝✐♦♥❡s ❞❡ ✐♥t❡rés✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✷✽ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✻✾✳

✭❛✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s ✭❜✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡
❛❧❛♠❜r❡

❋✐❣✉r❛ ✻✳✻✾✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❊s ✐♠♣♦rt❛♥t❡ ❛❝❧❛r❛r q✉❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✱ só❧♦ ♣✉❡❞❡ ❝r❡❛r ✉♥ ♣❛r ❞❡ ❡♥❣r❛♥❡s ❛ ❧❛ ✈❡③✱ ♣♦r
❧♦ q✉❡ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ s❡ ❝r❡❛r♦♥ ❞♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❡s✳ ❊❧ t✐♣♦ ❞❡ ❡♥❣r❛♥❡ ❡s ❡❧ ♠✐s♠♦ ♣❛r❛
t♦❞♦s ❧♦s ❡♥❣r❛♥❡s ❞❡❧ ♠♦❞❡❧♦✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✼✵✳ ❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡✱ s❡ s❡❧❡❝❝✐♦♥ó ✉♥ ❡♥❣r❛♥❡
t✐♣♦ r❡❝t♦ ♦ ✏s♣✉r✑✳

✷✹✺



❋✐❣✉r❛ ✻✳✼✵✿ ❚✐♣♦s ❞❡ ❡♥❣r❛♥❡s ❡♠♣❧❡❛❞♦s ♣♦r ❆❞❛♠s ❝© ♣❛r❛ ❧♦s ❡♥❣r❛♥❡s A ② B✳

▲❛ ✜❣✉r❛ ✻✳✼✶ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛✳ ❊s ✐♠♣♦rt❛♥t❡
♠❡♥❝✐♦♥❛r✱ q✉❡ ❡❧ ♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡s ❡❧ ❞❡♥♦♠✐♥❛❞♦ ✏❙✐♠♣❧✐✜❡❞✑ ✳

❋✐❣✉r❛ ✻✳✼✶✿ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝© ♣❛r❛ ❧♦s ❡♥❣r❛♥❡s A ② B✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛
s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✻✳✼✷✳

❋✐❣✉r❛ ✻✳✼✷✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

✷✹✻



▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡ A ② B s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✼✸✳ ❊❧
✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦✱ ❡♥ s❡❧❡❝❝✐♦♥❛r ❧♦s r❛❞✐♦s ♣r✐♠✐t✐✈♦s ♦ ❞❡ ♣❛s♦ ✐❣✉❛❧❡s ❛ ❧♦s ✐♥❞✐❝❛❞♦s
❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡❧ ♣r♦❜❧❡♠❛✱ ② s❡❧❡❝❝✐♦♥❛r ✉♥❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❛❝♦r❞❡ ❝♦♥ ❧♦s r❛❞✐♦s ❞❡ ❧♦s
❡♥❣r❛♥❡s✳ ❊♥ ❡st❡ ❝❛s♦✱ ❞❡❜❡ ♥♦t❛rs❡ q✉❡ ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❡♥tr❡ ❧♦s ❡♥❣r❛♥❡s A ② B✱ ❞❡❜❡
s❡r ✐❣✉❛❧ ❛ ❧❛ s✉♠❛ ❞❡ ❧♦s r❛❞✐♦s ❞❡ ❛♠❜♦s ❡♥❣r❛♥❡s✳

▲♦s ♣❛rá♠❡tr♦s ❞❡ ♠❛②♦r ✐♠♣♦rt❛♥❝✐❛ ♣❛r❛ ✉♥ ✉s✉❛r✐♦ ♥♦ ❡①♣❡r✐♠❡♥t❛❞♦✱ ❛❧ ♠♦♠❡♥t♦ ❞❡ ❞✐s❡ñ❛r
❛❧❣ú♥ s✐st❡♠❛ ❝♦♥ ❡♥❣r❛♥❡s✱ ❡s ❡❧ ♠ó❞✉❧♦ ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s✱ ❡❧ ❝✉❛❧ ❞❡♣❡♥❞❡rá ❞❡❧ ♥ú♠❡r♦ ❞❡
❞✐❡♥t❡s ② ❡❧ ❞✐á♠❡tr♦ ❞❡ ❧♦s ❡♥❣r❛♥❡s✳ P❛r❛ ❡❧❧♦✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ r❡❝♦r❞❛r q✉❡ ❡❧ ♣❛s♦ ❝✐r❝✉❧❛r ②
❡❧ ♠ó❞✉❧♦✱ ❞❡❜❡♥ s❡r ✐❣✉❛❧❡s ♣❛r❛ ❛♠❜♦s ❡♥❣r❛♥❡s✳ ❊❧ á♥❣✉❧♦ ❞❡ ♣r❡s✐ó♥ ❞❡ 20◦ q✉❡ ❛♣❛r❡❝❡ ♣♦r
❞❡❢❡❝t♦✱ s❡ ❞❡❥❛ ✐♥t❛❝t♦❀ ❛ ♥♦ s❡r✱ q✉❡ ❡❧ ✉s✉❛r✐♦ ❡♠♣❧❡❛r❛ ♦tr❛s ✉♥✐❞❛❞❡s ❛♥❣✉❧❛r❡s✳ ❊♥ ❡s❡ ❝❛s♦✱ ❡❧
✉s✉❛r✐♦ ❞❡❜❡ ♠♦❞✐✜❝❛r ❡❧ ✈❛❧♦r ❛ s✉s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ✉♥✐❞❛❞❡s✳ ▲❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ❧♦s ❝❡♥tr♦s ❞❡
❧♦s ❡♥❣r❛♥❡s ② ❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ❞❡ ❛♠❜♦s ❡♥❣r❛♥❡s✱ s♦♥ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛❀ ♥♦ ❛sí✱ ❡❧ ❡s♣❡s♦r
❞❡ ❧♦s ❞✐❡♥t❡s✳ ❉❡ ♠❛♥❡r❛ q✉❡✱ ❧♦s ❞❡♠ás ♣❛rá♠❡tr♦s s❡ ❞❡❥❛♥ ✐♥t❛❝t♦s✳

❋✐❣✉r❛ ✻✳✼✸✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② C✳

▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❛❥❡s A ② B✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✼✹✳ ❉❡❜❡
♥♦t❛rs❡ q✉❡ ❛❧ s❡r ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❝✐♥❡♠át✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✱ ❧♦s ❞❛t♦s ❝♦♠♦ ❧❛s ♠❛s❛s ❞❡ ❧♦s
❡♥❣r❛♥❡s✱ ♥♦ s♦♥ ❞❡ ✐♥t❡rés✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y✱ ♥♦ s♦♥ ❞❡
✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦✱ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s
❞❡ ✉♥ ❞✐s❝♦✱ s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✳

✷✹✼



✭❛✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ A

✭❜✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ B

❋✐❣✉r❛ ✻✳✼✹✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

▲❛ ✜❣✉r❛ ✻✳✼✺ ♠✉❡str❛ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❝♦♥t❛❝t♦ ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② B✳ ▲♦s ✈❛❧♦r❡s ❞❡
❝♦♥t❛❝t♦ q✉❡ ❛♣❛r❡❝❡♥ ♣♦r ❞❡❢❡❝t♦ s❡ ❞❡❥❛♥ ✐♥t❛❝t♦s✳

❋✐❣✉r❛ ✻✳✼✺✿ P❛rá♠❡tr♦s ❞❡ ❝♦♥t❛❝t♦ ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② B✳

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✶✳✺ s❡❣✉♥❞♦s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦
❞❡ ♣❛s♦s ❞❡ ✷✵✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞✐♥á♠✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✼✻✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡
❧♦s ♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡
❝ó♠♣✉t♦✱ s✐ ❧❛s ❤❛②✳
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❋✐❣✉r❛ ✻✳✼✻✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

▲❛ ✜❣✉r❛ ✻✳✼✼ ♠✉❡str❛ ❡❧ ♣❛rá♠❡tr♦ ▼♦t✐♦♥✱ ♦ ❧♦ q✉❡ ❡s ✐❣✉❛❧✱ ❧❛ ❢✉♥❝✐ó♥ q✉❡ r✐❣❡ ❡❧ ❝♦♠♣♦rt❛✲
♠✐❡♥t♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳ ❈♦♠♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡♥ ❡❧ ❛♥á❧✐s✐s ❛♥❛❧ít✐❝♦✱
❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A ❡stá ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ♠✐s♠♦ ❡♥❣r❛♥❡✳
❍❛st❛ ❡❧ ♠♦♠❡♥t♦ s❡ ❞❡s❝♦♥♦❝❡ ✉♥❛ ❢♦r♠❛ ❞❡ ✐♥❣r❡s❛r ✉♥❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉
✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❡♥ ❆❞❛♠s ❝©❀ ♣♦r ❧♦ q✉❡✱ ❡s ♥❡❝❡s❛r✐♦ ❞❡❥❛r ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A ❡♥
❢✉♥❝✐ó♥ ❞❡❧ t✐❡♠♣♦✱ ♣❛r❛ ❡❧❧♦ s❡ s✉st✐t✉②❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✶✽✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ q✉❡ ❞❡✜♥❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥
❛♥❣✉❧❛r αA✳ ❉❡ ♠❛♥❡r❛ q✉❡✿ αA = 1250 t rad/s2✳

❋✐❣✉r❛ ✻✳✼✼✿ ❋✉♥❝✐ó♥ q✉❡ r✐❣❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

❊❧ ✏▼❛r❦❡r❴✶✺✑ ② ✏▼❛r❦❡r❴✶✻✑ ❝♦♠♦ ♣❛rt❡ ❞❡❧ ❡♥❣r❛♥❡ A ② B✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t✐❡♥❡ ❝♦♠♦
❢✉♥❝✐ó♥ ❛♥❛❧✐③❛r ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r q✉❡ s✉❢r❡ t❛♥t♦ ❡❧ ❡♥❣r❛♥❡ A ❝♦♠♦ ❡❧ ❡♥❣r❛♥❡ B✱ ♣❛r❛
✉♥ t✐❡♠♣♦ ❞❡ ❞♦s s❡❣✉♥❞♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✼✽✳
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Marker_15

✭❛✮ ✏♠❛r❦❡r❴✶✺✑ ❝♦♠♦ ♣❛rt❡ ❞❡❧ ❡♥❣r❛♥❡ A✳ ✭❜✮ ✏♠❛r❦❡r❴✶✻✑ ❝♦♠♦ ♣❛rt❡ ❞❡❧ ❡♥❣r❛♥❡ B✳

❋✐❣✉r❛ ✻✳✼✽✿ ▼❛r❝❛❞♦r❡s ♣❛r❛ ♠❡❞✐r ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

P❛r❛ ♣♦❞❡r ♠❡❞✐r ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r ❞❡❧ ✏▼❛r❦❡r❴✶✺✑ ② ✏▼❛r❦❡r❴✶✻✑✱ s❡ ❝r❡ó ✉♥❛ ❢✉♥❝✐ó♥
❞❡ ♠❡❞✐❝✐ó♥ ❞❡ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s ❛❜s♦❧✉t♦s ✜❥♦s z✱ q✉❡ ♣❛s❛♥ ♣♦r
❡❧ ❝❡♥tr♦ ❞❡ ❝❛❞❛ ❡♥❣r❛♥❡❀ ❡st♦ ♦❝✉rr❡ ♣❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ♠❛r❝❛❞♦r❡s✳ ❊st♦s ♠❛r❝❛❞♦r❡s ✜❥♦s
s♦♥ ♥♦♠❜r❛❞♦s ♣♦r ❆❞❛♠s ❝© ❝♦♠♦ ✏❉r✐✈❡r❴✷❴❘❡❢❴✶✑ ② ✏ ❉r✐✈❡♥❴✷❴❘❡❢❴✶✑✱ ❝❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡
❡❧ ♥♦♠❜r❡ ❞❡ t♦❞♦s ❧♦s ♠❛r❝❛❞♦r❡s✱ ♣✉♥t♦s ② ❝✉❡r♣♦s ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦✱ ❧♦s ♥♦♠❜r❛ ❞❡ ❢♦r♠❛
❛✉t♦♠át✐❝❛ ❡❧ ♣r♦❣r❛♠❛❀ ♣♦r ❧♦ q✉❡✱ ❡st♦s ♣✉❡❞❡♥ ✈❛r✐❛r ❛ ❧♦s q✉❡ s❡ ♠✉❡str❛♥ ❡♥ ❡st❡ ♣r♦❜❧❡♠❛✱
✈❡❛ ❧❛s ✜❣✉r❛s ✻✳✼✾ ② ✻✳✽✵✳

❋✐❣✉r❛ ✻✳✼✾✿ ❋✉♥❝✐ó♥ ❞❡ ♠❡❞✐❝✐ó♥ ❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r ❞❡❧ ✏♠❛r❦❡r❴✶✺✑✳
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❋✐❣✉r❛ ✻✳✽✵✿ ❋✉♥❝✐ó♥ ❞❡ ♠❡❞✐❝✐ó♥ ❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r ❞❡❧ ✏♠❛r❦❡r❴✶✻✑✳

P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✻✳✽✶✱ ✻✳✽✷✱ ✻✳✽✸✱ ✻✳✽✹ ② ✻✳✽✺✳

❋✐❣✉r❛ ✻✳✽✶✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

❋✐❣✉r❛ ✻✳✽✸✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

✷✺✶



❋✐❣✉r❛ ✻✳✽✷✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B✳

❋✐❣✉r❛ ✻✳✽✹✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B✳

❋✐❣✉r❛ ✻✳✽✺✿ ❙♦❧✐❝✐t✉❞ ❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

✷✺✷



▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❆❞❛♠s ❝© s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✻✳✽✻✱ ✻✳✽✼ ② ✻✳✽✽✳

X: 1.1468

Y: 1433.4375

X: 1.1468

Y: -573.375

❋✐❣✉r❛ ✻✳✽✻✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

X: 1.1468

Y: 821.897

X: 1.1468

Y: -328.7588

❋✐❣✉r❛ ✻✳✽✼✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

X: 1.1468

Y: 314.1702 

X: 1.1468

Y: -125.6681

❋✐❣✉r❛ ✻✳✽✽✿ ❘❡s✉❧t❛❞♦ ❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛♥❣✉❧❛r ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

✷✺✸



❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐✲
❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✱ t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡
❝♦♠♣❛r❛♥ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✻✳✹ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás
❞❡t❛❧❧❛❞❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥á❧✐t✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

❚❛❜❧❛ ✻✳✹✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ 4.◦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

αA 1433.420847 rad/s2 	 1433.4375 rad/s2 	

αB 573.3683388 rad/s2 � 573.375 rad/s2 �

ωA 821.8781299, rad/s 	 821.897 rad/s 	

ωB 328.751252 rad/s � 328.7588 rad/s �

θA 314.1592654 rad′,	 314.1702 rad/s 	

θB 125.6637061 rad � 125.6681 rad/s �

✻✳✺✳ ◗✉✐♥t♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✺✹ ❞❡❧ ❧✐❜r♦ ❞❡
❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✸✹✻✳

Pr♦❜❧❡♠❛ ✺✿ ❊❧ ♣✐ñ♦♥ ❞❡♥t❛❞♦ A✱ ❝♦♥ ✉♥ r❛❞✐♦ ❞❡ 0.3 ft✱ r✉❡❞❛ s♦❜r❡ ❧❛ ❝r❡♠❛❧❧❡r❛ ✜❥❛ B✱ ❝♦♥
✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ω = 4 rad/s ❡♥ s❡♥t✐❞♦ ❛♥t✐❤♦r❛r✐♦✳ ❉❡t❡r♠✐♥❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ ❈✳

❋✐❣✉r❛ ✻✳✽✾✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✺✹ ❍✐❜❜❡❧❡r ❬✶✽❪✳

✷✺✹



✻✳✺✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

P✉❡st♦ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❡❧ ❡♥❣r❛♥❡ ② ❧❛s ❝r❡♠❛❧❧❡r❛s C ② B✱ s❡ ❝♦♥❝❧✉②❡ q✉❡ ❡❧
s✐st❡♠❛ ❡stá s✉❥❡t♦ ❛ ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦❞❛❞✉r❛✱ q✉❡ ❡s ✉♥ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡ ♠♦✈✐♠✐❡♥t♦ ♣❧❛♥♦ ❣❡♥❡r❛❧❀
♣♦r ❧♦ q✉❡✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❧❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥❝✐❛❧ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ P1 ❝♦♠♦ ♣❛rt❡
❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ B✱ ② ❡❧ ♣✉♥t♦ P1 ❝♦♠♦ ♣❛rt❡ ❞❡❧ ❡♥❣r❛♥❡ A✱ s♦♥ ✐❣✉❛❧❡s❀ ❧♦ ♠✐s♠♦ ♦❝✉rr❡ ❝♦♥ ❧❛
✈❡❧♦❝✐❞❛❞ ② ❧❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥❝✐❛❧ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ P2 ❝♦♠♦ ♣❛rt❡ ❞❡ A ② C✱ ✈❡❛
❧❛s ❡❝✉❛❝✐♦♥❡s ✭✻✳✷✵✮✱ ✭✻✳✷✶✮ ② ❧❛ ✜❣✉r❛ ✻✳✾✵✳

❉❡ ♠❛♥❡r❛ q✉❡✿
~vP1A

= ~vP1B
~atP1A

= ~atP1B

✭✻✳✷✵✮

~vP2A
= ~vP2C

~atP2A

= ~atP2C

✭✻✳✷✶✮

❋✐❣✉r❛ ✻✳✾✵✿ ❉✐❛❣r❛♠❛ ❝✐♥❡♠át✐❝♦ ❞❡❧ ♣r♦❜❧❡♠❛✳

P✉❡st♦ q✉❡ ❧❛ ❝r❡♠❛❧❧❡r❛ B s❡ ❡♥❝✉❡♥tr❛ ✜❥❛✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❧❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥❝✐❛❧ ❞❡ ❧❛
❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ P1 ❝♦♠♦ ♣❛rt❡ ❞❡ B ❡s ✐❣✉❛❧ ❛ ❝❡r♦ ② ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✷✵✮✱ ❧❛
✈❡❧♦❝✐❞❛❞ ② ❛❝❡❧❡r❛❝✐ó♥ t❛♥❣❡♥❝✐❛❧ ❞❡❧ ♣✉♥t♦ P1 ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡♥❣r❛♥❡ ❡s ✐❣✉❛❧ ❛ ❝❡r♦✳

~vP1A
= ~0 ② ~atP1A

= ~0

❆♥á❧✐s✐s ❞❡ ✈❡❧♦❝✐❞❛❞✳

❙❡ s❛❜❡ q✉❡ ❡❧ ❝❡♥tr♦ ❞❡❧ ❡♥❣r❛♥❡✱ s❡ ♠✉❡✈❡ ❛ ❧♦ ❧❛r❣♦ ❞❡ ✉♥❛ ❧í♥❡❛ r❡❝t❛ ❤♦r✐③♦♥t❛❧✱ ❞❡ ♠❛♥❡r❛
q✉❡✿

~vOA
= −vOA

î ✭✻✳✷✷✮

P♦r ❧♦ t❛♥t♦✿

~vOA
=

✚
✚✚❃

0
~vP1A

+ ~ω × ~rOA/P1A
= ω k̂ × rO/B2

ĵ ❞♦♥❞❡ ~vOA
= −ω

(

rO/B1

)

î ✭✻✳✷✸✮

✷✺✺



▼✐❡♥tr❛s q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ♣✉♥t♦ P2 ❝♦♠♦ ♣❛rt❡ ❞❡ C ❡♥ ❡❧ ✐♥st❛♥t❡ ♠♦str❛❞♦ ❡♥ ❧❛ ✜❣✉r❛
✻✳✾✵✱ ❡stá ❞❛❞❛ ♣♦r✿

~vP2A
= ~vP2C

= ~vOA
+ ~ω × ~rP2A

/OA

s✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✷✸✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ s❡ ♦❜t✐❡♥❡✿

~vP2A
= −ω

(

rO/B1

)

î+ ω k̂ × rP2A
ĵ ❉❡ ♠❛♥❡r❛ q✉❡ ~vP2A

= −ω
(

rO/B1

)

î− ωA

(

rP2A

)

î ✭✻✳✷✹✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✷✸✮✱ s❡ ♦❜t✐❡♥❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧
♣✉♥t♦ OA✱ ♦ ❧♦ q✉❡ ❡s ✐❣✉❛❧✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❡♥ ❡❧ ❝❡♥tr♦ ❞❡❧ ❡♥❣r❛♥❡ A✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

~vOA
= − (4 rad/s) (0.3 ft) î = −1.2 î m/s

❆❤♦r❛ ❜✐❡♥✱ s✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✷✹✮✱ s❡ ♦❜t✐❡♥❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛
✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ C ♦ ❧❛ ✈❡❧♦❝✐❞❛❞ ❡♥ ❡❧ ♣✉♥t♦ P2 ❝♦♠♦ ♣❛rt❡ ❞❡ A ② C✳

~vP2A
= −1.2 î f t/s− (4 rad/s) (0.3 ft) î = −2.4 î f t/s

❆♥á❧✐s✐s ❞❡ ❛❝❡❧❡r❛❝✐ó♥✳

❈♦♠♦ ❡❧ ♣r♦❜❧❡♠❛ ♥♦ ♠❡♥❝✐♦♥❛ q✉❡ ❡①✐st❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❛❧❣✉♥❛ s♦❜r❡ ❡❧ ❡♥❣r❛♥❡ A✱ s❡
s✉♣♦♥❡ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ♠✐s♠♦ ❡s ❝♦♥st❛♥t❡✱ ♣♦r ❧♦ q✉❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧
❡♥❣r❛♥❡ ❡s ✐❣✉❛❧ ❛ ❝❡r♦✳ ❉❡❜✐❞♦ ❛ ❡st♦✱ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s t❛♥❣❡♥❝✐❛❧❡s ❞❡ ❧♦s ♣✉♥t♦s P1 ② P2 s♦♥
✐❣✉❛❧❡s ❛ ❝❡r♦✳

~aOA
= ~0 ② ~atP1A

= ~atP1C
= ~0

✻✳✺✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá s✐♠✉❧❛♥❞♦ ❡❧ s✐st❡♠❛ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❡♥❣r❛♥❡s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r② ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r q✉❡ ❡♥ ❡st❛
s❡❝❝✐ó♥✱ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s✳ ❊st♦s
✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✹✱ ❡♥ ❧❛ ♣á❣✐♥❛ ✷✷ ❞❡ ❡st❡ tr❛❜❛❥♦✳
❊s ♥❡❝❡s❛r✐♦ ❞❡st❛❝❛r q✉❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✱ só❧♦ ♣✉❡❞❡ ❝r❡❛r ✉♥ ♣❛r ❞❡ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛ ❛
❧❛ ✈❡③✳

❊❧ ♠♦❞❡❧♦ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✺✹ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✾✶✳

❆❤♦r❛ ❜✐❡♥✱ ❧❛ ✜❣✉r❛ ✻✳✾✷ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ s✐st❡♠❛ ❞❡ ❡♥❣r❛♥❛❥❡✳ ❈♦♠♦ ❞❡ ♣✉❡❞❡ ❛♣r❡❝✐❛r✱ s❡
s❡❧❡❝❝✐♦♥ó ✉♥ ❡♥❣r❛♥❛❥❡ ❞❡❧ t✐♣♦ ❡♥❣r❛♥❡✲❝r❡♠❛❧❧❡r❛ ♦ ✏r❛❝❦✑✳

P♦r ♦tr❛ ♣❛rt❡✱ ❧❛ ✜❣✉r❛ ✻✳✾✸ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛✱ q✉❡
❞❡❜❡ s❡r ❡❧ ♠✐s♠♦ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ❡♥❣r❛♥❡ ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦✳ ❊s ♥❡❝❡s❛r✐♦ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡♥tr♦
❞❡❧ ♠ó❞✉❧♦ ❞❡ ❡♥❣r❛♥❡s✱ s❡ ❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐♥❛❞❛ ✏❙✐♠♣❧✐✜❡❞✑ ✳ ❊st❛
♦♣❝✐ó♥ ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❧❛s ❢✉❡r③❛s ❡♥ ❡❧ ❡♥❣r❛♥❛❥❡✱ ❧❛ ❤♦❧❣✉r❛ ♦ ❜❛❝❦❧❛s❤ ❡♥tr❡ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s✱
② ❧❛ tr❛♥s♠✐s✐ó♥✱ r❡❞✉❝❝✐ó♥ ♦ ❛♠♣❧✐✜❝❛❝✐ó♥✱ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡ ✐♥t❡rés✳

✷✺✻



✭❛✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s ✭❜✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥
♠❛r❝♦ ❞❡ ❛❧❛♠❜r❡

❋✐❣✉r❛ ✻✳✾✶✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❋✐❣✉r❛ ✻✳✾✷✿ ❚✐♣♦s ❞❡ ❡♥❣r❛♥❡s ❡♠♣❧❡❛❞♦s ♣♦r ❆❞❛♠s ❝©✱ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛✳

❋✐❣✉r❛ ✻✳✾✸✿ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝©✱ ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② C✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ s❡
✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✻✳✾✹✳

✷✺✼



❋✐❣✉r❛ ✻✳✾✹✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡❧ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛ A✱ B ② A✱ C s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s
✻✳✾✺ ② ✻✳✾✻✳ ❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ s❡❧❡❝❝✐♦♥❛r ❡❧ ♠✐s♠♦ r❛❞✐♦ ❞❡ ♣❛s♦ ❛❧ ✐♥❞✐❝❛❞♦ ❡♥ ❡❧
❡♥✉♥❝✐❛❞♦ ❞❡❧ ♣r♦❜❧❡♠❛✳

▲♦s ♣❛rá♠❡tr♦s ❞❡ ♠❛②♦r ✐♠♣♦rt❛♥❝✐❛ ♣❛r❛ ✉♥ ✉s✉❛r✐♦ ❡①♣❡r✐♠❡♥t❛❞♦ ❛❧ ♠♦♠❡♥t♦ ❞❡ ❞✐s❡ñ❛r
❛❧❣ú♥ s✐st❡♠❛ ❞❡ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛✱ ❡s ❡❧ ♠ó❞✉❧♦ ❡♥tr❡ ❛♠❜♦s✱ ❡st❡ ❞❡♣❡♥❞❡rá ❞❡❧ ♥ú♠❡r♦ ❞❡
❞✐❡♥t❡s ② ❡❧ ❞✐á♠❡tr♦ ❞❡ ❧♦s ❡♥❣r❛♥❡s✳ ❊❧ ♠ó❞✉❧♦ ❞❡❧ ❡♥❣r❛♥❡ ❞❡❜❡ s❡r ❡❧ ♠✐s♠♦ ♣❛r❛ ❡❧ ❡♥❣r❛♥❡ ②
❧❛ ❝r❡♠❛❧❧❡r❛✱ ❡❧ á♥❣✉❧♦ ❞❡ ♣r❡s✐ó♥ ❞❡ 20◦ q✉❡ ❛♣❛r❡❝❡ ♣♦r ❞❡❢❡❝t♦✱ s❡ ❞❡❥❛ s✐♥ ❝❛♠❜✐♦❀ ❛ ♥♦ s❡r✱ q✉❡
❡❧ ✉s✉❛r✐♦ ❡♠♣❧❡❛r❛ ♦tr❛s ✉♥✐❞❛❞❡s ❛♥❣✉❧❛r❡s✳ ❊♥ ❡st❡ ❝❛s♦✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ♠♦❞✐✜❝❛r ❡❧ ✈❛❧♦r ❛ s✉s
❝♦rr❡s♣♦♥❞✐❡♥t❡s ✉♥✐❞❛❞❡s✳ ▲❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ❧♦s ❝❡♥tr♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s ② ❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s
❞❡ ❛♠❜♦s ❡♥❣r❛♥❡s✱ s♦♥ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛❀ ♥♦ ❛sí✱ ❡❧ ❡s♣❡s♦r ❞❡ ❧♦s ❞✐❡♥t❡s✳ ❉❡ ♠❛♥❡r❛ q✉❡✱ ❧♦s
❞❡♠ás ♣❛rá♠❡tr♦s s❡ ❞❡❥❛♥ ✐♥t❛❝t♦s✳

❋✐❣✉r❛ ✻✳✾✺✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡❧ ❡♥❣r❛♥❡ A ② ❧❛ ❝r❡♠❛❧❧❡r❛ B✳

✷✺✽



❊❧ ✉s✉❛r✐♦ ❞❡❜❡ s❛❜❡r q✉❡ ♣❛r❛ ❧❛ ❝r❡❛❝✐ó♥ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ C✱ s❡ s❡❧❡❝❝✐♦♥ó ❡❧ ❡♥❣r❛♥❡ A ❝♦♠♦ ❡❧
❡♥❣r❛♥❡ ♠♦tr✐③ ♦ ✏●❡❛r ✶✑✱ ♣❛r❛ ❡st❡ s❡❣✉♥❞♦ ♣❛r ❞❡ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✾✻✳ ❖tr♦
♣✉♥t♦ ✐♠♣♦rt❛♥t❡ ❛ ❛❝❧❛r❛r ❡s q✉❡ ♣❛r❛ ❣❡♥❡r❛r ❧❛ s❡❣✉♥❞❛ ❝r❡♠❛❧❧❡r❛✱ ❡st❛ t✐❡♥❡ q✉❡ r♦t❛r s♦❜r❡ ❡❧
❡❥❡ ❛❜s♦❧✉t♦ z ✉♥ t♦t❛❧ ❞❡ 180◦✱ ❧♦ q✉❡ ❡s ✐❣✉❛❧ ❛ π r❛❞✐❛♥❡s✱ ❡st♦ s❡ ❧♦❣r❛ ♠♦❞✐✜❝❛♥❞♦ ❧❛ ♦r✐❡♥t❛❝✐ó♥
❞❡❧ ❧♦s ❡❥❡s ❝♦♦r❞❡♥❛❞♦s ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ C✱ ♣❛r❛ ♠❛②♦r ❞❡t❛❧❧❡ r❡✈✐s❛r ❡❧ ❛♣é♥❞✐❝❡ ❉✳

❋✐❣✉r❛ ✻✳✾✻✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡❧ ❡♥❣r❛♥❡ A ② ❝r❡♠❛❧❧❡r❛ C✳

▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡❧ s✐st❡♠❛ ❡♥❣r❛♥❡ A ② ❧❛s ❝r❡♠❛❧❧❡r❛s B ② C✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛
✜❣✉r❛s ✻✳✾✼ ② ✻✳✾✽✳ ❉❡❜❡ ♥♦t❛rs❡ q✉❡ ❛❧ s❡r ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❝✐♥❡♠át✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✱ ❧♦s ❞❛t♦s
❝♦♠♦ ❧❛ ♠❛s❛ ❞❡❧ ❡♥❣r❛♥❡ ② ❧❛s ❝r❡♠❛❧❧❡r❛s✱ ♥♦ s♦♥ ❞❡ ✐♥t❡rés✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦
❛ ❧♦s ❡❥❡s x ② y ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦✱ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥
❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ✉♥ ❞✐s❝♦ s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦
❛❧ ❡❥❡ z✳

▲❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ C✱ s♦♥ ❧❛s ♠✐s♠❛s ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ B❀ ♣♦r ❧♦ q✉❡✱ só❧♦
s❡ ♠✉❡str❛♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ B✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✾✽✳ ▼✐❡♥tr❛s q✉❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s
✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ A q✉❡ s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✾✼✱ ♣❡rt❡♥❡❝✐❡♥t❡ ❛❧ ♣❛r ❞❡ ❡♥❣r❛♥❡✲❝r❡♠❛❧❧❡r❛✱
A✲B ② A✲C✳ ❊❧ ✉s✉❛r✐♦ ♥♦ ❞❡❜❡ ♣r❡♦❝✉♣❛rs❡ ❡♥ ✐♥❣r❡s❛r ♥✉❡✈❛♠❡♥t❡ ❧♦s ✈❛❧♦r❡s ✐♥❡r❝✐❛❧❡s ❛❧ ♠♦♠❡♥t♦
❞❡ ❝r❡❛r ❡❧ ♣❛r ❡♥❣r❛♥❡✲❝r❡♠❛❧❧❡r❛ A ② C✱ ❡st♦ ❞❡❜✐❞♦ ❛ q✉❡ ❆❞❛♠s ❝© ✐♥❣r❡s❛ ❞❡ ❢♦r♠❛ ❛✉t♦♠át✐❝❛
❞✐❝❤♦s ✈❛❧♦r❡s❀ ❡st♦ ♦❝✉rr❡✱ ❛❧ ♠♦♠❡♥t♦ ❡♥ ❡❧ q✉❡ ❡❧ ✉s✉❛r✐♦ s❡❧❡❝❝✐♦♥❛ ❧❛ ♦♣❝✐ó♥ ✏❊①✐st✐♥❣✑✳ ❊st❛
❢✉♥❝✐ó♥ ♣❡r♠✐t❡ s❡❧❡❝❝✐♦♥❛r ✉♥ ❝✉❡r♣♦ ②❛ ❡①✐st❡♥t❡ ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦✱ q✉❡ ♣❛r❛ ❡st❡ ❝❛s♦✱ ❡s ❡❧
❡♥❣r❛♥❡ A✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✾✻✳

✷✺✾



❋✐❣✉r❛ ✻✳✾✼✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ A ❞❡♥tr♦ ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡✲❝r❡♠❛❧❧❡r❛ A✲B✳

❋✐❣✉r❛ ✻✳✾✽✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❧❛ ❝r❡♠❛❧❧❡r❛ B ❞❡♥tr♦ ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡✲❝r❡♠❛❧❧❡r❛ A✲B✳

▲❛ ✜❣✉r❛ ✻✳✾✾ ♠✉❡str❛ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❝♦♥t❛❝t♦ ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A✱ B ② A✱ C✳ ▲♦s
✈❛❧♦r❡s ❞❡ ❝♦♥t❛❝t♦ q✉❡ ❛♣❛r❡❝❡♥ ♣♦r ❞❡❢❡❝t♦ s❡ ❞❡❥❛♥ ✐♥t❛❝t♦s✳

❋✐❣✉r❛ ✻✳✾✾✿ P❛rá♠❡tr♦s ❞❡ ❝♦♥t❛❝t♦ ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A✱ B ② A✱ C✳

✷✻✵



▲❛s ✜❣✉r❛s ❡♥ ✻✳✶✵✵ ♠✉❡str❛ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❝♦♥❡①✐ó♥ ❞❡❧ ❡♥❣r❛♥❡ A ② ❧❛s ❝r❡♠❛❧❧❡r❛s B ②
C✱ ❊st♦ ♣❛r❛ ❛♠❜♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❡s✲❝r❡♠❛❧❧❡r❛s A ② B❀ ② A ② C✱ ✈❡❛ t❛♠❜✐é♥ ✻✳✶✵✶✳ ❈♦♠♦ s❡
♦❜s❡r✈❛ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✶✵✵✱ ❡❧ t✐♣♦ ❞❡ ❝♦♥❡①✐ó♥ ❞❡❧ ❡♥❣r❛♥❡ A ❡s ❞❡ r❡✈♦❧✉t❛✱ ❡st❡ ♣❛r ♣r✐s♠át✐❝♦ ❡stá
✉♥✐❞♦ ❝♦♥ r❡s♣❡❝t♦ ❛ ✉♥ ❝✉❡r♣♦ ♦ ♣❛rt❡ ❧❧❛♠❛❞♦ ✏P❛rt❴✹✑✳ ❊s ✐♠♣♦rt❛♥t❡ ❛❝❧❛r❛r✱ q✉❡ ❡❧ ♥♦♠❜r❡ ❞❡
❡st❡ ❝✉❡r♣♦ ❝❛♠❜✐❛✱ ②❛ q✉❡ ❆❞❛♠s ❝© ♥♦♠❜r❛ ❧♦s ❝✉❡r♣♦s ❞❡♣❡♥❞✐❡♥❞♦ s✉ ♦r❞❡♥ ❞❡ ❛♣❛r✐❝✐ó♥ ❞❡♥tr♦
❞❡❧ ♠♦❞❡❧♦✳

✭❛✮ P❛rá♠❡tr♦s ❞❡ ❝♦♥❡①✐ó♥ ♣❛r❛ ❡❧ ❡♥❣r❛♥❡ A ✭❜✮ P❛rá♠❡tr♦s ❞❡ ❝♦♥❡①✐ó♥ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ B

❋✐❣✉r❛ ✻✳✶✵✵✿ P❛rá♠❡tr♦s ❞❡ ❝♦♥❡①✐ó♥ ❞❡❧ ♣❛r ❡♥❣r❛♥❡✲❝r❡♠❛❧❧❡r❛ A ② B✳

▲❛ ❢✉♥❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ ✏P❛rt❴✹✑✱ ❡s ♦t♦r❣❛r❧❡ ❛❧ ❡♥❣r❛♥❡ A ♥♦ só❧♦ ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦t❛❝✐ó♥ ❜❛✲
r✐❝❡♥tr✐❝❛ s♦❜r❡ ✉♥ ❡❥❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❛❧ ♣❧❛♥♦ xy ❞❡❧ ♠♦❞❡❧♦✱ s✐♥♦ t❛♠❜✐é♥ ♦t♦r❣❛r❧❡ ♠♦✈✐♠✐❡♥t♦
❞❡ tr❛s❧❛❝✐ó♥ ❤♦r✐③♦♥t❛❧❀ ♣♦r ❧♦ q✉❡✱ ❞✐❝❤♦ ❝✉❡r♣♦ ♣♦s❡é ✉♥ ♣❛r ♣r✐s♠át✐❝♦ ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ❡❥❡ y ❞❡❧
♠♦❞❡❧♦✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✵✶✳

✭❛✮ ❈✉❡r♣♦ ❛✉①✐❧✐❛r ✏P❛rt❴✹✑ ✭❜✮ P❛r ♣r✐s♠át✐❝♦ ❞❡❧ ❝✉❡r♣♦ ❛✉①✐❧✐❛r

❋✐❣✉r❛ ✻✳✶✵✶✿ P❛r ♣r✐s♠át✐❝♦ ❞❡❧ ❝✉❡r♣♦ ❛✉①✐❧✐❛r✳

✷✻✶



P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✶✳✵ s❡❣✉♥❞♦✱ ✉♥ ♥ú♠❡r♦ ❞❡ ♣❛s♦s
❞❡ ✶✵✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞✐♥á♠✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✵✷✭❛✮✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛s♦s
❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱ s✐
❧❛s ❤❛②✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ✜❣✉r❛ ✻✳✶✵✷✭❜✮ ♠✉❡str❛ ❡❧ ♣❛rá♠❡tr♦ ▼♦t✐♦♥ ♦ ❧♦ q✉❡ ❡s ✐❣✉❛❧✱ ❧❛ ❢✉♥❝✐ó♥
q✉❡ r✐❣❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

✭❛✮ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦
❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

✭❜✮ ❋✉♥❝✐ó♥ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r
❞❡❧ ❡♥❣r❛♥❡✳

❋✐❣✉r❛ ✻✳✶✵✷✿ P❛rá♠❡tr♦s ❞❡ s✐♠✉❧❛❝✐ó♥ ② ❢✉♥❝✐ó♥ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r✳

P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✻✳✶✵✸✱ ✻✳✶✵✹✱ ✻✳✶✵✺ ② ✻✳✶✵✻✳

❋✐❣✉r❛ ✻✳✶✵✸✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

✷✻✷



❋✐❣✉r❛ ✻✳✶✵✹✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ C✳

❋✐❣✉r❛ ✻✳✶✵✺✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ B✳

❋✐❣✉r❛ ✻✳✶✵✻✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❆❞❛♠s ❝© s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✻✳✶✵✼✱ ✻✳✶✵✽ ② ✻✳✶✵✾

❈♦♠♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡♥ ❧❛ ✜❣✉r❛ ✻✳✶✵✾✱ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A ❝♦♥✲
t✐❡♥❡ ❝✐❡rt♦ r✉✐❞♦✱ ♣♦r ❧♦ q✉❡ s✉ ✈❛❧♦r ♥♦ ❡s t♦t❛❧♠❡♥t❡ ❝❡r♦✱ ♣❡r♦ ❛❧ t❡♥❡r ✈❛❧♦r❡s s✉♠❛♠❡♥t❡ ❜❛❥♦s
♣✉❡❞❡♥ s❡r ✐❣♥♦r❛❞♦s ♣♦r ❡❧ ✉s✉❛r✐♦✳

✷✻✸



X: 1.0

Y: 4.0

❋✐❣✉r❛ ✻✳✶✵✼✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

X: 1.0

Y: 0.0

X: 1.0

Y: -1.2

X: 1.0

Y: -2.4

❋✐❣✉r❛ ✻✳✶✵✽✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ❡♥❣r❛♥❡ A ② ❧❛s ❝r❡♠❛❧❧❡r❛s B ② C✳

❋✐❣✉r❛ ✻✳✶✵✾✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

✷✻✹



❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐✲
❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✱ t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡
❝♦♠♣❛r❛♥ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✻✳✺ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás
❞❡t❛❧❧❛❞❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥á❧✐t✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

❚❛❜❧❛ ✻✳✺✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ 5.◦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

ω 4 rad/s � 4 rad/s �

α 0 rad/s2 −1.4831× 10−19 rad/s2

vOA
1.2 ft/s ← 1.2 ft/s ←

vC 2.4 ft/s ← 2.4 ft/s ←
vB 0.0 ft/s 0.0 ft/s

✻✳✻✳ ❙❡①t♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✺✺ ❞❡❧ ❧✐❜r♦ ❞❡
❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✸✹✻✳

Pr♦❜❧❡♠❛ ✻✿ ❊❧ ♣✐ñ♦♥ ❞❡♥t❛❞♦ A r✉❡❞❛ s♦❜r❡ ❧❛s ❝r❡♠❛❧❧❡r❛s B ② C✳ ❙✐ B s❡ ❞❡s♣❧❛③❛ ❛ ❧❛ ❞❡r❡✲
❝❤❛ ❛ 8 ft/s ② C ❧♦ ❤❛❝❡ ❛ ❧❛ ✐③q✉✐❡r❞❛ ❛ 4 ft/s✱ ❞❡t❡r♠✐♥❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ♣✐ñ♦♥ ❞❡♥t❛❞♦
② ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ s✉ ❝❡♥tr♦ A✳ ❉♦♥❞❡✿ rA = 0.3 ft✱ vB = 8 ft/s ② vC = 4 ft/s✳

❋✐❣✉r❛ ✻✳✶✶✵✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✻✲✺✺ ❍✐❜❜❡❧❡r ❬✶✽❪✳

✷✻✺



✻✳✻✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

P✉❡st♦ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❡❧ ❡♥❣r❛♥❡ A ② ❧❛s ❝r❡♠❛❧❧❡r❛s C ② B✱ s❡ ❝♦♥❝❧✉②❡ q✉❡
❡❧ s✐st❡♠❛ ❡stá s✉❥❡t♦ ❛ ❡♥ ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦❞❛❞✉r❛✱ q✉❡ ❡s ✉♥ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡ ♠♦✈✐♠✐❡♥t♦ ♣❧❛♥♦
❣❡♥❡r❛❧❀ ♣♦r ❧♦ q✉❡✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❧❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥❝✐❛❧ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ P1 ❝♦♠♦
♣❛rt❡ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ B✱ ② ❝♦♠♦ ♣❛rt❡ ❞❡❧ ❡♥❣r❛♥❡ A✱ s♦♥ ✐❣✉❛❧❡s❀ ❧♦ ♠✐s♠♦ ♦❝✉rr❡ ❝♦♥ ❧❛ ✈❡❧♦❝✐❞❛❞
② ❧❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥❝✐❛❧ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ P2 ❝♦♠♦ ♣❛rt❡ ❞❡ A ② C✱ ✈❡❛ ❧❛s ❡❝✉❛❝✐♦♥❡s
✭✻✳✷✺✮✱ ✭✻✳✷✻✮ ② ❧❛ ✜❣✉r❛ ✻✳✶✶✶✳

❉❡ ♠❛♥❡r❛ q✉❡✿
~vB = ~vP1A

= ~vP1B
~aB = ~a

tP1A

= ~atP1B
✭✻✳✷✺✮

~vC = ~vP2A
= ~vP2C

~aC = ~atP2A
= ~atP2C

✭✻✳✷✻✮

❋✐❣✉r❛ ✻✳✶✶✶✿ ❉✐❛❣r❛♠❛ ❝✐♥❡♠át✐❝♦ ❞❡❧ ♣r♦❜❧❡♠❛✳

P✉❡st♦ q✉❡ ❧❛ ❝r❡♠❛❧❧❡r❛ B s❡ ♠✉❡✈❡ ❛ ❧❛ ❞❡r❡❝❤❛ ② ❧❛ ❝r❡♠❛❧❧❡r❛ C ❛ ❧❛ ✐③q✉✐❡r❞❛ ② ❞❡ ❛❝✉❡r❞♦
❝♦♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✻✳✷✺✮ ② ✭✻✳✷✻✮✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❡♥ ❡❧ ♣✉♥t♦ P1 ❝♦♠♦ ♣❛rt❡ ❞❡ B ② ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡
P2 ❝♦♠♦ ♣❛rt❡ ❞❡ C✱ r❡s✉❧t❛✿

~vB = vP1A
î f t/s

~vC = −vP2A
î f t/s

❆♥á❧✐s✐s ❞❡ ✈❡❧♦❝✐❞❛❞

❙❡ s❛❜❡ q✉❡ ❡❧ ❝❡♥tr♦ ❞❡❧ ❡♥❣r❛♥❡✱ s❡ ♠✉❡✈❡ ❛ ❧♦ ❧❛r❣♦ ❞❡ ✉♥❛ ❧í♥❡❛ r❡❝t❛ ❤♦r✐③♦♥t❛❧✱ ❞❡ ♠❛♥❡r❛
q✉❡ ✿

~vOA
= ~vP1A

+ ~ω ×
(

~rOA/P1A

)

= vP1A
î+ ω k̂ ×

(

rOA/P1A

)

ĵ

✷✻✻



❉❡s❛rr♦❧❧❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥✱ s❡ ♦❜t✐❡♥❡✿

~vOA
= vP1A

î− ω (rA) î ✭✻✳✷✼✮

▼✐❡♥tr❛s q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ♣✉♥t♦ P2 ❝♦♠♦ ♣❛rt❡ ❞❡ C✱ ❡♥ ❡❧ ✐♥st❛♥t❡ ♠♦str❛❞♦ ❡♥ ❧❛ ✜❣✉r❛
✻✳✶✶✶✱ ❡stá ❞❛❞❛ ♣♦r✿

~vP2A
= ~vP2C

= ~vOA
+ ~ω × ~rP2A

/OA

❆❧ ❞❡s❛rr♦❧❧❛r ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ s❡ ❝♦♥s✐❣✉❡✿

~vP2A
= ~vOA

+ ω k̂ ×
(

rP2A
/OA

)

ĵ ❞♦♥❞❡ ~vP2A
= ~vOA

− ω
(

rP2A
/OA

)

î

❉❡s♣❡❥❛♥❞♦ ~vOA
❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ ❞❛ ❝♦♠♦ r❡s✉❧t❛❞♦✿

~vOA
= −vP2A

î+ ω (rA) î ✭✻✳✷✽✮

■❣✉❛❧❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✻✳✷✼✮ ② ✭✻✳✷✽✮✱ s❡ ♦❜t✐❡♥❡✿

[

vP1A
− ω (rA)

]

î =
[

−vP2A
+ ω (rA)

]

î

❚♦♠❛♥❞♦ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❡♥ î ② ❞❡s♣❡❥❛♥❞♦ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ω ❞❡❧ ❡♥❣r❛♥❡ A✱ r❡s✉❧t❛✿

ω =
vP1A

+ vP2A

2rA
=

vB + vC
2rA

✭✻✳✷✾✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✻✳✷✾✮ ② ✭✻✳✷✼✮✱ r❡s✉❧t❛✿

ω =
12 ft/s

0.6ft
= 20 rad/s t❛❧ q✉❡ ~ω = 20 k̂ rad/s

~vA = 8 ft/s î− (20 rad/s) (0.3ft) î = 2 ft/s î

❆♥á❧✐s✐s ❞❡ ❛❝❡❧❡r❛❝✐ó♥

❈♦♠♦ ❡❧ ♣r♦❜❧❡♠❛ ♥♦ ♠❡♥❝✐♦♥❛ q✉❡ ❡①✐st❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r s♦❜r❡ ❡❧ ❡♥❣r❛♥❡ A✱ s❡ ❝♦♥❝❧✉②❡
q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ ❡s ❝♦♥st❛♥t❡✱ ♣♦r ❧♦ q✉❡ s✉ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❡s ✐❣✉❛❧ ❛ ❝❡r♦✳
❉❡❜✐❞♦ ❛ ❡st♦✱ ❧❛s ❝♦♠♣♦♥❡♥t❡s t❛♥❣❡♥❝✐❛❧❡s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❡♥ ❧♦s ♣✉♥t♦s P1 ② P2 s♦♥ ✐❣✉❛❧❡s
❛ ❝❡r♦✳

~aOA
= ~0 ② ~atP1B

= ~atP2C
= ~0

✷✻✼



✻✳✻✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá s✐♠✉❧❛♥❞♦ ❡❧ s✐st❡♠❛ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❡♥❣r❛♥❡s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r②✱ ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r q✉❡ ❡♥
❡st❛ s❡❝❝✐ó♥✱ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s✳
❊st♦s ✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✹✱ ❡♥ ❧❛ ♣á❣✐♥❛ ✷✷ ❞❡ ❡st❡
tr❛❜❛❥♦✳ ❊s ♥❡❝❡s❛r✐♦ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ❡♥❣r❛♥❡s✱ s❡ ❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥ ❞❡ s✉♠❛
✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐♥❛❞❛ ✏❙✐♠♣❧✐✜❡❞✑✳ ❊st❛ ♦♣❝✐ó♥ ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❧❛s ❢✉❡r③❛s ❡♥ ❡❧ ❡♥❣r❛♥❛❥❡✱ ❧❛
❤♦❧❣✉r❛ ♦ ❜❛❝❦❧❛s❤ ❡♥tr❡ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s✳ ❊❧ ❝✉❛❧✱ ♣❡r♠✐t❡ ❛♥❛❧✐③❛r ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s
♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❝♦♥st❛♥t❡✳ ❊s ✐♠♣♦rt❛♥t❡ ❛❝❧❛r❛r q✉❡ ❆❞❛♠s✴▼❛❝❤✐♥❡r② ❝© só❧♦ ♣✉❡❞❡
❝r❡❛r ✉♥ ♣❛r ❞❡ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛ ❛ ❧❛ ✈❡③✳

✭❛✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠✲
❜r❡❛❞♦s

✭❜✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥
♠❛r❝♦ ❞❡ ❛❧❛♠❜r❡

❋✐❣✉r❛ ✻✳✶✶✷✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❆❤♦r❛ ❜✐❡♥✱ ❧❛ ✜❣✉r❛ ✻✳✶✶✸ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ s✐st❡♠❛ ❞❡ ❡♥❣r❛♥❛❥❡s✳ ❈♦♠♦ s❡ ♣✉❡❞❡ ❛♣r❡❝✐❛r✱ s❡
s❡❧❡❝❝✐♦♥ó ❞❡❧ t✐♣♦ ❡♥❣r❛♥❡✲❝r❡♠❛❧❧❡r❛ ♦ ✏r❛❝❦✑✳

❋✐❣✉r❛ ✻✳✶✶✸✿ ❚✐♣♦s ❞❡ ❡♥❣r❛♥❡s ❡♠♣❧❡❛❞♦s ♣♦r ❆❞❛♠s ❝©✱ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛✳

✷✻✽



▲❛ ✜❣✉r❛ ✻✳✶✶✹ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛✱ ❡❧ ❝✉❛❧ ❞❡❜❡
s❡r ❡❧ ♠✐s♠♦ ♣❛r❛ t♦❞♦s ❧♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❡s ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦✳ ❊s ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡❧
♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡s ❡❧ ❞❡♥♦♠✐♥❛❞♦ ✏❙✐♠♣❧✐✜❡❞✑✳

❋✐❣✉r❛ ✻✳✶✶✹✿ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣❛r❛ ❧♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❡s A✱ B ② A✱ C✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛
s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✻✳✶✶✺✳

❋✐❣✉r❛ ✻✳✶✶✺✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡❧ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛ A✱ B ② A✱ C s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s
✻✳✶✶✻ ② ✻✳✶✶✼✳ ❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ s❡❧❡❝❝✐♦♥❛r ❡❧ ♠✐s♠♦ r❛❞✐♦ ♣r✐♠✐t✐✈♦ ♦ ❞❡ ♣❛s♦ ❛❧
✐♥❞✐❝❛❞♦ ❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡❧ ♣r♦❜❧❡♠❛✳

▲♦s ♣❛rá♠❡tr♦s ❞❡ ♠❛②♦r ✐♠♣♦rt❛♥❝✐❛ ♣❛r❛ ✉♥ ✉s✉❛r✐♦ ♥♦ ❡①♣❡r✐♠❡♥t❛❞♦ ❛❧ ♠♦♠❡♥t♦ ❞❡ ❞✐s❡ñ❛r
❛❧❣ú♥ s✐st❡♠❛ ❞❡ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛✱ ❡s ❡❧ ♠ó❞✉❧♦ ❞❡❧ ❡♥❣r❛♥❡ ② ❧❛s ❝r❡♠❛❧❧❡r❛s✱ ❡st❡ ❞❡♣❡♥❞❡rá
❞❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ② ❡❧ ❞✐á♠❡tr♦ ❞❡ ❧♦s ❡♥❣r❛♥❡s✳ ❊❧ ♠ó❞✉❧♦ ❞❡❧ ❡♥❣r❛♥❡ ❞❡❜❡ s❡r ❡❧ ♠✐s♠♦ ♣❛r❛
❡❧ ❡♥❣r❛♥❡ ② ❧❛s ❝r❡♠❛❧❧❡r❛s✱ ❡❧ á♥❣✉❧♦ ❞❡ ♣r❡s✐ó♥ ❞❡ 20◦ q✉❡ ❛♣❛r❡❝❡ ♣♦r ❞❡❢❡❝t♦ s❡ ❞❡❥❛ ✐♥t❛❝t♦❀
❛ ♥♦ s❡r✱ q✉❡ ❡❧ ✉s✉❛r✐♦ ❡♠♣❧❡❛r❛ ♦tr❛s ✉♥✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❝♦♠♦ s♦♥ ❧♦s r❛❞✐❛♥❡s✱ ❡♥ ❡st❡ ❝❛s♦ ❡❧
✉s✉❛r✐♦ ❞❡❜❡ ♠♦❞✐✜❝❛r ❡❧ ✈❛❧♦r ❛ s✉s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ✉♥✐❞❛❞❡s✳ ▲❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ❧♦s ❝❡♥tr♦s ❞❡❧
❡♥❣r❛♥❡ ② ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ ② ❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ❞❡ ❛♠❜♦s ❝✉❡r♣♦s✱ s♦♥ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛❀ ♥♦
❛sí✱ ❡❧ ❛♥❝❤♦ ❞❡❧ ❡♥❣r❛♥❡ ② ❧❛ ❛♥❝❤✉r❛ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛✳ ❉❡ ♠❛♥❡r❛ q✉❡✱ ❧♦s ❞❡♠ás ♣❛rá♠❡tr♦s s❡
❞❡❥❛♥ ✐♥t❛❝t♦s✳

✷✻✾



❋✐❣✉r❛ ✻✳✶✶✻✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡❧ ❡♥❣r❛♥❡ A ② ❧❛ ❝r❡♠❛❧❧❡r❛ B✳

❋✐❣✉r❛ ✻✳✶✶✼✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡❧ ❡♥❣r❛♥❡ A ② ❝r❡♠❛❧❧❡r❛ C✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ s❛❜❡r q✉❡ ♣❛r❛ ❧❛ ❝r❡❛❝✐ó♥ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ C✱ s❡ s❡❧❡❝❝✐♦♥ó ❡❧ ❡♥❣r❛♥❡ A ❝♦♠♦
❡❧ ❡♥❣r❛♥❡ ♠♦tr✐③ ♦ ✏●❡❛r ✶✑✱ ♣❛r❛ ❡st❡ s❡❣✉♥❞♦ ♣❛r ❞❡ ❡♥❣r❛♥❡ ② ❝r❡♠❛❧❧❡r❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✶✼✳
❖tr♦ ♣✉♥t♦ ✐♠♣♦rt❛♥t❡ ❛ ❛❝❧❛r❛r✱ ❡s q✉❡ ❧❛ ❝r❡♠❛❧❧❡r❛ C r♦t❛ s♦❜r❡ ❡❧ ❡❥❡ ❛❜s♦❧✉t♦ z ✉♥ t♦t❛❧ ❞❡
180◦✱ ❧♦ q✉❡ ❡s ✐❣✉❛❧ ❛ π r❛❞✐❛♥❡s✱ ❡st♦ s❡ ❧♦❣r❛ ♠♦❞✐✜❝❛♥❞♦ ❧❛ ♦r✐❡♥t❛❝✐ó♥ ❞❡❧ ❧♦s ❡❥❡s ❝♦♦r❞❡♥❛❞♦s
❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ C✱ ♣❛r❛ ♠❛②♦r ❞❡t❛❧❧❡ r❡✈✐s❛r ❡❧ ❛♣é♥❞✐❝❡ ❉✳

✷✼✵



▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡❧ s✐st❡♠❛ ❡♥❣r❛♥❡ A ② ❧❛s ❝r❡♠❛❧❧❡r❛s B ② C✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛
✜❣✉r❛ ✻✳✶✶✽✳ ❉❡❜❡ ♥♦t❛rs❡ q✉❡ ❛❧ s❡r ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❝✐♥❡♠át✐❝❛ ❞❡❧ ❝✉❡r♣♦ rí❣✐❞♦✱ ❧♦s ❞❛t♦s ❝♦♠♦
❧❛ ♠❛s❛ ❞❡❧ ❡♥❣r❛♥❡ ② ❧❛s ❝r❡♠❛❧❧❡r❛s✱ ♥♦ s♦♥ ❞❡ ✐♥t❡rés✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛
❧♦s ❡❥❡s x ② y ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥
❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ✉♥ ❞✐s❝♦ s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦
❛❧ ❡❥❡ z✱ ♣❛r❛ ❡❧ ❡♥❣r❛♥❡ A✳

▲❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ C s♦♥ ❧❛s ♠✐s♠❛s q✉❡ ❡❧ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ B✱ ♣♦r
❧♦ q✉❡ só❧♦ ❡s ♥❡❝❡s❛r✐♦ ♠♦str❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ✉♥❛ ❝r❡♠❛❧❧❡r❛✱ ❡♥ ❡st❡ ❝❛s♦ ❧❛ ❝r❡♠❛❧❧❡r❛ B✱
✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✶✽✭❜✮✳ ❉❡ ♠❛♥❡r❛ q✉❡✱ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ A q✉❡ s❡ ♠✉❡str❛♥
❡♥ ❧❛ ✜❣✉r❛ ✻✳✶✶✽✱ ♣❡rt❡♥❡❝✐❡♥t❡ ❛❧ ♣❛r ❞❡ ❡♥❣r❛♥❡✲❝r❡♠❛❧❧❡r❛ A ② B✱ r❡s✉❧t❛ s❡r ❡❧ ♠✐s♠♦ ♣❛r❛ ❡❧
❡♥❣r❛♥❡ ♣❡rt❡♥❡❝✐❡♥t❡ ❛❧ ♣❛r ❡♥❣r❛♥❡✲❝r❡♠❛❧❧❡r❛ A ② C✳ ❊❧ ✉s✉❛r✐♦ ♥♦ ❞❡❜❡ ♣r❡♦❝✉♣❛rs❡ ❡♥ ✐♥❣r❡s❛r
♥✉❡✈❛♠❡♥t❡ ❧♦s ✈❛❧♦r❡s ✐♥❡r❝✐❛❧❡s ❛❧ ♠♦♠❡♥t♦ ❞❡ ❝r❡❛r ❡❧ ♣❛r ❡♥❣r❛♥❡✲❝r❡♠❛❧❧❡r❛ A ② C✱ ❡st♦ ❞❡❜✐❞♦
❛ q✉❡ ❆❞❛♠s ❝© ✐♥❣r❡s❛ ❞❡ ❢♦r♠❛ ❛✉t♦♠át✐❝❛ ❞✐❝❤♦s ✈❛❧♦r❡s✱ ❡st♦ ❛❧ ♠♦♠❡♥t♦ ❡♥ ❡❧ q✉❡ ❡❧ ✉s✉❛r✐♦
s❡❧❡❝❝✐♦♥❛ ❧❛ ♦♣❝✐ó♥ ✏❊①✐st✐♥❣✑✳ ❊st❛ ❢✉♥❝✐ó♥ ♣❡r♠✐t❡ s❡❧❡❝❝✐♦♥❛r ✉♥ ❝✉❡r♣♦ ②❛ ❡①✐st❡♥t❡ ❞❡♥tr♦ ❞❡❧
♠♦❞❡❧♦✱ ♣❛r❛ ❡st❡ ❝❛s♦ ❡❧ ❡♥❣r❛♥❡ A✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✶✼✳

✭❛✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ A ❞❡♥tr♦ ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡✲❝r❡♠❛❧❧❡r❛ A✲B

✭❜✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❧❛ ❝r❡♠❛❧❧❡r❛ B

❋✐❣✉r❛ ✻✳✶✶✽✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ A ② ❧❛ ❝r❡♠❛❧❧❡r❛ B✳

✷✼✶



▲❛ ✜❣✉r❛ ✻✳✶✶✾ ♠✉❡str❛ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❝♦♥t❛❝t♦ ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A✱ B ② A✱ C✳ ▲♦s
✈❛❧♦r❡s ❞❡ ❝♦♥t❛❝t♦ q✉❡ ❛♣❛r❡❝❡♥ ♣♦r ❞❡❢❡❝t♦ s❡ ❞❡❥❛♥ ✐♥t❛❝t♦s✳

❋✐❣✉r❛ ✻✳✶✶✾✿ P❛rá♠❡tr♦s ❞❡ ❝♦♥t❛❝t♦ ♣❛r❛ ❧♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❡s A✱ B ② A✱ C✳

▲❛s ✜❣✉r❛s ✻✳✶✷✵✭❛✮ ② ✻✳✶✷✵✭❜✮ ♠✉❡str❛♥ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❝♦♥❡①✐ó♥ ❞❡❧ ❡♥❣r❛♥❡ A ② ❧❛s ❝r❡♠❛✲
❧❧❡r❛s B ② C ♣❛r❛ ❛♠❜♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❡s✲❝r❡♠❛❧❧❡r❛s A✱ B ② A✱ C✳

✭❛✮ P❛rá♠❡tr♦s ❞❡ ❝♦♥❡①✐ó♥ ❞❡❧ ❡♥❣r❛♥❡ A ✭❜✮ P❛rá♠❡tr♦s ❞❡ ❝♦♥❡①✐ó♥ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ B

❋✐❣✉r❛ ✻✳✶✷✵✿ P❛rá♠❡tr♦s ❞❡ ❝♦♥❡①✐ó♥ ❞❡❧ ❡♥❣r❛♥❡ A ② ❧❛ ❝r❡♠❛❧❧❡r❛ B✳

❈♦♠♦ s❡ ♦❜s❡r✈❛ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✶✷✵✭❛✮✱ ❡❧ t✐♣♦ ❞❡ ❝♦♥❡①✐ó♥ ❞❡❧ ❡♥❣r❛♥❡ A ❡s ❞❡ r❡✈♦❧✉t❛ ② ❡stá
❝♦♥ r❡s♣❡❝t♦ ❛ ✉♥ ❝✉❡r♣♦ ♦ ♣❛rt❡ ❧❧❛♠❛❞♦ ✏P❛rt❴✹✑✳ ❊s ✐♠♣♦rt❛♥t❡ ❛❝❧❛r❛r q✉❡ ❡❧ ♥♦♠❜r❡ ❞❡ ❡st❡
❝✉❡r♣♦ ❝❛♠❜✐❛✱ ②❛ q✉❡ ❆❞❛♠s ❝© ♥♦♠❜r❛ ❧♦s ❝✉❡r♣♦s ❞❡♣❡♥❞✐❡♥❞♦ ❞❡ s✉ ♦r❞❡♥ ❞❡ ❛♣❛r✐❝✐ó♥ ❡♥ ❡❧
♠♦❞❡❧♦✳ ▲❛ ❢✉♥❝✐ó♥ ❞❡❧ ❝✉❡r♣♦ ✏P❛rt❴✹✑✱ ❡s ♦t♦r❣❛r❧❡ ❛❧ ❡♥❣r❛♥❡ A ♥♦ só❧♦ ♠♦✈✐♠✐❡♥t♦ ❞❡ r♦t❛❝✐ó♥
❜❛r✐❝é♥tr✐❝❛ s♦❜r❡ ✉♥ ❡❥❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❛❧ ♣❧❛♥♦ xy ❞❡❧ ♠♦❞❡❧♦✱ s✐♥♦ t❛♠❜✐é♥ ♦t♦r❣❛r❧❡ ♠♦✈✐♠✐❡♥t♦
❞❡ tr❛s❧❛❝✐ó♥ ❤♦r✐③♦♥t❛❧❀ ♣♦r ❧♦ q✉❡✱ ❞✐❝❤♦ ❝✉❡r♣♦ ♣♦s❡é ✉♥ ♣❛r ♣r✐s♠át✐❝♦ ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ❡❥❡ y ❞❡❧
♠♦❞❡❧♦✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✷✶✳

✷✼✷



✭❛✮ ❈✉❡r♣♦ ❛✉①✐❧✐❛r ✏P❛rt❴✹✑ ✭❜✮ P❛r ♣r✐s♠át✐❝♦ s♦❜r❡ ❡❧ ❝✉❡r♣♦ ❛✉①✐❧✐❛r

❋✐❣✉r❛ ✻✳✶✷✶✿ P❛r ♣r✐s♠át✐❝♦ ❞❡❧ ❝✉❡r♣♦ ❛✉①✐❧✐❛r✳

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✶✳✵ s❡❣✉♥❞♦s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦
❞❡ ♣❛s♦s ❞❡ ✶✵✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞✐♥á♠✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✷✷✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡
❧♦s ♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡
❝ó♠♣✉t♦✱ s✐ ❧❛s ❤❛②✳

❋✐❣✉r❛ ✻✳✶✷✷✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

▲❛ ✜❣✉r❛ ✻✳✶✷✸ ♠✉❡str❛ ❧❛ ❢✉♥❝✐ó♥ q✉❡ r✐❣❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛

✷✼✸



B ② C✳ ❈♦♠♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡♥ ❧❛ ✜❣✉r❛ ✻✳✶✷✸✱ t❛♥t♦ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ B
❝♦♠♦ ❡❧ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ B✱ ♣♦s❡é♥ ✈❛❧♦r❡s ♣♦s✐t✐✈♦s✳ ❆ s✐♠♣❧❡ ✈✐st❛✱ ♣❛r❡❝❡♥ q✉❡ ❛♠❜❛s ❝r❡♠❛❧❧❡r❛s
s❡ ❞✐r✐❣❡♥ ❛ ❧❛ ❞❡r❡❝❤❛✱ ♣❡r♦ ❡❧ ♣r♦❜❧❡♠❛ r❡q✉✐❡r❡ q✉❡ ❧❛ ❝r❡♠❛❧❧❡r❛ C s❡ ❞✐r✐❥❛ ❛ ❧❛ ✐③q✉✐❡r❞❛ ♦ ❡♥
❞✐r❡❝❝✐ó♥ ❞❡❧ ❡❥❡ ❣❧♦❜❛❧ y ♥❡❣❛t✐✈♦✱ ❡st♦ s❡ r❡s♦❧✈❡rí❛ s✐♠♣❧❡♠❡♥t❡ ❛❣r❡❣❛♥❞♦ ✉♥ s✐❣♥♦ ♥❡❣❛t✐✈♦ ❛❧
✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ C✱ ♣❡r♦ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ r❡s✉❧t❛rí❛ ♣❡r❥✉❞✐❝✐❛❧✳ ❙❡ s❛❜❡ q✉❡
❆❞❛♠s ❝© ❛s✐❣♥❛ ❞❡ ❢♦r♠❛ ❛✉t♦♠át✐❝❛ ✉♥ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❡♥ s❡♥t✐❞♦ ♣♦s✐t✐✈♦✱ ♣❡r♦ ❛❧ ♠♦♠❡♥t♦ ❡♥ ❡❧
q✉❡ ❧❛ ❝r❡♠❛❧❧❡r❛ C r♦tó 180 ❣r❛❞♦s s♦❜r❡ ❡❧ ❡❥❡ ❣❧♦❜❛❧ z ♣♦s✐t✐✈♦✱ ❧♦s ❡❥❡s r❡❧❛t✐✈♦s ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛
❝❛♠❜✐❛r♦♥ ❞❡ ♦r✐❡♥t❛❝✐ó♥ ② ♣♦r ❝♦♥s❡❝✉❡♥❝✐❛ s✉ s❡♥t✐❞♦✱ ♣♦r ❡st❛ r❛③ó♥ ❛♠❜♦s ✈❛❧♦r❡s ❞❡ ✈❡❧♦❝✐❞❛❞
s♦♥ ♣♦s✐t✐✈♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✷✹✳

✭❛✮ ❱❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ B ✭❜✮ ❱❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ C

❋✐❣✉r❛ ✻✳✶✷✸✿ ❋✉♥❝✐♦♥❡s q✉❡ r✐❣❡♥ ❧❛ ✈❡❧♦❝✐❞❛❞ ❧✐♥❡❛❧ ❞❡ ❧❛s ❝r❡♠❛❧❧❡r❛s B ② C✳

❋✐❣✉r❛ ✻✳✶✷✹✿ ❙❡♥t✐❞♦ ❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❞❡ ❧❛s ❝r❡♠❛❧❧❡r❛s B ② C✳

✷✼✹



P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✻✳✶✷✺✱ ✻✳✶✷✻✱ ✻✳✶✷✼✱ ✻✳✶✷✽✱ ✻✳✶✷✾✱
✻✳✶✸✵ ② ✻✳✶✸✶✳

❋✐❣✉r❛ ✻✳✶✷✺✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

❋✐❣✉r❛ ✻✳✶✷✻✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ tr❛s❧❛❝✐ó♥ ❞❡❧ ❝❡♥tr♦ ❞❡❧ ❡♥❣r❛♥❡ A✳

❋✐❣✉r❛ ✻✳✶✷✼✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ tr❛s❧❛❝✐ó♥ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ B✳

✷✼✺



❋✐❣✉r❛ ✻✳✶✷✽✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ tr❛s❧❛❝✐ó♥ ❞❡ ❧❛ ❝r❡♠❛❧❧❡r❛ C✳

❋✐❣✉r❛ ✻✳✶✷✾✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ tr❛s❧❛❝✐ó♥ ♣❛r❛ ❡❧ ❡♥❣r❛♥❡ A✳

❋✐❣✉r❛ ✻✳✶✸✵✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ tr❛s❧❛❝✐ó♥ ♣❛r❛ ❧❛ ❝r❡♠❛❧❧❡r❛ B✳

❋✐❣✉r❛ ✻✳✶✸✶✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ tr❛s❧❛❝✐ó♥ ♣❛r❛ ❧❛ ❝r❡♠❛❧❧❡r❛ C✳

✷✼✻



▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❆❞❛♠s ❝© s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✻✳✶✸✷✱ ✻✳✶✸✸ ② ✻✳✶✸✹✳

X: 1.0

Y: 20.0

❋✐❣✉r❛ ✻✳✶✸✷✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

X: 1.0

Y: 8.0

X: 1.0

Y: 2.0

X: 1.0

Y: -4.0

❋✐❣✉r❛ ✻✳✶✸✸✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ tr❛s❧❛❝✐ó♥ ❞❡❧ ❡♥❣r❛♥❡ A ② ❧❛s ❝r❡♠❛❧❧❡r❛s B ② C✳

❋✐❣✉r❛ ✻✳✶✸✹✿ ❘❡s✉❧t❛❞♦ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ tr❛s❧❛❝✐ó♥ ❞❡❧ ❡♥❣r❛♥❡ A ② ❧❛s ❝r❡♠❛❧❧❡r❛s B ② C✳

✷✼✼



❈♦♠♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡♥ ❧❛ ✜❣✉r❛ ✻✳✶✸✹✱ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ tr❛s❧❛❝✐♦♥❛❧ ❞❡ ❧❛ ❝r❡♠❛✲
❧❧❡r❛ B ② C s♦♥ ✐❣✉❛❧❡s ❛ ❝❡r♦✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ tr❛s❧❛❝✐♦♥❛❧ ❞❡❧ ❡♥❣r❛♥❡ A ❝♦♥t✐❡♥❡ ✉♥
♣❡r✐♦❞♦ tr❛♥s✐t♦r✐♦✱ ❝♦♥ ✉♥ t✐❡♠♣♦ ❞❡ ❞✉r❛❝✐ó♥ ❞❡ ✵✳✵✸✷ s❡❣✉♥❞♦s ② ❝♦♥ ✉♥❛ ❛♠♣❧✐t✉❞ ♠í♥✐♠❛ ❞❡
−1.3547E+010✱ ♣♦r ❧♦ q✉❡ ❡❧ ✉s✉❛r✐♦ ♣✉❡❞❡ ✐❣♥♦r❛r ❧♦s ✈❛❧♦r❡s ♣r❡s❡♥t❛❞♦s ❡♥ ❡❧ ♣❡r✐♦❞♦ tr❛♥s✐t♦r✐♦✱
♣❡r♦ ❛ s❛❜✐❡♥❞❛s q✉❡ ❡♥ ✉♥ ♠♦❞❡❧♦ r❡❛❧ ❡st❛s ♣❡rt✉r❜❛❝✐♦♥❡s s✐❡♠♣r❡ ✈❛♥ ❛ ❡①✐st✐r ② t✐❡♥❡♥ q✉❡ s❡r
t♦♠❛❞❛s ❡♥ ❝✉❡♥t❛✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐✲
❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✱ t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡
❝♦♠♣❛r❛♥ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✻✳✻ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás
❞❡t❛❧❧❛❞❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥á❧✐t✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

❚❛❜❧❛ ✻✳✻✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ 6.◦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

ω 20 rad/s 	 20.0 rad/s 	

vOA
2 ft/s → 2.0 ft/s →

vC 4 ft/s ← 4.0 ft/s ←
vB 8 ft/s → 8.0 ft/s →
aC 0 ft/s 0.0 ft/s
aB 0 ft/s 0.0 ft/s
aA 0 ft/s 0.0 ft/s

✻✳✼✳ ❙é♣t✐♠♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✾✲✹ ❞❡❧ ❧✐❜r♦ ❞❡
❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✺✵✾✳

Pr♦❜❧❡♠❛ ✼✿ ▲♦s ❡♥❣r❛♥❡s A ② B ❞❡ 10 kg ② 50 kg ❞❡ ♠❛s❛ t✐❡♥❡♥ r❛❞✐♦s ❞❡ ❣✐r♦ ❝♦♥ r❡s♣❡❝t♦
❛ s✉s r❡s♣❡❝t✐✈♦s ❝❡♥tr♦s ❞❡ ♠❛s❛ ❞❡ kA = 80mm ② kB = 150mm✳ ❙✐ ❡❧ ❡♥❣r❛♥❡ A s❡ s♦♠❡t❡ ❛ ✉♥
♠♦♠❡♥t♦ ❞❡ ♣❛rM = 10N ✲m✱ ❞❡t❡r♠✐♥❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B ❝✐♥❝♦ s❡❣✉♥❞♦s ❞❡s♣✉és
❞❡ q✉❡ ❝♦♠✐❡♥③❛ ❛ ❣✐r❛r ❞❡❧ r❡♣♦s♦✳ ▲❛s ❞✐♠❡♥s✐♦♥❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s ❡stá♥ ❞❛❞❛s ♣♦r rA = 0.1m ②
rB = 0.2m

✻✳✼✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

P✉❡st♦ q✉❡ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❡❧ ❡♥❣r❛♥❡ A ② ❡❧ ❡♥❣r❛♥❡ B✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❧❛s ❝♦♠♣♦✲
♥❡♥t❡s t❛♥❣❡♥❝✐❛❧❡s ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧ ♣✉♥t♦ P1 ❡♥tr❡ ❧♦s ❡♥❣r❛♥❡s A ② B s♦♥ ✐❣✉❛❧❡s✳ ❆ ♣❛rt✐r ❞❡
❡st❡ r❡s✉❧t❛❞♦ s❡ ♦❜t✐❡♥❡♥ ❞♦s r❡❧❛❝✐♦♥❡s✱ ❧❛ ♣r✐♠❡r❛ ❡♥tr❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s
A ② B ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s ② ❧❛ s❡❣✉♥❞❛ ❡♥tr❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ②
B ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉s r❛❞✐♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✸✺ ② ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✻✳✸✵✮ ② ✭✻✳✸✶✮✳

✷✼✽



❋✐❣✉r❛ ✻✳✶✸✺✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ✶✾✲✹ ❍✐❜❜❡❧❡r❬✶✽❪✳

❆♥á❧✐s✐s ❞❡ ✈❡❧♦❝✐❞❛❞✳

~ωA × ~rP1/OA
= −ωAk̂ × rAî = −ωA rAĵ = vAP1

= vBP1
= ~ωB × ~rP1/OB

= ωBk̂ ×−rB î = ωB rB ĵ

P♦r ❝♦♥s✐❣✉✐❡♥t❡✿

rA ωA = rB ωB ❞♦♥❞❡ ωB =
rA
rB

ωA ✭✻✳✸✵✮

❆♥á❧✐s✐s ❞❡ ❛❝❡❧❡r❛❝✐ó♥✳

~αA × ~rP1/OA
= −αAk̂ × rAî = −αA rAĵ = atAP1

= atBP1
= ~αB × ~rP1/OB

= αBk̂ ×−rB î = αB rB ĵ

❉❡ ♠❛♥❡r❛ q✉❡✿
rA αA = rB αB ❞♦♥❞❡ αA =

rB
rA

αB ✭✻✳✸✶✮

❈♦♥ ❡st♦s r❡s✉❧t❛❞♦s t❡r♠✐♥❛ ❧❛ ♣❛rt❡ ❝✐♥❡♠át✐❝❛ ❞❡❧ ♣r♦❜❧❡♠❛✳

P❛r❛ ❧❛ ❝✐♥ét✐❝❛ ❞❡❧ s✐st❡♠❛ ❡s ♥❡❝❡s❛r✐♦ ❛♥❛❧✐③❛r ❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡✱ t❛♥t♦ ❞❡❧ ❡♥❣r❛♥❡
A ❝♦♠♦ ❞❡❧ B✳ ❆♣❧✐❝❛♥❞♦ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ✐♠♣✉❧s♦ ❡ í♠♣❡t✉ s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡①♣r❡s✐ó♥ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞
❛♥❣✉❧❛r ωA✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✸✻ ② ❧❛ ❡❝✉❛❝✐ó♥✭✻✳✸✷✮

❊❝✉❛❝✐ó♥ ❞❡ ✐♠♣✉❧s♦ ❛♥❣✉❧❛r ♣❛r❛ ✉♥ ❝✉❡r♣♦ rí❣✐❞♦ ❊ ❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❡❥❡ ✜❥♦✱
r❡s♣❡❝t♦ ❛ ✉♥ ♣✉♥t♦ ❛r❜✐tr❛r✐♦ O✳

IE (~ωE)1 +
E
∑

Fext

(
∫ t

0

ME dt

)

= IE (~ωE)1 +
E
∑

Fext

(
∫ t

0

~rP/O × ~Fext dt

)

= IE (~ωE)2 ✭✻✳✸✷✮

✷✼✾



❋✐❣✉r❛ ✻✳✶✸✻✿ ❉✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡❧ ♣r♦❜❧❡♠❛✳

❆♥❛❧✐③❛♥❞♦ ❡❧ ❞✐❛❣r❛♠❛ ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡❧ ❡♥❣r❛♥❡ A✳

❈♦♠♦ ❡❧ ❡♥❣r❛♥❡ A ♣❛rt❡ ❞❡❧ r❡♣♦s♦✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ✐♥✐❝✐❛❧ ❞❡❧ ❡♥❣r❛♥❡ A ❡s ✐❣✉❛❧ ❛ ❝❡r♦✱
❞❡ ♠❛♥❡r❛ q✉❡ IOA

(ωA)1 = 0✳ P♦r ❧♦ q✉❡✿

−
∫ t

0

M dt+

∫ t

0

F (rA) dt = −IOA
(ωA)2

❉❡s♣❡❥❛♥❞♦ ❧❛ ❢✉❡r③❛ F ✱ s❡ ♦❜t✐❡♥❡✿

∫ t

0

F dt =

[

−IOA
(ωA) +

∫ t

0

M dt

](

1

rA

)

✭✻✳✸✸✮

❆♥❛❧✐③❛♥❞♦ ❡❧ ❞✐❛❣r❛♠❛ ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡❧ ❡♥❣r❛♥❡ B✳

❈♦♠♦ ❡❧ ❞✐s❝♦ B ♣❛rt❡ ❞❡❧ r❡♣♦s♦✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ✐♥✐❝✐❛❧ ❞❡❧ ❞✐s❝♦ B ❡s ✐❣✉❛❧ ❛ ❝❡r♦✱ ❞❡
♠❛♥❡r❛ q✉❡ IOB

(ωB)1 = 0✳ ❉❡ ♠♦❞♦ q✉❡✿

∫ t

0

F (rB) dt = IOB
(ωB)2

❉❡s♣❡❥❛♥❞♦ ❧❛ ❢✉❡r③❛ F ✱ r❡s✉❧t❛✿

∫ t

0

F dt =

(

1

rB

)

IOB
ωB ✭✻✳✸✹✮

■❣✉❛❧❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✸✸✮ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✸✹✮ ② s✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✸✵✮✱ s❡ ♦❜t✐❡♥❡✿

(

−IOA
ωA +

∫ t

0

M dt

)(

1

rA

)

=

(

1

rB

)

IOB

(

rA
rB

ωA

)

✷✽✵



❉❡s♣❡❥❛♥❞♦ ωA ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ ❞❛ ❝♦♠♦ r❡s✉❧t❛❞♦

ωA =
(M) t

(

rA
rB

)2

IOB
+ IOA

rad/s ✭✻✳✸✺✮

❙❡ s❛❜❡ q✉❡ ❧♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡ ❛♠❜♦s ❡♥❣r❛♥❡s ❡stá♥ ❞❡✜♥✐❞♦s ❝♦♠♦✿

IOA
= mAk

2

A = (10 kg) (0.08m)2 = 0.064 kg✲m2

IOB
= mBk

2

B = (50 kg) (0.15m)2 = 1.125 kg✲m2

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✸✺✮✱ r❡s✉❧t❛

ωA =
10 (5)

(

0.1
0.2

)2

(1.125) + 0.064

N −m− s

kg −m2
= 144.8225923 rad/s �

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✸✵✮ ② s✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s✱ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞
❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B✱ s❡ ♦❜t✐❡♥❡✿

ωB =

(

0.1

0.2

)

(144.8225923 rad/s) = 72.41129615 rad/s 	

❆❤♦r❛ ❛♣❧✐❝❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r ❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❡♥❣r❛♥❡s s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡①♣r❡s✐ó♥ ♣❛r❛
❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r αA✳

❉❡ ♠❛♥❡r❛ q✉❡✱ ❞❡ ❧❛ s✉♠❛ ❞❡ ♠♦♠❡♥t♦s ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣✉♥t♦ OA ❞❡❧ ❡♥❣r❛♥❡ A✱ ❞❛ ❝♦♠♦
r❡s✉❧t❛❞♦✿

ΣMOA
= −IOA

αA F rA −M = −IOA
αA ✭✻✳✸✻✮

❆❤♦r❛ ❜✐❡♥✱ ❞❡ ❧❛ s✉♠❛ ❞❡ ♠♦♠❡♥t♦s ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣✉♥t♦ OB ❞❡❧ ❡♥❣r❛♥❡ B✱ s❡ ❞❡❞✉❝❡✿

ΣMOB
= IOB

αB F rB = IOB
αB

P♦r ❧♦ q✉❡✿

F =

(

1

rB

)

IOB
αB ✭✻✳✸✼✮

❙✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✸✼✮ ② ✭✻✳✸✶✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✸✻✮✱ r❡s✉❧t❛✿

IOB
αB

(

rA
rB

)

−M = −IOA

(

rB
rA

)

αB

❉❡s♣❡❥❛♥❞♦ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r αB✱ s❡ ❧❧❡❣❛ ❛✿

αB =
M

IOB

(

rA
rB

)

+ IOA

(

rB
rA

) ✭✻✳✸✽✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ s❡ ♦❜t✐❡♥❡✿

αB =
10

(

0.1
0.2

)

(1.125) + 0.064
(

0.2
0.1

)

N −m

kg −m2
= 14.48225923 rad/s2 	

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✸✶✮✱ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧
❡♥❣r❛♥❡ A ❡s ✐❣✉❛❧ ❛✿

αA =

(

0.2

0.1

)

(

14.48225923 rad/s2
)

= 28.96451846 rad/s2 �

✷✽✶



✻✳✼✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá s✐♠✉❧❛♥❞♦ ❡❧ s✐st❡♠❛ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❡♥❣r❛♥❡s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r② ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✱ ❡s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r q✉❡ ❡♥ ❡st❛
s❡❝❝✐ó♥ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s✳
❊st♦s ✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✹✱ ❡♥ ❧❛ ♣á❣✐♥❛ ✷✷ ❞❡ ❡st❡
tr❛❜❛❥♦✳ ❊s ♥❡❝❡s❛r✐♦ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ❡♥❣r❛♥❡s s❡ ❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥ ❞❡ s✉♠❛
✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐♥❛❞❛ ✏❙✐♠♣❧✐✜❡❞✑ ✳

✭❛✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s ✭❜✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡ ❛❧❛♠❜r❡

❋✐❣✉r❛ ✻✳✶✸✼✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❊❧ t✐♣♦ ❞❡ ❡♥❣r❛♥❡ ❡s ❡❧ ♠✐s♠♦ ♣❛r❛ t♦❞♦s ❧♦s ❡♥❣r❛♥❡s ❞❡❧ ♠♦❞❡❧♦✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✸✽✳ ❈♦♠♦
♣✉❡❞❡ ♦❜s❡r✈❛rs❡ s❡ s❡❧❡❝❝✐♦♥ó ✉♥ ❡♥❣r❛♥❡ t✐♣♦ r❡❝t♦ ♦ ✏s♣✉r✑✳

❋✐❣✉r❛ ✻✳✶✸✽✿ ❚✐♣♦s ❞❡ ❡♥❣r❛♥❡s ❡♠♣❧❡❛❞♦s ♣♦r ❆❞❛♠s ❝© ♣❛r❛ ❧♦s ❡♥❣r❛♥❡s A ② B✳

▲❛ ✜❣✉r❛ ✻✳✶✸✾ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ q✉❡ ❞❡❜❡ s❡r
❡❧ ♠✐s♠♦ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ❡♥❣r❛♥❡ ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦✳ ❊s ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡❧ ♠ét♦❞♦ ❞❡
❛♥á❧✐s✐s ❡s ❡❧ ❞❡♥♦♠✐♥❛❞♦ ✏❙✐♠♣❧✐✜❡❞✑ ✳

✷✽✷



❋✐❣✉r❛ ✻✳✶✸✾✿ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝© ♣❛r❛ ❧♦s ❡♥❣r❛♥❡s A ② B✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛
s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✻✳✶✹✵✳

❋✐❣✉r❛ ✻✳✶✹✵✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡ A ② B s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✶✹✶✳ ❊❧
✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ s❡❧❡❝❝✐♦♥❛r ❧♦s r❛❞✐♦s ♣r✐♠✐t✐✈♦s ♦ ❞❡ ♣❛s♦ ✐❣✉❛❧❡s ❛ ❧♦s ✐♥❞✐❝❛❞♦s ❡♥
❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡❧ ♣r♦❜❧❡♠❛✱ ❛❞❡♠ás ❞❡ s❡❧❡❝❝✐♦♥❛r ✉♥❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❛❝♦r❞❡ ❝♦♥ ❧♦s r❛❞✐♦s
❞❡ ❧♦s ❡♥❣r❛♥❡s✳ ❊♥ ❡st❡ ❝❛s♦✱ ❞❡❜❡ ♥♦t❛rs❡ q✉❡ ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B
❞❡❜❡ s❡r ✐❣✉❛❧ ❛ ❧❛ s✉♠❛ ❞❡ ❧♦s r❛❞✐♦s ❞❡ ♣❛s♦ ❞❡ ❛♠❜♦s ❡♥❣r❛♥❡s✳

▲♦s ♣❛rá♠❡tr♦s ❞❡ ♠❛②♦r ✐♠♣♦rt❛♥❝✐❛ ♣❛r❛ ✉♥ ✉s✉❛r✐♦ ♥♦ ❡①♣❡r✐♠❡♥t❛❞♦ ❛❧ ♠♦♠❡♥t♦ ❞❡ ❞✐s❡ñ❛r
❛❧❣ú♥ s✐st❡♠❛ ❝♦♥ ❡♥❣r❛♥❡s✱ ❡s ❡❧ ♠ó❞✉❧♦ ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s✳ ❊st❡ ❞❡♣❡♥❞❡rá ❞❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s
② ❡❧ ❞✐á♠❡tr♦ ❞❡ ♣❛s♦ ❞❡ ❧♦s ❡♥❣r❛♥❡s❀ ♣❛r❛ ❡❧❧♦ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ r❡❝♦r❞❛r q✉❡ ❡❧ ♣❛s♦ ❝✐r❝✉❧❛r ② ❡❧
♠ó❞✉❧♦ ❞❡❜❡♥ s❡r ✐❣✉❛❧❡s ♣❛r❛ ❛♠❜♦s ❡♥❣r❛♥❡s✳ ❊❧ á♥❣✉❧♦ ❞❡ ♣r❡s✐ó♥ ❞❡ 20◦ q✉❡ ❛♣❛r❡❝❡ ♣♦r ❞❡❢❡❝t♦
s❡ ❞❡❥❛ ✐♥t❛❝t♦✱ ❛ ♥♦ s❡r✱ q✉❡ ❡❧ ✉s✉❛r✐♦ ❡♠♣❧❡❛r❛ ♦tr❛s ✉♥✐❞❛❞❡s ❛♥❣✉❧❛r❡s✱ ❝♦♠♦ s♦♥ ❧♦s r❛❞✐❛♥❡s❀
❡♥ ❡st❡ ❝❛s♦ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ♠♦❞✐✜❝❛r ❡❧ ✈❛❧♦r ❛ s✉s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ✉♥✐❞❛❞❡s✳ ▲❛s ❝♦♦r❞❡♥❛❞❛s ❞❡
❧♦s ❝❡♥tr♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s ② ❡❧ ♥ú♠❡r♦ ❞❡ ❞✐❡♥t❡s ❞❡ ❛♠❜♦s ❡♥❣r❛♥❡s s♦♥ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛✱ ♥♦
❛sí ❡❧ ❡s♣❡s♦r ❞❡ ❧♦s ❞✐❡♥t❡s✳ ❉❡ ♠❛♥❡r❛ q✉❡✱ ❧♦s ❞❡♠ás ♣❛rá♠❡tr♦s s❡ ❞❡❥❛♥ ✐♥t❛❝t♦s✳

✷✽✸



❋✐❣✉r❛ ✻✳✶✹✶✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② C✳

▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❡❛❥❡s✱ A ② B s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✶✹✷✳
▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡ ❛♥á❧✐s✐s❀ s✐♥
❡♠❜❛r❣♦ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ✉♥ ❞✐s❝♦ s❡❛♥ ✐❣✉❛❧❡s ❛ ❧❛
♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✳

✭❛✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ A

✭❜✮ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ B

❋✐❣✉r❛ ✻✳✶✹✷✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

✷✽✹



▲❛ ✜❣✉r❛ ✻✳✶✹✸ ♠✉❡str❛ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❝♦♥t❛❝t♦ ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② B✳ ▲♦s ✈❛❧♦r❡s
❞❡ ❝♦♥t❛❝t♦ q✉❡ ❛♣❛r❡❝❡♥ ♣♦r ❞❡❢❡❝t♦ s❡ ❞❡❥❛♥ ✐♥t❛❝t♦s✳

❋✐❣✉r❛ ✻✳✶✹✸✿ P❛rá♠❡tr♦s ❞❡ ❝♦♥t❛❝t♦ ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② B✳

▲❛ ✜❣✉r❛ ✻✳✶✹✹ ♠✉❡str❛ ❧❛ ❢✉♥❝✐ó♥ ❞❡❧ t♦rq✉❡ s♦❜r❡ ❡❧ ❡♥❣r❛♥❡ A✳

✭❛✮ P❛rá♠❡tr♦s ❞❡❧ t♦rq✉❡ ✭❜✮ ❈r❡❛❝✐ó♥ ❞❡ ✉♥ t♦rq✉❡

❋✐❣✉r❛ ✻✳✶✹✹✿ ❈r❡❛❝✐ó♥ ② ♣❛rá♠❡tr♦s ❞❡ ✉♥ t♦rq✉❡ s♦❜r❡ ❡❧ ❡♥❣r❛♥❡ A✳

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✺ s❡❣✉♥❞♦s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦ ❞❡
♣❛s♦s ❞❡ ✷✵✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞✐♥á♠✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✹✺✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s
♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱
s✐ ❧❛s ❤❛②✳

✷✽✺



❋✐❣✉r❛ ✻✳✶✹✺✿ ❚✐❡♠♣♦✱ ♥ú♠❡r♦ ❞❡ ♣❛s♦s ② t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡
❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✻✳✶✹✻ ② ✻✳✶✹✼✳

✭❛✮ ❙♦❧✐❝✐tú❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A

✭❜✮ ❙♦❧✐❝✐tú❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B

❋✐❣✉r❛ ✻✳✶✹✻✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

✷✽✻



✭❛✮ ❙♦❧✐❝✐tú❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A

✭❜✮ ❙♦❧✐❝✐tú❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B

❋✐❣✉r❛ ✻✳✶✹✼✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❆❞❛♠s ❝© s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✻✳✶✹✽ ② ✻✳✶✹✾✳

X: 5.0

Y: -144.8226

X: 5.0

Y: 72.4113

❋✐❣✉r❛ ✻✳✶✹✽✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

✷✽✼



X: 5.0

Y: -28.9645

X: 5.0

Y: 14.4823

❋✐❣✉r❛ ✻✳✶✹✾✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐✲
❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❧❛ s✐♠✉❧❛❝✐ó♥✱ t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥
❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✻✳✼ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛
❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥á❧✐t✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

❚❛❜❧❛ ✻✳✼✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ 7.◦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

αA 28.96451846 rad/s2 � 28.9645 rad/s2 �

αB 14.48225923 rad/s2 	 14.4823 rad/s2 	

ωA 144.8225923 rad/s � 144.8226 rad/s �

ωB 72.41129615 rad/s 	 72.4113 rad/s 	

✻✳✽✳ ❖❝t❛✈♦ ♣r♦❜❧❡♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❧❛ s♦❧✉❝✐ó♥ ② s✐♠✉❧❛❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✾✲✶✶ ❞❡❧ ❧✐❜r♦ ❞❡
❍✐❜❜❡❧❡r ❬✶✽❪✱ ✐♥❝❧✉✐❞♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✺✶✷✳

Pr♦❜❧❡♠❛ ✽✿ ❯♥ ♠♦t♦r tr❛♥s♠✐t❡ ✉♥ ♣❛r ❞❡ t♦rs✐ó♥ M = 0.05N ✲m ❛❧ ❡♥❣r❛♥❡ A✳ ❉❡t❡r♠✐♥❡ ❧❛
✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s tr❡s ❡♥❣r❛♥❡s ♣❡q✉❡ñ♦s ✭✐❣✉❛❧❡s✮ 2 s ❞❡s♣✉és ❞❡ q✉❡ ❝♦♠✐❡♥③❛
❛ ❣✐r❛r ❞❡s❞❡ ❡❧ r❡♣♦s♦✳ ▲♦s ❡♥❣r❛♥❡s ♣❡q✉❡ñ♦s B ❡stá♥ ♠♦♥t❛❞♦s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ ♣❛s❛❞♦r ❡♥ s✉s
❝❡♥tr♦s✳ ❉♦♥❞❡ ❧♦s r❛❞✐♦s✱ ❧❛s ♠❛s❛s ② ❧♦s r❛❞✐♦s ❞❡ ❣✐r♦ ❞❡ ❧❛s ♣♦❧❡❛s ❡stá♥ ❞❛❞❛s ♣♦r✿ rA = 40mm✱
rB = 20mm✱ mA = 0.8 kg✱ mB = 0.3 kg✱ kA = 31mm ② kB = 15mm✳

✷✽✽



❋✐❣✉r❛ ✻✳✶✺✵✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✾✲✶✶ ❍✐❜❜❡❧❡r ❬✶✽❪✳

✻✳✽✳✶✳ ❙♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛✳

P✉❡st♦ ♥♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦ ❡♥tr❡ ❡❧ ❡♥❣r❛♥❡ A ② ❡❧ ❡♥❣r❛♥❡ B✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❧❛s ❝♦♠♣♦♥❡♥t❡s
t❛♥❣❡♥❝✐❛❧❡s ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ P1 ❡♥tr❡ ❧♦s ❡♥❣r❛♥❡s A ② B s♦♥ ✐❣✉❛❧❡s✳ ❆ ♣❛rt✐r ❞❡ ❡st♦ s❡
♦❜t✐❡♥❡♥ ❞♦s r❡❧❛❝✐♦♥❡s✱ ❧❛ ♣r✐♠❡r❛ ❡♥tr❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B ❡♥ ❢✉♥❝✐ó♥
❞❡ s✉s r❛❞✐♦s ② ❧❛ s❡❣✉♥❞❛ ❡♥tr❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B ❡♥ ❢✉♥❝✐ó♥ ❞❡
s✉s r❛❞✐♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✺✶ ② ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✻✳✸✾✮ ② ✭✻✳✹✵✮✳

❆♥á❧✐s✐s ❞❡ ✈❡❧♦❝✐❞❛❞✳

~ωB × ~rP1/OB
= ωBk̂ × rB î = ωB rB ĵ = vBP1

= vAP1
= ~ωA × ~rP1/OA

= −ωAk̂ ×−rAî = ωA rAĵ

❉❡ ♠❛♥❡r❛ q✉❡✿
rA ωA = rB ωB ❞♦♥❞❡ ωB =

rA
rB

ωA ✭✻✳✸✾✮

❆♥á❧✐s✐s ❞❡ ❛❝❡❧❡r❛❝✐ó♥✳

~αB × ~rP1/OB
= αBk̂ × rB î = αB rB ĵ = atBP1

= atAP1
= ~αA × ~rP1/OA

= −αAk̂ ×−rAî = αA rAĵ

❉❡ ❛q✉í q✉❡✿
rA αA = rB αB ❞♦♥❞❡ αA =

rB
rA

αB ✭✻✳✹✵✮

✷✽✾



❉❡❜✐❞♦ ❛ q✉❡ ❧♦s tr❡s ❡♥❣r❛♥❡s ♣♦s❡é♥ ❧❛s ♠✐s♠❛s ❝❛r❛❝t❡ríst✐❝❛s ❣❡♦♠étr✐❝❛s ❡ ✐♥❡r❝✐❛❧❡s✱ t❛♥t♦
❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ωB ❝♦♠♦ ❡❧ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r αB s♦♥ ✐❣✉❛❧❡s ♣❛r❛ ❧♦s ❡♥❣r❛♥❡s C ② D✱
♣♦r ❡st♦ ♠✐s♠♦ só❧♦ ❢✉é ♥❡❝❡s❛r✐♦ ❤❛❝❡r ✉♥❛ ❛♥á❧✐s✐s ❞❡ ✈❡❧♦❝✐❞❛❞ ② ❛❝❡❧❡r❛❝✐ó♥ ❡♥tr❡ ❡❧ ❡♥❣r❛♥❡ A
② B❀ ♥♦ ♦❜st❛♥t❡ ♣❛r❛ ❡❧ ❛♥á❧✐s✐s ❝✐♥ét✐❝♦ s✐ ❤❛② q✉❡ ❝♦♥s✐❞❡r❛r ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ♥♦ só❧♦ ❞❡❧ ❡♥❣r❛♥❡
B s✐ ♥♦ t❛♠❜✐é♥ ❞❡❧ ❡♥❣r❛♥❡ C ② D✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✺✵✳

❈♦♥ ❡st♦s r❡s✉❧t❛❞♦s t❡r♠✐♥❛ ❧❛ ♣❛rt❡ ❝✐♥❡♠át✐❝❛ ❞❡❧ ♣r♦❜❧❡♠❛✳

P❛r❛ ❧❛ ❝✐♥ét✐❝❛ ❞❡❧ s✐st❡♠❛ ❡s ♥❡❝❡s❛r✐♦ ❛♥❛❧✐③❛r ❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❝✉❡r♣♦ ❧✐❜r❡✱ t❛♥t♦ ❞❡❧ ❡♥❣r❛♥❡
A ❝♦♠♦ ❞❡❧ B✳ ❆♣❧✐❝❛♥❞♦ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ✐♠♣✉❧s♦ ② ♠♦♠❡♥t✉♠ ✭❝❛♥t✐❞❛❞ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❛♥❣✉❧❛r✮
s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡①♣r❡s✐ó♥ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ωA✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✺✶ ② ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✹✶✮✳

❊❝✉❛❝✐ó♥ ❞❡ ✐♠♣✉❧s♦ ❛♥❣✉❧❛r ♣❛r❛ ✉♥ ❝✉❡r♣♦ rí❣✐❞♦ E ❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❡❥❡ ✜❥♦✱
r❡s♣❡❝t♦ ❛ ✉♥ ♣✉♥t♦ ❛r❜✐tr❛r✐♦ O✱ ✈❡❛ ❬✸✽❪✳

IE (~ωE)1 +
E
∑

Fext

(
∫ t

0

ME dt

)

= IE (~ωE)1 +
E
∑

Fext

(
∫ t

0

~rP/O × ~Fext dt

)

= IE (~ωE)2 ✭✻✳✹✶✮

❋✐❣✉r❛ ✻✳✶✺✶✿ ❉✐❛❣r❛♠❛ ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡❧ ♣r♦❜❧❡♠❛✳

✷✾✵



❆♥❛❧✐③❛♥❞♦ ❡❧ ❞✐❛❣r❛♠❛ ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡❧ ❡♥❣r❛♥❡ A✳

❈♦♠♦ ❡❧ ❡♥❣r❛♥❡ A ♣❛rt❡ ❞❡❧ r❡♣♦s♦✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ✐♥✐❝✐❛❧ ❞❡❧ ❡♥❣r❛♥❡ A ❡s ✐❣✉❛❧ ❛ ❝❡r♦✱
❞❡ ♠❛♥❡r❛ q✉❡ IOA

(ωA)1 = 0✳ P♦r ❧♦ q✉❡✿

−
∫ t

0

M dt+ 3

∫ t

0

F (rA) dt = −IOA
(ωA)2

❉❡s♣❡❥❛♥❞♦ ❧❛ ❢✉❡r③❛ F ✱ s❡ ♦❜t✐❡♥❡✿

3

∫ t

0

F dt =

(

1

rA

)(
∫ t

0

M dt− IOA
ωA

)

✭✻✳✹✷✮

❆♥❛❧✐③❛♥❞♦ ❡❧ ❞✐❛❣r❛♠❛ ❞❡ ❝✉❡r♣♦ ❧✐❜r❡ ❞❡❧ ❡♥❣r❛♥❡ B✳

❈♦♠♦ ❡❧ ❞✐s❝♦ B ♣❛rt❡ ❞❡❧ r❡♣♦s♦✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ✐♥✐❝✐❛❧ ❞❡❧ ❞✐s❝♦ B ❡s ✐❣✉❛❧ ❛ ❝❡r♦✱ ❞❡
♠❛♥❡r❛ q✉❡ IOB

(ωB)1 = 0✳ ❉❡ ♠❛♥❡r❛ q✉❡✿

∫ t

0

F (rB) dt = IOB
(ωB)2

❉❡s♣❡❥❛♥❞♦ ❧❛ ❢✉❡r③❛ F ✱ s❡ ♦❜t✐❡♥❡✿

∫ t

0

F dt =

(

1

rB

)

IOB
ωB ✭✻✳✹✸✮

❙✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✹✸✮ ② ✭✻✳✸✾✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✹✷✮✱ ❞❡ ♠♦❞♦ q✉❡✿

(

−IOA
ωA +

∫ t

0

M dt

)(

1

rA

)

=

(

1

rB

)

IOB

(

rA
rB

)

ωA

❉❡s♣❡❥❛♥❞♦ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ωA✱ r❡s✉❧t❛✿

ωA =
(M) t

3
(

rA
rB

)2

+ IOA

✭✻✳✹✹✮

❙❡ s❛❜❡ q✉❡ ❧♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❞❡ ❛♠❜♦s ❡♥❣r❛♥❡s ❡stá♥ ❞❡✜♥✐❞♦s ❝♦♠♦✿

IOA
= mAk

2

A = (0.8 kg) (0.031m)2 = 7.688× 10−4 kg −m2

IOB
= mBk

2

B = (0.3 kg) (0.015m)2 = 6.75× 10−5 kg −m2

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✹✹✮✱ r❡s✉❧t❛✿

ωA =
(0.05) (2)

3 (2)2 (6.75× 10−5) + (7.688× 10−4)

N −m

kg −m2
= 63.339245 rad/s �

✷✾✶



❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✸✾✮ ② s✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s✱ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞
❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B✱ s❡ ♦❜t✐❡♥❡✿

ωB =

(

40

20

)

(63.339245 rad/s) = 126.67849 rad/s 	

❆❤♦r❛ ❛♣❧✐❝❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r ❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❡♥❣r❛♥❡s s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡①♣r❡s✐ó♥ ♣❛r❛
❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r αA✳

❉❡ ❧❛ s✉♠❛ ❞❡ ♠♦♠❡♥t♦s ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣✉♥t♦ OA ❞❡❧ ❡♥❣r❛♥❡ A✱ s❡ ♦❜t✐❡♥❡✿

ΣMOA
= −IOA

αA t❛❧ q✉❡ 3F rA −M = −IOA
αA ✭✻✳✹✺✮

❉❡ ❧❛ s✉♠❛ ❞❡ ♠♦♠❡♥t♦s ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣✉♥t♦ OB ❞❡❧ ❡♥❣r❛♥❡ B✱ s❡ ♦❜t✐❡♥❡✿

ΣMOB
= IOB

αB t❛❧ q✉❡ F rB = IOB
αB

❉❡ ♠❛♥❡r❛ q✉❡✿

F =

(

1

rB

)

IOB
αB ✭✻✳✹✻✮

❙✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✹✻✮ ② ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✹✵✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✹✺✮✱ ② ❞❡s♣❡❥❛♥❞♦ ❧❛ ❛❝❡✲
❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r αB✱ r❡s✉❧t❛✿

αB =
M

3
(

rA
rB

)

IOB
+ IOA

(

rB
rA

) ✭✻✳✹✼✮

❙✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ r❡s✉❧t❛✿

αB =
0.05

3 (6.75× 10−5)
(

40

20

)

+ (7.688× 10−4)
(

20

40

)

N −m

kg −m2
= 63.339245 rad/s2 	

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✹✵✮ ② s✉st✐t✉②❡♥❞♦ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s✱ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥
❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✱ r❡s✉❧t❛✿

αA =

(

20

40

)

(

63.339245 rad/s2
)

= 31.6696225 rad/s2 �

✷✾✷



✻✳✽✳✷✳ ❙✐♠✉❧❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r②✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡rá s✐♠✉❧❛♥❞♦ ❡❧ s✐st❡♠❛ ❡♠♣❧❡❛♥❞♦ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❞❡
❡♥❣r❛♥❡s ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r②✱ ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳ ❊s ✐♠♣♦rt❛♥t❡ s❡ñ❛❧❛r q✉❡ ❡♥
❡st❛ s❡❝❝✐ó♥ ♥♦ s❡ ❞✐s❝✉t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s✳
❊st♦s ✐♠♣♦rt❛♥t❡s ❞❡t❛❧❧❡s ②❛ s❡ ❛♥❛❧✐③❛r♦♥ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✹✱ ❡♥ ❧❛ ♣á❣✐♥❛ ✷✷ ❞❡ ❡st❡
tr❛❜❛❥♦✳ ❊s ♥❡❝❡s❛r✐♦ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦ ❞❡ ❡♥❣r❛♥❡s s❡ ❡♠♣❧❡❛ ✉♥❛ ♦♣❝✐ó♥ ❞❡ s✉♠❛
✐♠♣♦rt❛♥❝✐❛ ❞❡♥♦♠✐♥❛❞❛ ✏❙✐♠♣❧✐✜❡❞✑ ✳

❊❧ ♠♦❞❡❧♦ ❡♥ ❆❞❛♠s ❝© q✉❡ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡❧ ♣r♦❜❧❡♠❛ ✶✾✲✶✶ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✻✳✶✺✷✳

✭❛✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ❝♦♥ só❧✐❞♦s s♦♠❜r❡❛❞♦s ✭❜✮ ❱✐st❛ ❞❡❧ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥ ♠❛r❝♦ ❞❡ ❛❧❛♠❜r❡

❋✐❣✉r❛ ✻✳✶✺✷✿ ▼♦❞❡❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❆❞❛♠s ❝©✳

❊❧ t✐♣♦ ❞❡ ❡♥❣r❛♥❡ ❡s ❡❧ ♠✐s♠♦ ♣❛r❛ t♦❞♦s ❧♦s ❡♥❣r❛♥❡s ❞❡❧ ♠♦❞❡❧♦✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✺✸✳ ❈♦✲
♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ s❡ s❡❧❡❝❝✐♦♥ó ✉♥ ❡♥❣r❛♥❡ t✐♣♦ r❡❝t♦ ♦ ✏s♣✉r✑✳ ❊s ✐♠♣♦rt❛♥t❡ ❛❝❧❛r❛r q✉❡
❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r② só❧♦ ♣✉❡❞❡ ❝r❡❛r ✉♥ ♣❛r ❞❡ ❡♥❣r❛♥❡✳

❋✐❣✉r❛ ✻✳✶✺✸✿ ❚✐♣♦s ❞❡ ❡♥❣r❛♥❡s ❡♠♣❧❡❛❞♦s ♣♦r ❆❞❛♠s ❝© ♣❛r❛ ❧♦s ❡♥❣r❛♥❡s A✱ B✱ C ② D✳

✷✾✸



▲❛ ✜❣✉r❛ ✻✳✶✺✹ ♠✉❡str❛ ❡❧ t✐♣♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ s✐st❡♠❛✱ ❞✐❝❤♦ ♠ét♦❞♦
❞❡❜❡ s❡r ❡❧ ❡♠♣❧❡❛❞♦ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ❡♥❣r❛♥❡ ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦✳

❋✐❣✉r❛ ✻✳✶✺✹✿ ▼ét♦❞♦ ❞❡ ❛♥á❧✐s✐s ❡♠♣❧❡❛❞♦ ♣♦r ❆❞❛♠s ❝© ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② B✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ ♣r❡st❛r ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛s ✉♥✐❞❛❞❡s ❛ ✉t✐❧✐③❛r ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛
s❡ ✉t✐❧✐③❛r♦♥ ❧❛s ✉♥✐❞❛❞❡s ♠♦str❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✻✳✶✺✺✳

❋✐❣✉r❛ ✻✳✶✺✺✿ ❯♥✐❞❛❞❡s ❡♠♣❧❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❆❞❛♠s ❝©✳

▲♦s ♣❛rá♠❡tr♦s ❣❡♦♠étr✐❝♦s ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡ A✲B✱ A✲C ② A✲D s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s
✻✳✶✺✻ ② ✻✳✶✺✼✳ ❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ s❡❧❡❝❝✐♦♥❛r ❧♦s r❛❞✐♦s ♣r✐♠✐t✐✈♦s ♦ ❞❡ ♣❛s♦ ✐❣✉❛❧❡s
❛ ❧♦s ✐♥❞✐❝❛❞♦s ❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡❧ ♣r♦❜❧❡♠❛ ② s❡❧❡❝❝✐♦♥❛r ✉♥❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❝❡♥tr♦s ❛❝♦r❞❡ ❝♦♥
❧♦s r❛❞✐♦s ❞❡ ❧♦s ❡♥❣r❛♥❡s✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ s❛❜❡r q✉❡ ♣❛r❛ ❧❛ ❝r❡❛❝✐ó♥ ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A✲C ② A✲D✱ s❡ s❡❧❡❝❝✐♦♥ó ✉♥
❡♥❣r❛♥❡ ②❛ ❡①✐st❡♥t❡ ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦✱ ❡♥ ❡st❡ ❝❛s♦ s❡ s❡❧❡❝❝✐♦♥ó ❡❧ ❡❧ ❡♥❣r❛♥❡ A ❝♦♠♦ ❡❧ ❡♥❣r❛♥❡
✉♥♦ ♦ ✏●❡❛r ✶✑ ♣❛r❛ ❧♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❡s A✲C ② A✲D✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✺✼✳ ▲❛ ú♥✐❝❛ ❞✐❢❡r❡♥❝✐❛ ♣❛r❛
❡st♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❡s ② ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A✲B✱ s♦♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ s✉s ❝❡♥tr♦s✳ ✈❡❛ ❧❛ ✜❣✉r❛
✻✳✶✺✽✳ P❛r❛ ❡❧ ❡♥❣r❛♥❡ B ❧❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ s✉ ❝❡♥tr♦ ❡stá ❞❡✜♥✐❞♦ ♣♦r ❡❧ ♣✉♥t♦ 3✱ ♣❛r❛ ❡❧ ❡♥❣r❛♥❡
C ❡❧ ♣✉♥t♦ ✉♥♦ ② ♣❛r❛ ❡❧ ❡♥❣r❛♥❡ D ❡❧ ♣✉♥t♦ ✷✳

✷✾✹



❋✐❣✉r❛ ✻✳✶✺✻✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② C✳

❋✐❣✉r❛ ✻✳✶✺✼✿ Pr♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s C ② B✳

❋✐❣✉r❛ ✻✳✶✺✽✿ ❚❛❜❧❛ ❞❡ ♣✉♥t♦s ❡♥ ❆❞❛♠s ❝©✳

✷✾✺



▲♦s ♣❛rá♠❡tr♦s ✐♥❡r❝✐❛❧❡s ❞❡ ❧♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❛❥❡s✱ A✲B✱ A✲C ② A✲D✱ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧❛s ✜❣✉r❛s
✻✳✶✺✾ ② ✻✳✶✻✵✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡s x ② y ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡st❡
❛♥á❧✐s✐s❀ s✐♥ ❡♠❜❛r❣♦ ❡s ❞❡s❡❛❜❧❡ q✉❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ✉♥ ❞✐s❝♦ s❡❛♥
✐❣✉❛❧❡s ❛ ❧❛ ♠✐t❛❞ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ z✳

❋✐❣✉r❛ ✻✳✶✺✾✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ A ❞❡♥tr♦ ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② B✳

❋✐❣✉r❛ ✻✳✶✻✵✿ Pr♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ B ❞❡♥tr♦ ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② B✳

▲❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧ ❡♥❣r❛♥❡ A ② B ❞❡♥tr♦ ❞❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A✲B s♦♥ ✐❣✉❛❧❡s ♣❛r❛
t♦❞♦s ❧♦s ❞❡♠ás ♣❛r❡s ❞❡ ❡♥❣r❛♥❡s✱ ♣♦r ❧♦ q✉❡ ú♥✐❝❛♠❡♥t❡ s❡ ♠✉❡str❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡❧
❡♥❣r❛♥❡ A ② B ❞❡❧ ♣❛r A✲B✱ ✈❡❛ ❧❛s ✜❣✉r❛s ✻✳✶✺✾ ② ✻✳✶✻✵✱ ❡st♦ s❡ ❞❡❜❡ ❛ q✉❡ ❧♦s ❡♥❣r❛♥❡s B✱ C ②
D t✐❡♥❡♥ ❧❛s ♠✐s♠❛ ♣r♦♣✐❡❞❛❞❡s ❣❡♦♠❡tr✐❝❛s ❡ ✐♥❡r❝✐❛❧❡s✳

▲❛ ✜❣✉r❛ ✻✳✶✻✶ ♠✉❡str❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❝♦♥t❛❝t♦ ❡♥tr❡ ❧♦s ♣❛r❡s ❞❡ ❡♥❣r❛♥❡s✱ ♣❛r❛ ❡st❡ ♣r♦✲
❜❧❡♠❛✱ ❞✐❝❤♦s ♣r♦♣✐❡❞❛❞❡s s❡ ❞❡❥❛♥ ✐❣✉❛❧❡s ❛ ❧❛s q✉❡ ❛♣❛r❡❝❡♥ ♣♦r ❞❡❢❡❝t♦ ② s♦♥ ❧❛s ♠✐s♠❛s ♣❛r❛ ❡❧
♣❛r ❞❡ ❡♥❣r❛♥❛❥❡s A ② B✳

✷✾✻



❋✐❣✉r❛ ✻✳✶✻✶✿ P❛rá♠❡tr♦s ❞❡ ❝♦♥t❛❝t♦s ♣❛r❛ ❡❧ ♣❛r ❞❡ ❡♥❣r❛♥❡s A ② B✳

P❛r❛ ❛♣❧✐❝❛r t♦rq✉❡ ❛❧ ❡♥❣r❛♥❡ A ❡s ♥❡❝❡s❛r✐♦ ❡♠♣❧❡❛r ✉♥ ❛❝t✉❛❞♦r ❡♥ ❆❞❛♠s ❝©✱ ✈❡❛ ❧❛s ✜❣✉r❛s
❡♥ ✻✳✶✻✷✳ ❊❧ ❛❝t✉❛❞♦r ❛♣❧✐❝❛ ✉♥ t♦rq✉❡ ❝✉②❛ ♠❛❣♥✐t✉❞ ❡s ❞❡ 0.05N − m✱ ❞❡❜❡ r❡❝♦r❞❛rs❡ q✉❡ ❧❛
✉♥✐❞❛❞ ❞❡ ❧♦♥❣✐t✉❞ s❡❧❡❝❝✐♦♥❛❞❛ ❡s ♠✐❧í♠❡tr♦s ② ❧❛ ✉♥✐❞❛❞ ❞❡ ❢✉❡r③❛ ❡s ◆❡✇t♦♥ ❞❡ ♠♦❞♦ q✉❡ ❡❧
t♦rq✉❡ ❛♣❧✐❝❛❞♦ ❡s 50N −mm✳

✭❛✮ P❛rá♠❡tr♦s ❞❡❧ t♦rq✉❡ ✭❜✮ ❈r❡❛❝✐ó♥ ❞❡ ✉♥ t♦rq✉❡

❋✐❣✉r❛ ✻✳✶✻✷✿ ❈r❡❛❝✐ó♥ ② ♣❛rá♠❡tr♦s ❞❡ ✉♥ t♦rq✉❡ s♦❜r❡ ❡❧ ❡♥❣r❛♥❡ ❆✳

P❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ ✐♥❣r❡s❛r ✉♥ t✐❡♠♣♦ ❞❡ ✷ s❡❣✉♥❞♦s✱ ❝♦♥ ✉♥ ♥ú♠❡r♦ ❞❡
♣❛s♦s ❞❡ ✷✵✵✵ ② s❡❧❡❝❝✐♦♥❛r ❡❧ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞✐♥á♠✐❝❛✱ ✈❡❛ ❧❛ ✜❣✉r❛ ✻✳✶✻✸✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s
♣❛s♦s ❞❡♣❡♥❞❡✱ ❡♥ ♦❝❛s✐♦♥❡s✱ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ s❡ ❞❡s❡é ② ❧❛s r❡str✐❝❝✐♦♥❡s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦✱
s✐ ❧❛s ❤❛②✳

✷✾✼



❋✐❣✉r❛ ✻✳✶✻✸✿ P❛rá♠❡tr♦s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

P❛r❛ s♦❧✐❝✐t❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡s❡❛❞♦s✱ ❡❧ ✉s✉❛r✐♦ ❞❡❜❡ ❞✐r✐❣✐rs❡ ❛ ♣♦st ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡s♣✉és ❞❡ ❧❛
s✐♠✉❧❛❝✐ó♥ ② s❡❧❡❝❝✐♦♥❛r ❧♦s ♣❛rá♠❡tr♦s ♠♦str❛❞♦s ❡♥ ❧❛s ✜❣✉r❛s ✻✳✶✻✹✱ ✻✳✶✻✺✱ ✻✳✶✻✻✱ ✻✳✶✻✼✱ ✻✳✶✻✽✱
✻✳✶✻✾ ② ✻✳✶✼✵✳

✭❛✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A

✭❜✮ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B

❋✐❣✉r❛ ✻✳✶✻✹✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A ② B✳

✷✾✽



❋✐❣✉r❛ ✻✳✶✻✺✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ C✳

❋✐❣✉r❛ ✻✳✶✻✻✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ D✳

❋✐❣✉r❛ ✻✳✶✻✼✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ A✳

❋✐❣✉r❛ ✻✳✶✼✵✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ D✳
✷✾✾



❋✐❣✉r❛ ✻✳✶✻✽✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ B✳

❋✐❣✉r❛ ✻✳✶✻✾✿ ❙♦❧✐❝✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❛♥❣✉❧❛r ❞❡❧ ❡♥❣r❛♥❡ C✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❆❞❛♠s ❝© s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✻✳✶✼✶ ② ✻✳✶✼✷✳

❋✐❣✉r❛ ✻✳✶✼✶✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A✱ B✱ C ② D✳

✸✵✵



❋✐❣✉r❛ ✻✳✶✼✷✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❞❡ ❧♦s ❡♥❣r❛♥❡s A✱ B✱ C ② D✳

❊❧ ✉s✉❛r✐♦ ❞❡❜❡ t❡♥❡r ❝✉✐❞❛❞♦ ❡♥ ✉s❛r ❧❛s ✉♥✐❞❛❞❡s ❛❞❡❝✉❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ✉♥✐✲
❞❛❞❡s s❡ r❡❛❧✐③❛ ❞❡♥tr♦ ❞❡❧ ♠❡♥ú ❙❡tt✐♥❣s ❞❡❧ ♣r♦❣r❛♠❛ ❆❞❛♠s ❝©✳

❊st♦s r❡s✉❧t❛❞♦s t✐❡♥❡♥ ❡rr♦r❡s ❞❡s♣r❡❝✐❛❜❧❡s ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛♥ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s
❛♥❛❧ít✐❝❛♠❡♥t❡✳ ▲❛ ❚❛❜❧❛ ✻✳✽ ♠✉❡str❛ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s
❞❡ ❢♦r♠❛ ❛♥á❧✐t✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✳

❚❛❜❧❛ ✻✳✽✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✳ 8.◦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s
❱❛r✐❛❜❧❡ ❘❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦ ❘❡s✉❧t❛❞♦s ❆❞❛♠s ❝©

αA 31.6696 rad/s2 � 31.6696 rad/s2 �

αB 63.3392 rad/s2 	 63.3392 rad/s2 	

αC 63.3392 rad/s2 	 63.3392 rad/s2 	

αD 63.3392 rad/s2 	 63.3392 rad/s2 	

ωA 63.3392 rad/s � 63.3392 rad/s �

ωB 126.67849 rad/s 	 126.6785 rad/s 	

ωC 126.67849 rad/s 	 126.6785 rad/s 	

ωD 126.67849 rad/s 	 126.6785 rad/s 	

✸✵✶



❈❛♣ít✉❧♦ ✼

❈♦♥❝❧✉s✐♦♥❡s ② tr❛❜❛❥♦s ❢✉t✉r♦s✳

❊♥ ❡st❡ tr❛❜❛❥♦ ❞❡ t❡s✐s s❡ ❛♥❛❧✐③❛r♦♥ ② ♠♦❞❡❧❛r♦♥✱ ❡♠♣❧❡❛♥❞♦ ✉♥ ♣r♦❣r❛♠❛ ❞❡ s✐♠✉❧❛❝✐ó♥ ❞❡
s✐st❡♠❛s ♠❡❝á♥✐❝♦s✱ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❞✐st✐♥t❛s ❢✉❡♥t❡s ❜✐❜❧✐♦❣rá✜❝❛s ❝♦♥ ❡❧ ✜♥ ❞❡ ❝♦♠✲
♣❛r❛r ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❢♦r♠❛ ❛♥❛❧ít✐❝❛ ② ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥✱ ❞❡ ❡st❛ ♠❛♥❡r❛ ❡❧
❡st✉❞✐❛♥t❡ ♣♦❞rá ❞❛rs❡ ❝✉❡♥t❛ q✉❡ ❡♥ ❧❛ r❡❛❧✐❞❛❞✱ ❧♦s s✐st❡♠❛s ♠❡❝á♥✐❝♦s ♥♦ r❡s♣♦♥❞❡♥ ❞❡ ♠❛♥❡r❛
✐♥♠❡❞✐❛t❛ ❞❡❜✐❞♦ ❛ ♠✉❝❤♦s ❢❛❝t♦r❡s✱ ❝♦♠♦ ♣✉❡❞❡♥ s❡r ❧❛ ✐♥❡r❝✐❛ ❞❡❧ ♠❡❝❛♥✐s♠♦✱ ❧❛s ♣r♦♣✐❡❞❛❞❡s
❡❧ást✐❝❛s ② ❞❡ ❝♦♥t❛❝t♦✳ ❙✐♥ ❡♠❜❛r❣♦ ② ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❡st❡ tr❛❜❛❥♦✱ ❞✐❝❤♦s ✈❛❧♦r❡s ❝♦rr❡s♣♦♥❞❡♥ ❝❛s✐
❝♦rr❡❝t❛♠❡♥t❡ ❛ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❧♦s ♠ét♦❞♦s tr❛❞✐❝✐♦♥❛❧❡s ❝♦♥t❡♥✐❞♦s ❡♥ ❧❛s ❯♥✐❞❛❞❡s
❞❡ ❆♣r❡♥❞✐③❛❥❡ ❞❡ ❉✐♥á♠✐❝❛ ❞❡ ❧❛ P❛rtí❝✉❧❛ ② ❧❛ ❉✐♥á♠✐❝❛ ❞❡❧ ❈✉❡r♣♦ ❘í❣✐❞♦✳

❈♦♥❢♦r♠❡ s❡ ❞❡s❛rr♦❧❧❛r♦♥ ❧♦s ♠♦❞❡❧❛❞♦s✱ s❡ ♣❡r❝❛tó ❞❡ q✉❡ ❡❧ ♣r♦❣r❛♠❛ ❞❡ s✐♠✉❧❛❝✐ó♥ ❆❞❛♠s ❝©

✴ ▼❛❝❤✐♥❡r② ♥♦ ♣❡r♠✐t❡ ✐♠♣♦rt❛r ♠♦❞❡❧♦s ❞❡s❛rr♦❧❧❛❞♦s ♣♦r ❛❧❣ú♥ ♦tr♦ ♣r♦❣r❛♠❛ ❈❆❉✱ ❝♦♠♦ ❧♦
❡s ❙♦❧✐❞❲♦r❦s ❝©✱ ❈❛t✐❛ ❝©✱ ■♥✈❡♥t♦r ❝© ② ❋r❡❡❈❛❞✳ ❉❡ ♠❛♥❡r❛ q✉❡ ♥♦ ❡s ♣♦s✐❜❧❡ r❡♣r❡s❡♥t❛r ✜❡❧♠❡♥t❡
❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧♦s ❝✉❡r♣♦s ❞❡ ❧♦s ♣r♦❜❧❡♠❛s ❞❡s❛rr♦❧❧❛❞♦s ❡♥ ❡st❡ tr❛❜❛❥♦✳ ❊st♦ ♣♦s✐❜❧❡♠❡♥t❡✱
♣♦rq✉❡ ❡❧ ♠ó❞✉❧♦ ▼❛❝❤✐♥❡r② ❡s r❡❧❛t✐✈❛♠❡♥t❡ ♥✉❡✈♦ ② ❛✉♥ ❢❛❧t❛ ❞❡s❛rr♦❧❧❛r❧♦ ♠❛s ♣♦r ♣❛rt❡ ❞❡ ❧❛
❡♠♣r❡s❛ ▼❙❈ ❙♦❢t✇❛r❡✳

P❛r❛ t❡♥❡r ✉♥❛ ♠❡❥♦r ❛♣r♦①✐♠❛❝✐ó♥ ❡♥ ❧♦s r❡s✉❧t❛❞♦s ❡s ♦❜❧✐❣❛t♦r✐♦ ❡♠♣❧❡❛r ❡❧ ♠ét♦❞♦ ❞❡ ❛♥á❧✐s✐s
❞❡♥♦♠✐♥❛❞♦ ❈♦♥str❛✐♥t ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧♦s s✐st❡♠❛s ❞❡ ♣♦❧❡❛s ❝♦♥ ❜❛♥❞❛s ② ❧♦s s✐st❡♠❛s ❞❡ ❝❛❞❡♥❛s ②
❝❛t❛r✐♥❛s✳ ▼✐❡♥tr❛s q✉❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❡♥❣r❛♥❡s ❡s ♦❜❧✐❣❛t♦r✐♦ ✉s❛r ❡❧ ♠ét♦❞♦ ✏❙✐♠♣❧✐❢❡❞✑ ✳

❊❧ ♠ét♦❞♦ ✏❈♦♥str❛✐♥t✑ s❡ ❡♠♣❧❡❛ ❝✉❛♥❞♦ ❧❛ ❢✉❡r③❛ ② ❧♦s ❝♦♠♣♦♥❡♥t❡s ♥♦ s♦♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛✱
❞♦♥❞❡ ú♥✐❝❛♠❡♥t❡ ❧❛ r❡❞✉❝❝✐ó♥ ♦ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞ ❡s ❞❡ ✐♥t❡rés✳ ▼✐❡♥tr❛s q✉❡ ❡❧ ♠ét♦❞♦
✏❙✐♠♣❧✐❢❡❞✑ ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❧❛s ❢✉❡r③❛s ❡♥ ❡❧ ❡♥❣r❛♥❛❥❡✱ ❧❛ ❤♦❧❣✉r❛ ♦ ❜❛❝❦❧❛s❤ ❡♥tr❡ ❡❧ ♣❛r ❞❡
❡♥❣r❛♥❡s✱ ❛❞❡♠ás ❞❡ ❛♥❛❧✐③❛r ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❝♦♥st❛♥t❡✳

❊①✐st❡♥ ♦tr♦s ♠ét♦❞♦s ❞❡ ❛♥á❧✐s✐s ♠❛s ❝♦♠♣❧❡t♦s ② ❝♦♠♣❧❡❥♦s✱ ❝♦♠♦ ❧♦ ❡s ❡❧ ♠ét♦❞♦ ✏✷❉ ❧✐♥❦s✑
② ✏✸❉ ❧✐♥❦s✑ ✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ s✐st❡♠❛s ❞❡ ♣♦❧❡❛s ② ❜❛♥❞❛s ② ❡❧ ♠ét♦❞♦ ✏❉❡t❛✐❧❡❞✑ ② ✏✸❉ ❈♦♥t❛❝t✑
♣❛r❛ ❧♦s s✐st❡♠❛s ❞❡ ❡♥❣r❛♥❡s ② ❝r❡♠❛❧❧❡r❛s✳ ❊st♦s ♠ét♦❞♦s r❡q✉✐❡r❡♥ ✉♥ ❞♦♠✐♥✐♦ ♠❛s ❝♦♠♣❧❡t♦ ❡♥
❡❧ ❞✐s❡ñ♦ ♠❡❝á♥✐❝♦✱ ❛❞❡♠ás ❞❡ q✉❡ ❛♠❜♦s ♠ét♦❞♦s r❡q✉✐❡r❡♥ ✉♥ ❡q✉✐♣♦ ❞❡ ❝ó♠♣✉t♦ ♠ás ♣♦❞❡r♦s♦✳

❊st❡ tr❛❜❛❥♦ ✐♥❝❧✉②❡ ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡t❛❧❧❛❞❛ ❞❡ ❝♦♠♦ ♠♦❞❡❧❛r ❡st♦s s✐st❡♠❛s ♠❡❝á♥✐❝♦s ②
❝♦♠♦ ✈❛r✐❛r s✉s ♣❛rá♠❡tr♦s✱ ❝♦♥ ❡❧ ✜♥ ❞❡ q✉❡ ❡❧ ✉s✉❛r✐♦ ♣✉❡❞❛ r❡❝r❡❛r ❞✐❝❤♦s ♣r♦❜❧❡♠❛s s✐♥ ❞✐✜❝✉❧✲

✸✵✷



t❛❞✳ ❊st❡ ♥✐✈❡❧ ❞❡ ❞❡t❛❧❧❡ s❡ ❡s❝♦❣✐ó ❞❡❜✐❞♦ ❛ ❧❛ ❡s❝❛s❛ ✐♥❢♦r♠❛❝✐ó♥ ❛❝❡r❝❛ ❞❡❧ ❡♠♣❧❡♦ ❞❡❧ ♠ó❞✉❧♦
❞❡ ❆❞❛♠s ❝©✴▼❛❝❤✐♥❡r② ② ❞❡ ❡s❛ ♠❛♥❡r❛ ❝✉♠♣❧✐r ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ♣r♦♣♦r❝✐♦♥❛r ❛❧ ❡st✉❞✐❛♥t❡ ✉♥❛
❣✉í❛ ♠ás ❞❡t❛❧❧❛❞❛ ❞❡❧ ♠ó❞✉❧♦❀ ❡❧ ❛✉t♦r ❡s♣❡r❛ q✉❡ ❡st❡ ♦❜❥❡t✐✈♦ s❡ ❤❛②❛ ❝✉♠♣❧✐❞♦ ❞❡ ♠❛♥❡r❛ ❡①✐t♦s❛✳

▲❛s ♣♦s✐❜❧❡s ❡①t❡♥s✐♦♥❡s ❞❡ ❡st❡ tr❛❜❛❥♦ s♦♥ ♠✉② ✈❛r✐❛❞❛s ② ✈❛♥ ❞❡s❞❡✿

❊①♣❛♥❞✐r ❡❧ ♥ú♠❡r♦ ❞❡ ♣r♦❜❧❡♠❛s ❛♥❛❧✐③❛❞♦s ❞❡ ❧❛ ♠❛♥❡r❛ ♠♦str❛❞❛ ❡♥ ❡st❡ tr❛❜❛❥♦ ❞❡ t❡s✐s✳
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❞❡ ▼❛t❡r✐❛❧❡s✱ ❈❛♠♣✉s ❞❡ ❆rr♦s❛❞í❛✱ ❯♥✐✈❡rs✐❞❛❞ Pú❜❧✐❝❛ ❞❡ ◆❛✈❛rr❛✳

❬✷✷❪ ❏♦❤♥s♦♥✱ ❑✳▲✳❬✶✾✽✺❪✱ ◆♦r♠❛❧ ❝♦♥t❛❝t ♦❢ ❡❧❛st✐❝ s♦❧✐❞s✲❍❡rt③ t❤❡♦r②✳ ■♥ ❈♦♥t❛❝t ▼❡❝❤❛♥✐❝s✱
❈❛♠❜r✐❞❣❡✿ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ♣♣✳ ✽✹✲✶✵✻✳

❬✷✸❪ ❑❡♥t✳ ❘✳ ❬✶✾✾✸❪✱ ❍✐❣❤❡r ❡❞✉❝❛t✐♦♥ ✐♥ ▼❡①✐❝♦✿ ❋r♦♠ ✉♥r❡❣✉❧❛t❡❞ ❡①♣❛♥s✐♦♥ t♦ ❡✈❛❧✉❛t✐♦♥✱
❍✐❣❤❡r ❊❞✉❝❛t✐♦♥✱ ❱♦❧✳ ✷✺✱ ◆♦✳ ✶✱ ♣♣✳ ✼✸✲✽✸✳

❬✷✹❪ ▲❡❡✱ ❲✳P✳ ② ❍✇❛♥✱ ❈✳▲✳ ❬✷✵✶✺❪✱ ❆ ❝♦♠♣✉t❡r s✐♠✉❧❛t✐♦♥ ✐♥ ♠❡❝❤❛♥✐❝s t❡❛❝❤✐♥❣ ❛♥❞ ❧❡❛r♥✐♥❣✿
❆ ❝❛s❡ st✉❞② ✐♥ ❝✐r❝✉❧❛r ♠♦t✐♦♥s✱ ❈♦♠♣✉t❡r ❆♣♣❧✐❝❛t✐♦♥s ✐♥ ❊♥❣✐♥❡❡r✐♥❣ ❊❞✉❝❛t✐♦♥✱ ❱♦❧✳ ✷✸✱
◆♦✳ ✻✱ ♣♣✳ ✽✼✺✲✽✽✶✳

❬✷✺❪ ▲✐♥❛r❡s✱ ❆✳ ❬✷✵✶✼❪✱ ❊❧ ❞✐♥❡r♦ s❡ ✐❜❛ ❛ ✉♥ ❛❣✉❥❡r♦ ♥❡❣r♦✿ ❊❧ ❡sq✉❡♠❛ ❞❡ ❝♦rr✉♣❝✐ó♥
q✉❡ ❝♦♠♣r♦♠❡t❡ ❛❧ ❣♦❜✐❡r♥♦ ❞❡ ▼é①✐❝♦✳✱ ❚❤❡ ◆❡✇ ❨♦r❦ ❚✐♠❡s ❊s♣✳✱ ♦❜t❡♥✐❞♦ ❞❡
❤tt♣s✿✴✴♥②t✐✳♠s✴✷①▼❏❩❯❤ ❡❧ ✺ ❞❡ ▼❛r③♦ ❞❡❧ ✷✵✶✽✳

❬✷✻❪ ▲✉♠✱ ●✳ ❬✶✾✾✾❪✱ ❲❤❡r❡✬s t❤❡ ❈♦♠♣❡t❡♥❝❡ ✐♥ ❈♦♠♣❡t❡♥❝❡✲❜❛s❡❞ ❊❞✉❝❛t✐♦♥ ❛♥❞ ❚r❛✐♥✐♥❣❄✱
❏♦✉r♥❛❧ ♦❢ P❤✐❧♦s♦♣❤② ♦❢ ❊❞✉❝❛t✐♦♥✱ ❱♦❧✳ ✸✸✱ ◆♦✳ ✸✱ ♣♣✳ ✹✵✸✲✹✶✽✳

❬✷✼❪ ▼❛rtí♥❡③ ❘✐③♦✱ ❋✳ ❬✶✾✾✾❪✱ ◆✉❡✈❡ r❡t♦s ♣❛r❛ ❧❛ ❡❞✉❝❛❝✐ó♥ s✉♣❡r✐♦r✿ ❋✉♥❝✐♦♥❡s✱ ❛❝t♦r❡s ② ❡str✉❝✲
t✉r❛s✱ ❆❣✉❛s❝❛❧✐❡♥t❡s✿ ❯♥✐✈❡rs✐❞❛❞ ❆✉tó♥♦♠❛ ❞❡ ❆❣✉❛s❝❛❧✐❡♥t❡s✳
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❬✷✽❪ ▼❡r✐❛♠✱ ❏✳▲✳ ② ❑r❛✐❣❡✱ ▲✳●✳ ❬✷✵✵✵❪✱ ▼❡❝á♥✐❝❛ ♣❛r❛ ■♥❣❡♥✐❡r♦s✿ ❉✐♥á♠✐❝❛✱ ❚❡r❝❡r❛ ❊❞✐❝✐ó♥✱
❇❛r❝❡❧♦♥❛✿ ❊❞✐t♦r✐❛❧ ❘❡✈❡rté ❙✳❆✳

❬✷✾❪ ▼❙❈ ❙♦❢t✇❛r❡ ❈♦r♣♦r❛t✐♦♥ ❬✷✵✶✻❪✱ ■❞❡❛❧✐③❡❞ ❏♦✐♥ts✿ ❆❞❞✐♥❣ ❋r✐❝t✐♦♥ t♦ ■❞❡❛❧✐③❡❞ ❏♦✐♥ts✱ ❍❡❧♣
▼❛♥✉❛❧✱ r❡tr✐❜✉✐❞♦ ❞❡❧ ♣r♦❣r❛♠❛ ❡❧ ✽ ❞❡ ❙❡♣t✐❡♠❜r❡ ❞❡❧ ✷✵✶✻✳

❬✸✵❪ ❖❜❡r❣✱ ❊✳✱ ❏♦♥❡s✱ ❋✳ ❉✳ ② ❘②✛❡❧✱ ❍✳ ❍✳ ❬✷✵✵✹❪✱▼❛❝❤✐♥❡r②✬s ❍❛♥❞❜♦♦❦✱ ✷✼t❤ ❊❞✐t✐♦♥✱ ◆❡✇ ❨♦r❦✿
■♥❞✉str✐❛❧ Pr❡ss ■♥❝✳

❬✸✶❪ ❖❊❈❉ ❬✷✵✶✸❪✱ ❊❞✉❝❛t✐♦♥ P♦❧✐❝② ❖✉t❧♦♦❦✿ ▼❡①✐❝♦✱ ❖r❣❛♥✐③❛❝✐ó♥ ♣❛r❛ ❧❛ ❈♦♦♣❡r❛❝✐ó♥ ② ❡❧ ❉❡s❛✲
rr♦❧❧♦ ❊❝♦♥ó♠✐❝♦✱ P❛r✐s✿ ❖❊❈❉ P✉❜❧✐s❤✐♥❣✳

❬✸✷❪ ❈❛st❛ñ❡❞❛ ❱❛❧❧❡✱ ❘✳ ② ❘❡❜♦❧❧❡❞♦ ●ó♠❡③✱ ❈✳ ❬✷✵✶✸❪ ❊❞✉❝❛t✐♦♥ ❛t ❛ ●❧❛♥❝❡ ✷✵✶✸✿ ❖❊❈❉ ■♥❞✐✲
❝❛t♦rs✱ ❈♦✉♥tr② ◆♦t❡✱ P❛r✐s✿ ❖❊❈❉ P✉❜❧✐s❤✐♥❣✳

❬✸✸❪ Pér❡③✲❙♦t♦✱ ●✳■✳✱ ❈r❛♥❡✱ ❈✳✱ ❘✐❝♦✱ ❏✳▼✱ ❈❡r✈❛♥t❡s✲❙á♥❝❤❡③✱ ❏✳❏✳✱ ●♦♥③á❧❡③✲P❛❧❛❝✐♦s✱ ▼✳❆✳✱
●❛❧❧❛r❞♦✲▼♦sq✉❡❞❛✱ ▲✳❆✳✱ ▲ó♣❡③✲❈✉st♦❞✐♦✱ P✳❈✳✱ ❙á♥❝❤❡③✲❘✉❡♥❡s✱ ▼✳❆✳ ② ❚❛❞❡♦✲❈❤á✈❡③✱ ❆✳✱
❬✷✵✶✺❪✱ ❖♥ t❤❡ ❝♦♠♣✉t❡r s♦❧✉t✐♦♥s ♦❢ ❦✐♥❡♠❛t✐❝s ❛♥❛❧②s✐s ♦❢ ❧✐♥❦❛❣❡s✱ ❊♥❣✐♥❡❡r✐♥❣ ✇✐t❤ ❈♦♠✲
♣✉t❡rs✱ ❱♦❧✳ ✸✶✱ ◆♦✳ ✶✱ ♣♣✳ ✶✶✲✷✽✳

❬✸✹❪ ❘❡♥♦❧❞ P♦✇❡r ❚r❛♥s♠✐ss✐♦♥ ▲✐♠✐t❡❞ ❬✷✵✶✵❪ ❚r❛♥s♠✐ss✐♦♥ ❝❤❛✐♥✳ ■♥st❛❧❧❛t✐♦♥✱ ♠❛✐♥t❡♥❛♥❝❡ ❛♥❞
❞❡s✐❣♥❡r ❣✉✐❞❡✱ r❡tr✐❜✉✐❞♦ ❞❡ ❤tt♣✿✴✴✇✇✇✳r❡♥♦❧❞✳❝♦♠✴♠❡❞✐❛✴✶✻✺✹✶✽✴❚r❛♥s♠✐ss✐♦♥✲■✲❛♥❞✲▼✲
❘❊◆✶✷✲❊◆●✲✶✵✲✶✵✳♣❞❢✳

❬✸✺❪ ❙❛♥t♦s✲❇❡♥✐t♦✱ ❏✳ ❱✳✱ ●r❛s✲▼❛r❧✐✱ ❆✳ ② ❙♦❧❡r✲❙❡❧✈❛✱ ❱✳❋✳ ❬✷✵✵✺❪✱ ❘❡❝✉rs♦s ♣❛r❛ ❧❛ ❡♥s❡ñ❛♥③❛
❞❡❧ ♣é♥❞✉❧♦ s✐♠♣❧❡✿ ✐♠á❣❡♥❡s✱ ♠❡❞✐❝✐♦♥❡s✱ s✐♠✉❧❛❝✐♦♥❡s ② ❣✉í❛s ❞✐❞á❝t✐❝❛s✱ ❈❛❞❡r♥♦ ❇r❛s✐❧❡✐r♦
❞❡ ❊♥s✐♥♦ ❞❡ ❋ís✐❝❛✱ ❱♦❧ ✷✷✱ ◆♦✳ ✷✱ ♣♣✳ ✶✻✺✲✶✽✾✳

❬✸✻❪ ❙❡r✈✐❝✐♦ ◆❛❝✐♦♥❛❧ ❞❡ ❆♣r❡♥❞✐③❛❥❡ ✭❙❊◆❆✮✳ ▼❡t❛❧♠❡❝á♥✐❝❛✳ ❊❧❡♠❡♥t♦s ❞❡
▼áq✉✐♥❛s✿ ▼♦♥t❛❥❡ ❞❡ ♣♦❧❡❛s ② ❝♦rr❡❛s ❡♥ ❱✱ ❱♦❧✳ ✻✱ r❡tr✐❜✉✐❞♦ ❞❡
❤tt♣✿✴✴r❡♣♦s✐t♦r✐♦✳s❡♥❛✳❡❞✉✳❝♦✴s✐t✐♦s✴❡❧❡♠❡♥t♦s❴♠❛q✉✐♥❛s✴✈♦❧✻✴✈♦❧✉♠❡♥✵✻✳❤t♠❧✳ ❇♦❣♦✲
tá✿ ❙❡r✈✐❝✐♦ ◆❛❝✐♦♥❛❧ ❞❡ ❆♣r❡♥❞✐③❛❥❡✳

❬✸✼❪ ❙❧♦❝✉♠✱ ❆✳ ❬✷✵✵✽❪✱ ❋✉♥❞❛♠❡♥t❛❧s ♦❢ ❉❡s✐❣♥✱ ❚♦♣✐❝ ✺✿ P♦✇❡r ❚r❛♥s♠✐ss✐♦♥ ❊❧❡♠❡♥ts ■✳ ❚❡❝❤♥✐❝❛❧
r❡♣♦rt✱ ▼❛ss❛❝❤✉s❡tts ■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧♦❣②✳

❬✸✽❪ ❚❛❞❡♦✲❈❤á✈❡③ ❆✳ ② ❘✐❝♦✲▼❛rtí♥❡③✱ ❏✳▼✳ ❬✷✵✶✺❪✱ ❈✐♥ét✐❝❛ ❞❡ ❈✉❡r♣♦s ❘í❣✐❞♦s✿ ▼ét♦❞♦ ❞❡
■♠♣✉❧s♦ ❡ ❮♠♣❡t✉✱ ◆♦t❛s ❞❡ ❝❧❛s❡✱ ❉✐✈✐s✐ó♥ ❞❡ ■♥❣❡♥✐❡rí❛s✱ ❈❛♠♣✉s ■r❛♣✉❛t♦✲❙❛❧❛♠❛♥❝❛✱ ❯♥✐✲
✈❡rs✐❞❛❞ ❞❡ ●✉❛♥❛❥✉❛t♦✳

❬✸✾❪ ❲✐❧s♦♥✱ ❈✳ ❊ ② ❉❡✉ts❝❤♠❛♥✱ ❆✳ ❉✳ ❬✶✾✼✺❪✱ ❉✐s❡ñ♦ ❞❡ ▼áq✉✐♥❛s ❚❡♦rí❛ ② Prá❝t✐❝❛ ✱ ❈✐✉❞❛❞
❞❡ ▼é①✐❝♦✿ ❈♦♠♣❛ñ✐❛ ❊❞✐t♦r✐❛❧ ❈♦♥t✐♥❡♥t❛❧ ❙✳❆✳ ❞❡ ❈✳❱✳
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❆♣é♥❞✐❝❡s
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❆♣é♥❞✐❝❡ ❆

❚❡♦rí❛ ❞❡ ❝♦♥t❛❝t♦ ❞❡ ❍❡rt③✳

❊♥ ❧❛ t❡♦rí❛ ❞❡ ❝♦♥t❛❝t♦ ♠❡❝á♥✐❝♦ ❡①✐st❡♥ ❞✐❢❡r❡♥t❡s ♠♦❞❡❧♦s q✉❡ ♣r❡❞✐❝❡♥ ❧❛s ❢✉❡r③❛s ❞❡ ❝♦♥t❛❝t♦
② ❧❛s ❞❡❢♦r♠❛❝✐♦♥❡s ❣❡♦♠étr✐❝❛s ❡♥tr❡ s✉♣❡r✜❝✐❡s ❞❡ só❧✐❞♦s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ❆✳✶✳

❋✐❣✉r❛ ❆✳✶✿ ▼♦❞❡❧♦s ❞❡ ❝♦♥t❛❝t♦s ❡♥ ❧❛ ♠❡❝á♥✐❝❛ ❞❡ ❝♦♥t❛❝t♦s ❬✷✷❪

❊♥tr❡ ❧♦s ♠♦❞❡❧♦s ❡stá♥✱ ✈❡❛ ❏♦❤♥s♦♥ ❬✷✷❪✳

❍❡rt③✿ ▼♦❞❡❧♦ q✉❡ ❛♥❛❧✐③❛ ú♥✐❝❛♠❡♥t❡ ❞❡❢♦r♠❛❝✐♦♥❡s ❡❧ást✐❝❛s

❏❑❘ ✭❏♦❤♥s♦♥✱ ❑❡♥❞❛❧❧✱ ② ❘♦❜❡rts✮✿ ▼♦❞❡❧♦ q✉❡ ❛♥❛❧✐③❛ ❡❧ ❝♦♥t❛❝t♦ ❝♦♥ ❞❡❢♦r♠❛❝✐♦♥❡s ❡❧ás✲
t✐❝❛s ② ❝♦♥s✐❞❡r❛ ❧❛ ❛❞❤❡s✐ó♥ ❡♥ ❧❛ ③♦♥❛ ❞❡ ❝♦♥t❛❝t♦✳

❇r❛❞❧❡②✿ ▼♦❞❡❧♦ q✉❡ ❛♥❛❧✐③❛ ❡❧ ❝♦♥t❛❝t♦ ❝♦♥ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❞❡ ❱❛♥ ❞❡r ❲❛❛❧s ❡♥ ❡s❢❡r❛s
rí❣✐❞❛s✳

❉▼❚✭❉❡r❥❛❣✉✐♥✲▼✉❧❧❡r✲❚♦♣♦r♦✈✮✿ ▼♦❞❡❧♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ❡❧ást✐❝♦ ❞♦♥❞❡ ❝♦♥s✐❞❡r❛ ❧♦s ❡❢❡❝t♦s
❞❡ ❛❞❤❡r❡♥❝✐❛ ② ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❞❡ ❱❛♥ ❞❡r ❲❛❛❧s✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❏✐♠é♥❡③ ❬✷✶❪ ❧❛ t❡♦rí❛ ❞❡ ❝♦♥t❛❝t♦ ❡st✉❞✐❛ ❞♦s ♣r♦❜❧❡♠❛s ❢✉♥❞❛♠❡♥t❛❧❡s✱ ❡❧ ❡st✉✲
❞✐♦ ❣❡♦♠étr✐❝♦✱ ❝✐♥❡♠át✐❝♦✱ ❞❡❧ ❝♦♥t❛❝t♦ ② ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛s ❢✉❡r③❛s ♣r❡s❡♥t❡s ❡♥ ❡❧ ❝♦♥t❛❝t♦✳

▲❛s ❢✉❡r③❛s ❞❡ ❝♦♥t❛❝t♦ s❡ ♣✉❡❞❡♥ ❝❧❛s✐✜❝❛r ❝♦♠♦✿

✶✳ ❋✉❡r③❛s ♥♦r♠❛❧❡s✿ ▲❛s ❞❡❢♦r♠❛❝✐♦♥❡s ❡♥ ❧♦s ♠❛t❡r✐❛❧❡s s❡ ❞❡❜❡♥ ❛ ❢✉❡r③❛s ♥♦r♠❛❧❡s✳ ❊❧ ❡st✉❞✐♦
❞❡ ❡st❛s ❢✉❡r③❛s s❡ ❝♦♥♦❝❡♥ t❛♠❜✐é♥ ❝♦♠♦ t❡♦rí❛ ❞❡ ❝♦♥t❛❝t♦ ❞❡ ❍❡rt③✱ ✈❡❛ ❧❛ ✜❣✉r❛ ❆✳✷✳

✷✳ ❋✉❡r③❛s t❛♥❣❡♥❝✐❛❧❡s ✭Pr♦❜❧❡♠❛s ♥♦ ❧✐♥❡❛❧❡s✮✿ ❞♦♥❞❡ ❧❛s ❞❡❢♦r♠❛❝✐♦♥❡s ❡♥ ❧♦s ♠❛t❡r✐❛❧❡s s♦♥
❞❡❜✐❞♦ ❛ ❢✉❡r③❛s t❛♥❣❡♥❝✐❛❧❡s✱ ❡♥ ❡st♦s ❝❛s♦s ❞❡ s❡❜❡ ❝♦♥s✐❞❡r❛r r♦③❛♠✐❡♥t♦✱ ✈❡❛ ❧❛ ✜❣✉r❛ ❆✳✷

✸✵✽



❋✐❣✉r❛ ❆✳✷✿ ❋✉❡r③❛ ❞❡ ❝♦♥t❛❝t♦ ♥♦r♠❛❧ ② ❢✉❡r③❛ ❞❡ ❝♦♥t❛❝t♦ t❛♥❣❡♥❝✐❛❧✳ ❝©

▲❛ t❡♦rí❛ ❞❡ ❝♦♥t❛❝t♦ ❞❡ ❍❡rt③ tr❛t❛ ❡❧ ❝❛s♦ ❞♦♥❞❡ ❡❧ ❝♦♥t❛❝t♦ ❣❡♥❡r❛❞♦ ❡s ❡♥tr❡ ❞♦s ❝✉❡r♣♦s ❡s✲
❢ér✐❝♦s✱ ❡❧ ár❡❛ ❞❡ ❝♦♥t❛❝t♦ ❡s ❝✐r❝✉❧❛r✱ ❞♦♥❞❡ s❡ ♣r❡s❡♥t❛♥ ❡s❢✉❡r③♦s ❞❡ ❝♦♠♣r❡s✐ó♥ ② ❞♦♥❞❡ ❡①✐st❡♥
ú♥✐❝❛♠❡♥t❡ ❞❡❢♦r♠❛❝✐♦♥❡s ❡❧ást✐❝❛s✳

❊st❛ t❡♦rí❛ ❛s✉♠❡ q✉❡✿

✶✳ ▲❛s ✐♥t❡r❛❝❝✐♦♥❡s ❞❡ ❱❛♥ ❞❡r ❲❛❛❧s ♥♦ ❡①✐st❡♥ ② ♥♦ s❡ t♦♠❛♥ ❡♥ ❝✉❡♥t❛✳

✷✳ ◆♦ ❡①✐st❡ ♥✐♥❣ú♥ t✐♣♦ ❞❡ ❛❞❤❡r❡♥❝✐❛✱ ❡st♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ ❧♦s ❝✉❡r♣♦s ♣✉❡❞❡♥ s❡♣❛r❛rs❡ s✐♥
♥✐♥❣✉♥❛ ❢✉❡r③❛ ❞❡ ❛❞❤❡s✐ó♥✳

✸✳ ▲♦s ❝✉❡r♣♦s s✉❢r❡♥ ú♥✐❝❛♠❡♥t❡ ❞❡❢♦r♠❛❝✐♦♥❡s ❡❧ást✐❝❛s✱ ❧♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ❧❛s ❢✉❡r③❛s ❞❡
♣r❡s✐ó♥ s♦♥ ♣❡q✉❡ñ❛s✳

✹✳ ▲❛s s✉♣❡r✜❝✐❡s ❞❡ ❝♦♥t❛❝t♦ ❡♥tr❡ ❧♦s ❝✉❡r♣♦s s♦♥ ♣❡r❢❡❝t❛♠❡♥t❡ ❧✐s❛s✳

✺✳ ▲❛s ❢✉❡r③❛s ❞❡ ❝♦♥t❛❝t♦ ❡♥tr❡ ❧♦s ❝✉❡r♣♦s ❡♥ ❝♦♥t❛❝t♦ s♦♥ ♣✉r❛♠❡♥t❡ ❢✉❡r③❛s ♥♦r♠❛❧❡s✳

✻✳ ❊♥ ❡❧ ♠♦♠❡♥t♦ ❝✉❛♥❞♦ ❞♦s ❝✉❡r♣♦s ❤❛❝❡♥ ❝♦♥t❛❝t♦ ❞❡❜✐❞♦ ❛ ❧❛ ❛❝❝✐ó♥ ❞❡ ❢✉❡r③❛s s❡ ❣❡♥❡r❛
✉♥ ár❡❛ ❞❡ ❝♦♥t❛❝t♦✱ ❡st❛ ár❡❛ ❞❡♣❡♥❞❡rá ❞❡ ❧❛ ❣❡♦♠❡trí❛ ❞❡ ❧♦s ❝✉❡r♣♦s ❡♥ ❝♦♥t❛❝t♦✱ ❞❡ ❧❛s
♣r♦♣✐❡❞❛❞❡s ❞❡ ❧♦s ♠❛t❡r✐❛❧❡s ❡♥ ❝♦♥t❛❝t♦ ② ❞❡ ❧❛ ❝❛r❣❛✳

❚✐♣♦ ❞❡ ár❡❛s ❞❡ ❝♦♥t❛❝t♦ ❡♥ ❧❛ t❡♦rí❛ ❞❡ ❍❡rt③✳

❊❧ ár❡❛ ❞❡ ❝♦♥t❛❝t♦ ❣❡♥❡r❛❞♦ ♣♦r ❡❧ ❝♦♥t❛❝t♦ ❡♥tr❡ ❞♦s ❝✐❧✐♥❞r♦s ❝✉②♦s ❡❥❡s s♦♥ ♣❛r❛❧❡❧♦s ❡s ✉♥
r❡❝tá♥❣✉❧♦ ❞❡❧❣❛❞♦✳

❉♦s ❝✐❧✐♥❞r♦s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❡♥ ❝♦♥t❛❝t♦ ❝✉②♦s ❡❥❡s ♥♦ s♦♥ ♣❛r❛❧❡❧♦s ❣❡♥❡r❛♥ ✉♥ ár❡❛ ❞❡
❝♦♥t❛❝t♦ ❡❧í♣t✐❝❛✳

❊❧ ❝❛s♦ ❞♦♥❞❡ ❤❛❝❡♥ ❝♦♥t❛❝t♦ ❡♥tr❡ ❞♦s ❝✐❧✐♥❞r♦s ❝✉②♦s ❡❥❡s s♦♥ ♣❡r♣❡♥❞✐❝✉❧❛r❡s❀ ❡s ❞❡❝✐r
❝r✉③❛❞♦s ❝♦♥ ✉♥ á♥❣✉❧♦ ❞❡ ✾✵◦✱ ❢♦r♠❛ ✉♥ ár❡❛ ❞❡ ❝♦♥t❛❝t♦ ❝✐r❝✉❧❛r✳

❆❧ ♠♦♠❡♥t♦ ❡♥ q✉❡ ❞♦s ❝✉❡r♣♦s ❡s❢ér✐❝♦s ❤❛❣❛♥ ❝♦♥t❛❝t♦ ❡♥tr❡ s✐✱ ❡st♦s ❣❡♥❡r❛rá♥ ✉♥ ár❡❛ ❞❡
❝♦♥t❛❝t♦ ❡❧í♣t✐❝❛✳ ❊♥ ❡st❡ ❝❛s♦ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❡s❢✉❡r③♦s ❡s s❡♠✐ ❡❧✐♣s♦✐❞❛❧✱ ✈❡❛ ❧❛ ✜❣✉r❛ ❆✳✹✳

✸✵✾



❋✐❣✉r❛ ❆✳✸✿ ❈♦♥t❛❝t♦ ❡♥tr❡ ❞♦s ❡s❢❡r❛s✳

▲❛ ✜❣✉r❛ ❆✳✹ ♠✉❡str❛ ✉♥❛ ❡♥ ❞✐❢❡r❡♥t❡s ♣❧❛♥♦s ❞❡❧ ár❡❛ ❞❡ ❝♦♥t❛❝t♦ ❝✐r❝✉❧❛r ❞♦♥❞❡ s❡ ♠✉❡str❛ ❧❛
❞✐str✐❜✉❝✐ó♥ ❞❡ ❡s❢✉❡r③♦s ❞❡ ❝♦♠♣r❡s✐ó♥✳

❊❝✉❛❝✐♦♥❡s ❞❡ ❝♦♥t❛❝t♦ ❡♥tr❡ ✉♥❛ ❡s❢❡r❛ ✉♥ s❡♠✐✲❡s♣❛❝✐♦ ❡❧ást✐❝♦✱ ❡♥ ❧❛ ❝✉❛❧✱ t❛♠❜✐❡♥ ✈á❧✐❞❛s ♣❛r❛
❡❧ ❝♦♥t❛❝t♦ ❡♥tr❡ ❞♦s ❡s❢❡r❛s✱ ✈❡❛ ●✐❡s❜❡rs ❬✶✹❪✱ ✈❡❛ ❧❛ ✜❣✉r❛ ❆✳✹✳

❈♦❡✜❝✐❡♥t❡ ❞❡ r✐❣✐❞❡③✳
Kc = 2aE∗

❘❛❞✐♦ ❞❡❧ ❝♦♥t❛❝t♦ ❞❡ ❍❡rt③✳

a =

(

3LR

4E∗

)1/3

▼ó❞✉❧♦ ❞❡ ❨♦✉♥❣ ❝♦♠❜✐♥❛❞♦✳

E∗ =

(

1− ν2

1

E1

+
1− ν2

2

E2

)−1

❉♦♥❞❡ E1 ② E2 s♦♥ ❡❧ ♠ó❞✉❧♦ ❞❡ ❨♦✉♥❣ ② ν1 ② ν2 s♦♥ ❧❛ r❡❧❛❝✐ó♥ ❞❡ P♦✐ss♦♥ ❛s♦❝✐❛❞♦ ❛ ❝❛❞❛ ✉♥♦
❞❡ ❧♦s ❝✉❡r♣♦s✳

❘❛❞✐♦ ❞❡ ❝✉r✈❛t✉r❛ ❡❢❡❝t✐✈♦

R =

(

1

R1

+
1

R2

)−1

❋✉❡r③❛ ♥♦r♠❛❧ ❛♣❧✐❝❛❞❛
F

✸✶✵



❋✐❣✉r❛ ❆✳✹✿ ❈♦♥t❛❝t♦ ❡♥tr❡ ✉♥❛ ❡s❢❡r❛ ② ✉♥ s❡♠✐ ❡s♣❛❝✐♦ ❡❧ást✐❝♦✳

✸✶✶



❆♣é♥❞✐❝❡ ❇

❚❡♦rí❛ ❞❡ ❝♦♥t❛❝t♦ ❞❡ ❍❡rt③ ❡♥ r❡❧❛❝✐ó♥ ❝♦♥
❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚✳

❯♥♦ ❞❡ ❧♦s ♠ét♦❞♦s q✉❡ ✉t✐❧✐③❛ ❆❞❛♠s ♣❛r❛ ❡❧ ❛♥á❧✐s✐s ❞❡ ❝♦♥t❛❝t♦ ❡s ❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚✱ ❡s✲
t❡ ❛♣é♥❞✐❝❡ ❞❡s❝r✐❜❡ ❧❛ r❡❧❛❝✐ó♥ q✉❡ ❡①✐st❡ ❡♥tr❡ ❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚ ② ❧❛ t❡♦rí❛ ❞❡ ❝♦♥t❛❝t♦ ❞❡ ❍❡rt③✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝♦♥t❛❝t♦ ♣r❡s❡♥t❛❞❛s ❡♥ ❡❧ ❛♣é♥❞✐❝❡ ❆✱ ❧❛ ❢✉❡r③❛ ♥♦r♠❛❧ ❞❡
❝♦♥t❛❝t♦ ❡stá ❞❛❞❛ ❝♦♠♦✿

F = Kc (x1 − x) ✭❇✳✶✮

❙✉st✐t✉②❡♥❞♦ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝♦♥t❛❝t♦ ❞❡s❝r✐t❛s ❡♥ ❡❧ ❛♣é♥❞✐❝❡ ❆ ❆✱ s❡ ♦❜t✐❡♥❡✿

F = 2aE∗ (x1 − x) = 2







3L
(

1

R1

+ 1

R2

)−1

4
(

1−ν2
1

E1

+
1−ν2

2

E2

)−1







1/3
(

1− ν2

1

E1

+
1− ν2

2

E2

)

(x1 − x) ✭❇✳✷✮

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ●✐❡s❜❡rs ❬✶✹❪✱ ❧❛ ❢✉❡r③❛ ♥♦r♠❛❧ ♣✉❡❞❡ r❡❝♦♥♦❝❡rs❡ ❝♦♠♦ ✉♥❛ ❢✉❡r③❛ ❡❧ást✐❝❛ ❧✐♥❡❛❧✱
❧❡② ❞❡ ❍♦♦❦✱ s✐❡♠♣r❡ ② ❝✉❛♥❞♦ ❧❛ ❝♦♥st❛♥t❡ ❞❡ r✐❣✐❞❡③ Kc s❡❛ ❝♦♥st❛♥t❡✳ ❊❧ ✈❛❧♦r ❞❡ ❧❛ ❢✉❡r③❛ ♥♦r♠❛❧
❞❡♣❡♥❞❡rá ❞❡ s✉ ♣❛rá♠❡tr♦ ❞❡ r✐❣✐❞❡③ Kc ❝♦♠♦ ❞❡ ❧❛ ♣r♦❢✉♥❞✐❞❛❞ ❞❡ ♣❡♥❡tr❛❝✐ó♥ x1− x2✱ ♠✐❡♥tr❛s
q✉❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ r✐❣✐❞❡③ ❞❡♣❡♥❞❡rá t❛♥t♦ ❞❡ ❧♦s ♠ó❞✉❧♦s ❞❡ ❨♦✉♥❣✱ ❧❛s r❡❧❛❝✐♦♥❡s ❞❡ P♦✐ss♦♥ ②
❧♦s r❛❞✐♦s✱ ♣❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❝✉❡r♣♦s✳

❉❡♥tr♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚ ❡①✐st❡ ✉♥ ♣❛rá♠❡tr♦ ❞❡ r✐❣✐❞❡③ q✉❡ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❧❛ ❝♦♥s✲
t❛♥t❡ ❞❡ r✐❣✐❞❡③ ❞❡ ❝♦♥t❛❝t♦ ❞❡ ❍❡rt③ ② q✉❡ s❡ ❝♦♥s✐❞❡r❛ ❝♦♠♦ ✉♥ ♣❛rá♠❡tr♦ ❞❡ r✐❣✐❞❡③ ❡stát✐❝♦✳
❙✐♥ ❡♠❜❛r❣♦✱ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ●✐❡s❜❡rs ❬✶✹❪✱ ❧❛ ❝❛r❣❛ ♣❛r❡❝❡ ✈❛r✐❛r ❝♦♥❢♦r♠❡ ❧❛ ♣r♦❢✉♥❞✐❞❛❞ ❞❡ ♣❡✲
♥❡tr❛❝✐ó♥ ✈❛rí❛✱ ❡s ❞❡❝✐r✱ ❝♦♥❢♦r♠❡ ❧❛ ♣r♦❢✉♥❞✐❞❛❞ ❞❡ ♣❡♥❡tr❛❝✐ó♥ ❛✉♠❡♥t❛✱ ❧❛ ❢✉❡r③❛ ♥♦r♠❛❧ ❞❡
r❡st❛✉r❛❝✐ó♥ ✭▲✮ ❛✉♠❡♥t❛✳ P♦r ❧♦ q✉❡ s❡ ❝♦♥❝❧✉②❡ q✉❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ r✐❣✐❞❡③ ❞❡❧ ❝♦♥t❛❝t♦ (Kc) ♥♦
❡s ❝♦♥st❛♥t❡✱ ❤❛❝✐❡♥❞♦ q✉❡ ❧❛ ❢✉❡r③❛ ♥♦ s❡❛ ❧✐♥❡❛❧✳

❉❡❜✐❞♦ ❛ ❡st❛ ♥♦ ❧✐♥❡❛❧✐❞❛❞ ② ❛ q✉❡ ❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚ ❝♦♥s✐❞❡r❛ ❧❛ ❝♦♥st❛♥t❡ ❞❡ r✐❣✐❞❡③ ❝♦♠♦
✉♥ ♣❛rá♠❡tr♦ ❞❡ r✐❣✐❞❡③ ❡stát✐❝♦✱ s❡ ❝♦♥s✐❞❡r❛ ✉♥ ❡①♣♦♥❡♥t❡ ❞❡ ❢✉❡r③❛ ❛❞✐❝✐♦♥❛❧ (e)✳

F = K (x1 − x)e

✸✶✷



❉♦♥❞❡ e > 1 ♣❛r❛ ♣♦❞❡r ❛✉♠❡♥t❛r ❧❛ r✐❣✐❞❡③ ❞❡ ❝♦♥t❛❝t♦ ② ❧❛ ♣r♦❢✉♥❞✐❞❛❞ ❞❡ ♣❡♥❡tr❛❝✐ó♥✳ ❉❡❜✐❞♦
❛ q✉❡ K ❡s ✉♥❛ ❝♦♥st❛♥t❡✱ ❧❛ ♥♦ ❧✐♥❡❛❧✐❞❛❞ s❡ ♠♦❞❡❧❛rá ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ ❡①♣♦♥❡♥t❡ (e)✱ ❣r❛❝✐❛s ❛
❡st❡ ♣❛rá♠❡tr♦✱ ❧❛ r✐❣✐❞❡③ ❞❡ ❝♦♥t❛❝t♦ ❡❢❡❝t✐✈❛ K ❞❡❥❛rá ❞❡ s❡r ❝♦♥st❛♥t❡ ② ❞❡ ❡st❛ ♠❛♥❡r❛ ❧♦❣r❛♠♦s
❛♣❡❣❛r♥♦s ♠❡❥♦r ❛ ❧❛ t❡♦rí❛ ❞❡ ❝♦♥t❛❝t♦ ❞❡ ❍❡rt③✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ t❡♦rí❛ ❞❡ ❝♦♥t❛❝t♦s ❞❡ ❍❡rt③✱ ❧♦s ❝✉❡r♣♦s q✉❡ ❡♥tr❛♥ ❡♥ ❝♦♥t❛❝t♦ t✐❡♥❞❡♥ ❛
s✉❢r✐r ❞❡❢♦r♠❛❝✐♦♥❡s ❡❧ást✐❝❛s✱ ❡st❛ ❞❡❢♦r♠❛❝✐ó♥ ❡❧ást✐❝❛ ❞✐s✐♣❛ ❡♥❡r❣í❛ ❞❡❧ s✐st❡♠❛✱ ❞❡❜✐❞♦ ❛ ❡st♦ ❧❛
❢✉♥❝✐ó♥ ■▼P❆❈❚ t✐❡♥❡ q✉❡ ❝♦♥s✐❞❡r❛r ❡st❛ ❞✐s✐♣❛❝✐ó♥ ❞❡ ❡♥❡r❣í❛ ② ♣❛r❛ ❡❧❧♦ ✉t✐❧✐③❛ ✉♥ ♣❛rá♠❡tr♦
❞❡ ❛♠♦rt✐❣✉❛❝✐ó♥ (Cmax) ❡♥❝❛r❣❛❞♦ ❞❡ ❞✐s✐♣❛r ❞✐❝❤❛ ❡♥❡r❣í❛ ❞❡❧ s✐st❡♠❛✳

❊st❛ ❞✐s✐♣❛❝✐ó♥ ❞❡ ❡♥❡r❣í❛ ❞❡♣❡♥❞❡rá ❞❡❧ ár❡❛ ❞❡ ❝♦♥t❛❝t♦ ② ❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ r✐❣✐❞❡③ ❞❡❧ ❝♦♥t❛❝t♦✱
❞❡ ❛❝✉❡r❞♦ ❝♦♥ ●✐❡s❜❡rs ❬✶✹❪✱ ❡st❡ ✈❛❧♦r ❞❡ ❛♠♦rt✐❣✉❛♠✐❡♥t♦ t✐❡♥❡ q✉❡ s❡r ✉♥❛ ♣❡q✉❡ñ❛ ❢r❛❝❝✐ó♥ ❞❡
❧❛ ❝♦♥st❛♥t❡ ❞❡ r✐❣✐❞❡③✳

Cmax < 0.001 k

✸✶✸



❆♣é♥❞✐❝❡ ❈

❋✉♥❝✐ó♥ ■▼P❆❈❚✳

IMPACT (x , ẋ , x1 , k , e , cmax , d)

▲❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚ ❝♦♥st❛ ❞❡ s✐❡t❡ ❛r❣✉♠❡♥t♦s✱ t❛❧ ② ❝♦♠♦ s❡ ❞❡s❝r✐❜❡♥ ❡♥ ❧❛ ❚❛❜❧❛ ❈✳✶ ✳

❚❛❜❧❛ ❈✳✶✿ ❆r❣✉♠❡♥t♦s ❞❡ ❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚✳

x
❊st❡ ❛r❣✉♠❡♥t♦ ❡s♣❡❝✐✜❝❛ ✉♥❛ ✈❛r✐❛❜❧❡ ❞❡ ❞✐st❛♥❝✐❛ q✉❡ s❡
✉t✐❧✐③❛ ♣❛r❛ ❝❛❧❝✉❧❛r ❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚✳

ẋ ❊st❡ ❛r❣✉♠❡♥t♦ ❡s♣❡❝✐✜❝❛ ❧❛ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧ ❞❡ x✳

x1

❊st❡ ❛r❣✉♠❡♥t♦ ❡s ✉♥❛ ✈❛r✐❛❜❧❡ r❡❛❧ ♣♦s✐t✐✈❛ q✉❡ ❡s♣❡❝✐✜❝❛
❧❛ ❧♦♥❣✐t✉❞ ❧✐❜r❡ ❞❡ x✳ ❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❆❞❛♠s ❝© s✐ x < x1

❆❞❛♠s ❝© ❙♦❧✈❡r ❝❛❧❝✉❧❛ ✉♥ ✈❛❧♦r ♣♦s✐t✐✈♦ ❞❡ ❧❛ ❢✉❡r③❛✳ ❉❡ ❧♦
❝♦♥tr❛r✐♦✱ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❢✉❡r③❛ ❡s ❝❡r♦✳

k
❊st❡ ❛r❣✉♠❡♥t♦ ❡s ✉♥❛ ✈❛r✐❛❜❧❡ r❡❛❧ ♥♦ ♥❡❣❛t✐✈❛ q✉❡ ❡s♣❡❝✐✜❝❛
❧❛ r✐❣✐❞❡③ ❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ❧❛ s✉♣❡r✜❝✐❡ ❧í♠✐t❡✳

e

❊st❡ ❛r❣✉♠❡♥t♦ ❡s ✉♥❛ ✈❛r✐❛❜❧❡ r❡❛❧ ♣♦s✐t✐✈❛ q✉❡ ❡s♣❡❝✐✜❝❛
❡❧ ❡①♣♦♥❡♥t❡ ❞❡ ❧❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❞❡❢♦r♠❛❝✐ó♥ ❞❡❜✐❞❛ ❛ ❧❛
❢✉❡r③❛✳ P❛r❛ ❝♦♥s✐❞❡r❛r ✉♥❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ r❡s♦rt❡ ❞❡ r✐❣✐✲
❞❡③ ✭st✐✛❡♥✐♥❣ s♣r✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝✮✱ s❡ s❡❧❡❝❝✐♦♥❛ ✉♥ ✈❛❧♦r ❞❡
e > 1.0✳ ♠✐❡♥tr❛s q✉❡ ♣❛r❛ ✉♥❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ r❡s♦rt❡ ❞❡ r❡✲
❜❧❛♥❞❡❝✐♠✐❡♥t♦ ✭s♦❢t❡♥✐♥❣ s♣r✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝✮✱ s❡ s❡❧❡❝❝✐♦♥❛
✉♥ ✈❛❧♦r ❞❡✱ 0 < e < 1.0✳

cmax
❊st❡ ❛r❣✉♠❡♥t♦ ❡s ✉♥❛ ✈❛r✐❛❜❧❡ r❡❛❧ ♥♦ ♥❡❣❛t✐✈❛ q✉❡ ❡s♣❡❝✐✜❝❛
❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛♠♦rt✐❣✉❛♠✐❡♥t♦ ♠á①✐♠❛✳

dy

❊st❡ ❛r❣✉♠❡♥t♦ r❡♣r❡s❡♥t❛ ✉♥❛ ✈❛r✐❛❜❧❡ q✉❡ ❡s♣❡❝✐✜❝❛ ❧❛ ♣❡✲
♥❡tr❛❝✐ó♥ ❧í♠✐t❡ ❡♥ ❧❛ q✉❡ ❆❞❛♠s ❝© ❛♣❧✐❝❛ ❧❛ ❛♠♦rt✐❣✉❛❝✐ó♥
❝♦♠♣❧❡t❛✳

▲♦s ♣r✐♠❡r♦s tr❡s ❛r❣✉♠❡♥t♦s s❡ ❞❡t❡r♠✐♥❛ ❡♥ ❝❛❞❛ ♣❛s♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ② ❡stá♥ r❡❧❛❝✐♦♥❛❞♦s
❞✐r❡❝t❛♠❡♥t❡ ❝♦♥ ❧❛ ❣❡♦♠❡trí❛✱ ♠✐❡♥tr❛s q✉❡ ❧♦s ♦tr♦s ♣❛rá♠❡tr♦s s❡ ❡s♣❡❝✐✜❝❛♥ ♣♦r ❡❧ ✉s✉❛r✐♦✳
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❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ✜❣✉r❛ ❈✳✶ ❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚ s❡ ❛❝t✐✈❛ ❝✉❛♥❞♦ ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❧♦s ♠❛r❝❛✲
❞♦r❡s M ② N ❝❛❡♥ ♣♦r ❞❡❜❛❥♦ ❞❡ ❧❛ ❧♦♥❣✐t✉❞ ♥♦♠✐♥❛❧ x1 ❡♥ ❡❧ ♠♦♠❡♥t♦ ❞❡❧ ✐♠♣❛❝t♦✳

❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ♠✐❡♥tr❛s q✉❡ ❡❧ ✈❛❧♦r ❡♥tr❡ ❧♦s ♠❛r❝❛❞♦r❡s x s❡❛ ♠❛②♦r q✉❡ x1✱ ❧❛ ❢✉❡r③❛ s❡rá
❝❡r♦✳ ❆❧ ♠♦♠❡♥t♦ ❞❡ q✉❡ ❡❧ ✈❛❧♦r x s❡❛ ♠❡♥♦r q✉❡ ❡❧ ✈❛❧♦r ❞❡ x1✱ ❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚ s❡ ❛❝t✐✈❛✳

❋✐❣✉r❛ ❈✳✶✿ ❱❛❧♦r ❞❡ ❧❛ ❧♦♥❣✐t✉❞ ❧✐❜r❡ x1 ♣❛r❛ ❛❝t✐✈❛r ❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚

▲❛ ❢✉❡r③❛ t✐❡♥❡ ❞♦s ❝♦♠♣♦♥❡♥t❡s✱ ✉♥ ❝♦♠♣♦♥❡♥t❡ ❞❡ r❡s♦rt❡ ♦ ❞❡ r✐❣✐❞❡③✱ ❛❞❡♠ás ❞❡ ✉♥ ❝♦♠♣♦✲
♥❡♥t❡ ❞❡ ❛♠♦rt✐❣✉❛♠✐❡♥t♦✳ ▲❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ r✐❣✐❞❡③ ❡stá ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ♣❡♥❡tr❛❝✐ó♥ ❞❡❧ ♠❛r❝❛❞♦r
M ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♠❛r❝❛❞♦r N ② s❡ ♦♣♦♥❡ ❛ ❧❛ ♣❡♥❡tr❛❝✐ó♥✱ ♠✐❡♥tr❛s q✉❡ ❡❧ ❡❧ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❛♠♦r✲
t✐❣✉❛❝✐ó♥ ❞❡ ❧❛ ❢✉❡r③❛ ❡stá ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ♣❡♥❡tr❛❝✐ó♥ ② s❡ ♦♣♦♥❡ ❛❧ ♠♦✈✐♠✐❡♥t♦
r❡❧❛t✐✈♦✳ ❈✉❛♥❞♦ ❧❛ ♣r♦❢✉♥❞✐❞❛❞ ❞❡ ♣❡♥❡tr❛❝✐ó♥ s✉♣❡r❛ ❡❧ ✈❛❧♦r d✱ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛♠♦rt✐❣✉❛❝✐ó♥
t♦♠❛ ❡❧ ✈❛❧♦r ❞❡ Cmax✱ ❞❡ ❧♦ ❝♦♥tr❛r✐♦ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛♠♦rt✐❣✉❛♠✐❡♥t♦ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ♣❛s♦ ♦
❙❚❊P ❝ú❜✐❝❛ ❞❡ ❧❛ ♣❡♥❡tr❛❝✐ó♥✳

❉❡✜♥✐❝✐ó♥ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚ ❬✶✹❪✳

IMPACT =

{

Max (0, k (x1 − x)e − STEP (x, x1 − d, cmax, x1, 0) ∗ ẋ) , x < x1

0, x ≥ x1

❆♥❛❧✐③❛♥❞♦ ❧❛ ♣❛rt❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚ ❛s♦❝✐❛❞♦ ❛ ❧❛ ❞❡❢♦r♠❛❝✐ó♥✱ ✈❡❛ ❧❛ ✜❣✉r❛ ❈✳✷✳

F = K (x1 − x)e

❙❡ t✐❡♥❡ q✉❡ ❛ ♠❡❞✐❞❛ q✉❡ ❡❧ ✈❛❧♦r x ✈❛ ❞✐s♠✐♥✉②❡♥❞♦ ❧❛ ❢✉❡r③❛ ❞❡ r❡s♦rt❡ ✈❛ ❛✉♠❡♥t❛♥❞♦✳ ❉❡
❛❝✉❡r❞♦ ❝♦♥ ❧❛ ✜❣✉r❛ ❈✳✷✱ ❝✉❛♥❞♦ ❡❧ ❡①♣♦♥❡♥t❡ e t♦♠❛ ✈❛❧♦r❡s ❡♥tr❡ 0 < e < 1✱ ❧❛ ❢✉❡r③❛ ❡s ❝ó♥❝❛✈❛
❤❛❝✐❛ ❛❜❛❥♦✱ ❝✉❛♥❞♦ ❡❧ ❡①♣♦♥❡♥t❡ t♦♠❛ ❡❧ ✈❛❧♦r ❞❡ ✉♥♦ ❧❛ ❢✉❡r③❛ t✐❡♥❡ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❧✐♥❡❛❧✱
♠✐❡♥tr❛s q✉❡ ❝✉❛♥❞♦ t♦♠❛ ✈❛❧♦r❡s ♠❛②♦r❡s ❛ ✉♥♦ e > 1✱ ❧❛ ❢✉❡r③❛ s❡ ✈✉❡❧✈❡ ❝ó♥❝❛✈❛ ❤❛❝✐❛ ❛rr✐❜❛✳
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❋✐❣✉r❛ ❈✳✷✿ Pr✐♠❡r❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚✱ ❢✉❡r③❛ ♣✉r❛♠❡♥t❡ ❞❡ ❝♦♠♣r❡s✐ó♥

❆♥❛❧✐③❛♥❞♦ ❧❛ s❡❣✉♥❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚ ♦ ❢✉❡r③❛ ❞❡ ❛♠♦rt✐❣✉❛❝✐ó♥✳

f = −cmax ẋ ∗ STEP (x, x1, −d, 1, x1, 0)

❈✉❛♥❞♦ ❡❧ ✈❛❧♦r ❞❡ x ❡s ♠❡♥♦r q✉❡ x1✱ ❧❛ ✈❡❧♦❝✐❞❛❞ r❡❧❛t✐✈❛ t❡♥❞rá ✉♥ ✈❛❧♦r ❞✐st✐♥t♦ ❞❡ ❝❡r♦✱ ♣♦r
❧♦ q✉❡ ♠♦❞❡❧❛ ✉♥ ❛♠♦rt✐❣✉❛❞♦r ❧✐♥❡❛❧✱ ✈❡❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭❈✳✶✮ ❡ ✐♥❞✉❝✐rá ✉♥❛ ❞✐s❝♦♥t✐♥✉✐❞❛❞ ❡♥ ❧❛
❢✉❡r③❛ ❞❡ ❛♠♦rt✐❣✉❛❝✐ó♥✳ P❛r❛ s♦❧✉❝✐♦♥❛r ❡st❡ ♣r♦❜❧❡♠❛✱ ❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚ ✉t✐❧✐③❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡
♣❛s♦ ❝ú❜✐❝♦ ② ❞❡ ❡st❛ ♠❛♥❡r❛ ❛✉♠❡♥t❛r ❧❛ ❢✉❡r③❛ ❞❡ ❛♠♦rt✐❣✉❛❝✐ó♥ ❞❡s❞❡ ❝❡r♦ ❛ cmax ẋ ❞❡♥tr♦ ❞❡❧
✐♥t❡r✈❛❧♦ ❞❡ ♣❡♥❡tr❛❝✐ó♥✱ ✈❡❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭❈✳✷✮✳

f = −cẋ ✭❈✳✶✮

0 < Penetración ≤ d ✭❈✳✷✮

❈❛❜❡ r❡♠❛r❝❛r q✉❡ ❡❧ ✈❛❧♦r ❞❡ ♣❡♥❡tr❛❝✐ó♥ “d ”✱ ♥♦ ❡s ♥❡❝❡s❛r✐❛♠❡♥t❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ♣r♦❢✉♥❞✐❞❛❞
❞❡ ♣❡♥❡tr❛❝✐ó♥ ♠á①✐♠❛ ❞✉r❛♥t❡ ✉♥❛ ❝♦❧✐s✐ó♥✱ s✐♥♦ ♠❛s ❜✐❡♥ ❧❛ ♣r♦❢✉♥❞✐❞❛❞ ❞❡ ♣❡♥❡tr❛❝✐ó♥ ❡♥ ❧❛ q✉❡
❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛♠♦rt✐❣✉❛♠✐❡♥t♦ t♦♠❛ ✉♥ ✈❛❧♦r ♠á①✐♠♦ ② s❡ ♠❛♥t✐❡♥❡ ❛❤í✱ ✈❡❛ ❧❛ ✜❣✉r❛ ❈✳✸✳

●✐❡s❜❡rs ❬✶✹❪ r❡❝♦♠✐❡♥❞❛ ✉t✐❧✐③❛r ❧♦s s✐❣✉✐❡♥t❡s ✈❛❧♦r❡s ♣❛r❛ ❡❧ ❡①♣♦♥❡♥t❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ♠❛✲
t❡r✐❛❧ ❛ ✉t✐❧✐③❛r✳

P❛r❛ ♠❡t❛❧❡s ❞✉r♦s✿ e ≈ 2.2
P❛r❛ ♠❡t❛❧❡s s✉❛✈❡s✿ e ≈ 1.5
P❛r❛ ♠❛t❡r✐❛❧❡s s✉❛✈❡s ❝♦♠♦ ❡❧ ❝❛✉❝❤♦✿ e ≈ 1.1

✸✶✻



❋✐❣✉r❛ ❈✳✸✿ ❙❡❣✉♥❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ■▼P❆❈❚

✸✶✼



❆♣é♥❞✐❝❡ ❉

❖♣❡r❛❝✐ó♥ ❞❡ ❖r✐❡♥t❛❝✐ó♥✳

▲❛ ♦♣❝✐ó♥ ♦r✐❡♥t❛❝✐ó♥ ❡♠♣❧❡❛❞❛ ❡♥ ❡❧ ♠ó❞✉❧♦ ❞❡ ❝❛❜❧❡s✱ ❝❛♣t✉r❛ ❧❛ ♦r✐❡♥t❛❝✐ó♥ ❞❡❧ ❡❥❡ ❞❡ r♦t❛❝✐ó♥
❞❡ ❧❛ ♣♦❧❡❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ♦tr♦ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✳ ❊♥ ❡st❡ ❝❛s♦ ❡❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ q✉❡ s❡
♠❛♥❡❥❛ ❡s ❡❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ❣❧♦❜❛❧ ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧❛❞♦ ❡♥ ❆❞❛♠s ❝©✳ ▲❛ ♦♣❡r❛❝✐ó♥ ❖r✐❡♥t❛t✐♦♥
♠❛♥❡❥❛ ❧♦s á♥❣✉❧♦s ❞❡ ❊✉❧❡r ✏❨❛✇✲P✐t❝❤✲❘♦❧❧✑✱ ✈❡❛ ❧❛ ✜❣✉r❛ ❉✳✶✳

Orientation : (Y aw, P itch, Roll)

❋✐❣✉r❛ ❉✳✶✿ ➪♥❣✉❧♦s ❞❡ ❊✉❧❡r✲❙✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ❣❧♦❜❛❧ ❡♥ ▼❙❈ ❆❞❛♠s

❙❡ ❞❡s❡❛ ❡♥❝♦♥tr❛r ❧❛ ❧♦❝❛❧✐③❛❝✐ó♥ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ①✬②✬③✬ q✉❡ s❡ ♦❜t✐❡♥❡ ❛ ♣❛rt✐r ❞❡❧
s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ❣❧♦❜❛❧ ❡♠♣❧❡❛♥❞♦ ❧♦s á♥❣✉❧♦s ❞❡ ❊✉❧❡r ✭✾✵◦✱ ✾✵◦✱ ✾✵◦✮✳ ❊❧ ♣✉♥t♦ ❞❡ ♣❛rt✐❞❛
s✉♣♦♥❡ q✉❡ ❧♦s s✐st❡♠❛s ❞❡ r❡❢❡r❡♥❝✐❛ ❳❨❩ ② ①✬②✬③✬ s♦♥ ❝♦✐♥❝✐❞❡♥t❡s✱ ✈❡❛ ❧❛ ✜❣✉r❛ ❉✳✷✳

✸✶✽



❋✐❣✉r❛ ❉✳✷✿ ❊❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ x′y′z′ ❡♥ ❧❛ ♣♦s✐❝✐ó♥ ✐♥✐❝✐❛❧ r❡s♣❡❝t♦ ❛❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛
❣❧♦❜❛❧ XY Z

▲❛ r♦t❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ x′y′z′ ❛❧r❡❞❡❞♦r ❞❡❧ ❡❥❡ Z ✉♥ á♥❣✉❧♦ ❞❡ 90◦✱ á♥❣✉❧♦ ❨❛✇✱ s❡
♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ❉✳✸✱ ❥✉♥t♦ ❝♦♥ ❡❧ r❡s✉❧t❛❞♦ ✜♥❛❧ ❞❡❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ x′y′z′✳

❋✐❣✉r❛ ❉✳✸✿ ❘♦t❛❝✐ó♥ ❞❡ 90◦ ❞❡❧ á♥❣✉❧♦ ❨❛✇

▲❛ r♦t❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ x′y′z′ ❛❧r❡❞❡❞♦r ❞❡❧ ❡❥❡ Y ✉♥ á♥❣✉❧♦ ❞❡ 90◦✱ á♥❣✉❧♦ P✐t❝❤✱
s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ❉✳✹✱ ❥✉♥t♦ ❝♦♥ ❡❧ r❡s✉❧t❛❞♦ ✜♥❛❧ ❞❡❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ x′y′z′✳

❋✐♥❛❧♠❡♥t❡✱ ❧❛ r♦t❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ x′y′z′ ❛❧r❡❞❡❞♦r ❞❡❧ ❡❥❡ X ✉♥ á♥❣✉❧♦ ❞❡ 90◦✱
á♥❣✉❧♦ ❘♦❧❧✱ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ❉✳✺✱ ❥✉♥t♦ ❝♦♥ ❡❧ r❡s✉❧t❛❞♦ ✜♥❛❧ ❞❡❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ x′y′z′✳

✸✶✾



❋✐❣✉r❛ ❉✳✹✿ ❘♦t❛❝✐ó♥ ❞❡ 90◦ ❞❡❧ á♥❣✉❧♦ P✐t❝❤

❋✐❣✉r❛ ❉✳✺✿ ❘♦t❛❝✐ó♥ ❞❡ 90◦ ❞❡❧ á♥❣✉❧♦ ❘♦❧❧

✸✷✵



❆♣é♥❞✐❝❡ ❊

❈r❡❛❝✐ó♥ ❞❡ ✉♥❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡♥ ✉♥
♣❛r ♣r✐s♠át✐❝♦✳

❊st❛ s❡❝❝✐ó♥ ❡①♣❧✐❝❛ ❧❛ ♠❛♥❡r❛ ❞❡ ❝r❡❛r ✉♥❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡♥ ✉♥ ♣❛r ♣r✐s♠át✐❝♦✱ ✈❡❛ ❧❛
✜❣✉r❛❊✳✶✳

✭❛✮ ✭❜✮

❋✐❣✉r❛ ❊✳✶✿ ❋✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡♥ ✉♥ ♣❛r ♣r✐s♠át✐❝♦

❙❡ ♣♦s✐❝✐♦♥❛ ❡❧ ❝✉rs♦r s♦❜r❡ ❡❧ ♣❛r ❝✐♥❡♠át✐❝♦ ♣❛r❛ ❞❡s♣✉és ❤❛❝❡r ❝❧✐❝ ❞❡r❡❝❤♦ s♦❜r❡ ❡❧ ♠✐s♠♦✱
❛♣❛r❡❝❡rá ✉♥❛ ❝❛❥❛ ❞❡ ♣r♦♣✐❡❞❛❞❡s ❞♦♥❞❡ s❡ s❡❧❡❝❝✐♦♥❛ ❧❛ ♣r♦♣✐❡❞❛❞ ✈✐st❛ ❡♥ ❧❛ ✜❣✉r❛ ❊✳✷✳

❋✐❣✉r❛ ❊✳✷✿ ❖♣❝✐ó♥ ▼♦❞✐❢② ❞❡❧ ♣❛r ♣r✐s♠át✐❝♦

✸✷✶



❯♥❛ ✈❡③ s❡❧❡❝❝✐♦♥❛❞❛ ❧❛ ♦♣❝✐ó♥ ♠♦❞✐❢② ❛♣❛r❡❝❡rá ✉♥❛ ✈❡♥t❛♥❛ ❞❡ ♣r♦♣✐❡❞❛❞❡s ❞❡❧ ♣❛r ❝✐♥❡♠át✐❝♦✳
P❛r❛ ❝r❡❛r ✉♥❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ s❡ ❤❛❝❡ ❝❧✐❝ s♦❜r❡ ❡❧ ✐❝♦♥♦ ❧❧❛♠❛❞♦ ❏♦✐♥t ❢r✐❝t✐♦♥✱ ✈❡❛ ❧❛ ✜❣✉r❛ ❊✳✸✳

❋✐❣✉r❛ ❊✳✸✿ ❱❡♥t❛♥❛ ♣❛r❛ s❡❧❡❝❝✐♦♥❛r ❧❛ ❢r✐❝❝✐ó♥ ❞❡❧ ♣❛r ♣r✐s♠át✐❝♦

■♥♠❡❞✐❛t❛♠❡♥t❡ s❡ ❞❡s♣❧❡❣❛rá ❧❛ ✈❡♥t❛♥❛ ❞❡ ♣r♦♣✐❡❞❛❞❡s ♣❛r❛ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❝♦♠♦ ♣✉❡❞❡
✈❡rs❡ ❡♥ ❧❛ ✜❣✉r❛ ❊✳✹✳

❋✐❣✉r❛ ❊✳✹✿ P❛rá♠❡tr♦s ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❞❡❧ ♣❛r ♣r✐s♠át✐❝♦

✸✷✷



❉♦♥❞❡✿
◆♦♠❜r❡ ❞❡ ❧❛ ❢r✐❝❝✐ó♥ ✭❋r✐❝t✐♦♥ ♥❛♠❡✮✿ ❙❡ ✐♥❣r❡s❛ ❡❧ ♥♦♠❜r❡ q✉❡ t❡♥❞rá ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥✳

❆❞❛♠s ■❉✿ s❡ ✐♥❣r❡s❛ ❡❧ ♥ú♠❡r♦ ❞❡ ✐❞❡♥t✐✜❝❛❝✐ó♥ q✉❡ t❡♥❞rá ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❝♦♥ ❡❧ q✉❡
s❡rá r❡❝♦♥♦❝✐❞♦ ♣♦r ❆❞❛♠s ❝©✳

❈♦♠❡♥t❛r✐♦s ✭❈♦♠♠❡♥ts✮✿ s❡ ✐♥❣r❡s❛ ❝✉❛❧q✉✐❡r ❝♦♠❡♥t❛r✐♦ ♣♦r ❡❧ ✉s✉❛r✐♦✳

◆♦♠❜r❡ ❞❡❧ ♣❛r ❝✐♥❡♠át✐❝♦ ✭❏♦✐♥t ◆❛♠❡✮✿ P♦r ❞❡❢❛✉❧t ❛♣❛r❡❝❡rá ❡❧ ♥♦♠❜r❡ ❞❡❧ ♣❛r ❝✐♥❡✲
♠át✐❝♦ q✉❡ s❡ s❡❧❡❝❝✐♦♥ó ♣r❡✈✐❛♠❡♥t❡✱ ♣❡r♦ t❛♠❜✐é♥ ❡st❛ ♦♣❝✐ó♥ ♣❡r♠✐t✐ré ❝❛♠❜✐❛r ❡❧ ♣❛r ❝✐♥❡♠át✐❝♦
❞♦♥❞❡ ❛♣❛r❡❝❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥✳ P❛r❛ ❝❛♠❜✐❛r ❡❧ ♣❛r ❝✐♥❡♠át✐❝♦ s♦❜r❡ ❡❧ ❝✉❛❧ ❛❝t✉❛rá ❧❛ ❢✉❡r③❛
❞❡ ❢r✐❝❝✐ó♥ ❤❛② q✉❡ ❤❛❝❡r ❝❧✐❝ ❞❡r❡❝❤♦ s♦❜r❡ ❧❛ ❝❛❥❛ ❞❡ t❡①t♦✱ s❡ ❞❡s♣❧❡❣❛rá ✉♥❛ ❝❛❥❛ ❞❡ ❝♦♥✜❣✉r❛❝✐♦✲
♥❡s✱ ❞♦♥❞❡ ❤❛② q✉❡ ❞✐r✐❣✐rs❡ ❛ ❏♦✐♥t✴●✉❡ss❡s✱ ❡st❛ ♦♣❝✐ó♥ ♣r♦♣♦r❝✐♦♥❛ ✉♥❛ ❧✐st❛ ❞♦♥❞❡ ❛♣❛r❡❝❡rá♥
t♦❞♦s ❧♦s ♣❛r❡s ❝✐♥❡♠át✐❝♦s ❞❡♥tr♦ ❞❡ ♥✉❡str♦ ♠♦❞❡❧♦✱ ❜❛st❛ ❝♦♥ s❡❧❡❝❝✐♦♥❛r ❡❧ ♣❛r ❝✐♥❡♠át✐❝♦ ❞♦♥❞❡
q✉❡r❡♠♦s q✉❡ ❛❝tú❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥✱ ✈❡❛ ❧❛ ✜❣✉r❛ ❊✳✺✳

❋✐❣✉r❛ ❊✳✺✿ ❙❡❧❡❝❝✐ó♥ ❞❡❧ ♣❛r ❝✐♥❡♠át✐❝♦ ❞♦♥❞❡ ❛❝t✉❛rá ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥

P❛rá♠❡tr♦s ❞❡ ❧❛ ❢r✐❝❝✐ó♥ ♣❛r❛ ✉♥ ♣❛r ♣r✐s♠át✐❝♦✿

❈♦❡✜❝✐❡♥t❡ ❞❡ ❢r✐❝❝✐ó♥ ❡stát✐❝♦ [µs] ✭▼✉ ❙t❛t✐❝✮✿ ❙❡ ✐♥❣r❡s❛ ❡❧ ✈❛❧♦r ❞❡ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❢r✐❝✲
❝✐ó♥ ❡stát✐❝♦ ❡♥ ❡❧ ♣❛r ♣r✐s♠át✐❝♦✳ ❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❆❞❛♠s ❝© ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡stát✐❝❛ ❛❝tú❛ ♣❛r❛
♦♣♦♥❡rs❡ ❛ ❧❛ ❢✉❡r③❛ ♥❡t❛ ♦ t♦rq✉❡ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ❞❡❧ ♣❛r ♣r✐s♠át✐❝♦✳ ❊❧ r❛♥❣♦
❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❢r✐❝❝✐ó♥ ❡stát✐❝❛ ❡s µs ≥ 0✳

❈♦❡✜❝✐❡♥t❡ ❞❡ ❢r✐❝❝✐ó♥ ❝✐♥❡♠át✐❝♦ [µk] ✭▼✉ ❉②♥❛♠✐❝✮✿ ❙❡ ✐♥❣r❡s❛ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❢r✐❝✲
❝✐ó♥ ❞✐♥á♠✐❝♦ ❡♥ ❡❧ ♣❛r ♣r✐s♠át✐❝♦✳ ▲❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❞✐♥á♠✐❝❛ ❛❝tú❛ ❞❡ ♠❛♥❡r❛ ♦♣✉❡st❛ ❛ ❧❛
❞✐r❡❝❝✐ó♥ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ♣❛r ♣r✐s♠át✐❝♦✳ ❊❧ r❛♥❣♦ ❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❢r✐❝❝✐ó♥ ❞✐♥á♠✐❝❛ ❡s µk ≥ 0✳

❇r❛③♦ ❞❡ r❡❛❝❝✐ó♥ ✭❘❡❛❝t✐♦♥ ❆r♠✮✿ ❙❡ ✐♥❣r❡s❛ ❡❧ ✈❛❧♦r ❞❡❧ ❜r❛③♦ ❞❡ ♠♦♠❡♥t♦ ❡❢❡❝t✐✈♦ ❞❡❧
t♦rq✉❡ ❞❡ r❡❛❝❝✐ó♥ ❞❡❧ ♣❛r s♦❜r❡ ❡❧ ❡❥❡ ❛①✐❛❧ ❞❡❧ ♣❛r ♣r✐s♠át✐❝♦✳ ❊st❡ ✈❛❧♦r ❡s ✉t✐❧✐③❛❞♦ ♣♦r ❆❞❛♠s ❝©

♣❛r❛ ❝❛❧❝✉❧❛r ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ t♦rs✐ó♥ ❛ ❧❛ ❢✉❡r③❛ ♥❡t❛ ❞❡ ❢r✐❝❝✐ó♥✳ ❊❧ ✈❛❧♦r ♣♦r ❞❡❢❡❝t♦
❡s ❞❡ ✶✳✵ ♣❡r♦ ❡❧ r❛♥❣♦ ♣✉❡❞❡ s❡r ♠❛②♦r ❛ ❝❡r♦✳

❚r❛s❧❛♣❡ ✐♥✐❝✐❛❧ ✭■♥✐t✐❛❧ ❖✈❡r❧❛♣✮✿ s❡ ✐♥❣r❡s❛ ❡❧ ✈❛❧♦r ✐♥✐❝✐❛❧ ❞❡❧ tr❛s❧❛♣❡ q✉❡ t❡♥❞rá ✐♥✐❝✐❛❧✲
♠❡♥t❡ ❡♥tr❡ ❧♦s ❝✉❡r♣♦s q✉❡ ❞❡s❧✐③❛♥ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ ♣❛r ♣r✐s♠át✐❝♦ ♦ ❝✐❧í♥❞r✐❝♦✱ ✈❡❛ ❧❛ ✜❣✉r❛ ❊✳✻✳

✸✷✸



❱❛❧♦r ♣r❡❞❡t❡r♠✐♥❛❞♦ ❡s ❞❡ 1000.0 ② ❡❧ r❛♥❣♦ ❡s ♠❛②♦r ❛ ❝❡r♦✳ Traslape > 0✳

✭❛✮ ❱✐st❛ ❢r♦♥t❛❧

✭❜✮ ❱✐st❛ s✉♣❡r✐♦r

❋✐❣✉r❛ ❊✳✻✿ ❚r❛s❧❛♣❛♠✐❡♥t♦✱ ♦✈❡r❧❛♣✱ ❡♥tr❡ ❞♦s ❝✉❡r♣♦s ❡♥ ✉♥ ♣❛r ♣r✐s♠át✐❝♦

P❛rá♠❡tr♦s ❞❡ ✉♥ ♣❛r ❝♦♥ ✉♥ ❞❡s♣❧❛③❛♠✐❡♥t♦ ♣♦s✐t✐✈♦ ✭✇✐t❤ ♣♦s✐t✐✈❡ ❥♦✐♥t ❞✐s♣❧❛❝❡✲
♠❡♥t✮✿ P♦❞❡♠♦s ❡♥❝♦♥tr❛r ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥✜❣✉r❛❝✐♦♥❡s ❞❡❧ tr❛s❧❛♣❡✱ ❡s ❞❡❝✐r✱ ❡❧ ár❡❛ ❞❡ ❝♦♥t❛❝t♦
❡♥tr❡ ❧♦s ♠❛t❡r✐❛❧❡s ❡♥ ❝♦♥t❛❝t♦✳

❚r❛s❧❛♣❡ ✭❖✈❡r❧❛♣ ✇✐❧❧✮✿ ❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❆❞❛♠s ❝© ❝♦♥❢♦r♠❡ ❧❛ ❥✉♥t❛ ❞❡s❧✐③❛♥t❡ ♦ ♣❛r ♣r✐s✲
♠át✐❝♦ s❡ ❞❡s❧✐③❛✱ ❡❧ tr❛s❧❛♣❡ ♣✉❡❞❡ ❛✉♠❡♥t❛r✱ ❞✐s♠✐♥✉✐r ♦ ♠❛♥t❡♥❡rs❡ ❝♦♥st❛♥t❡✱ ♣♦r ❧♦ t❛♥t♦✱ s❡
♣✉❡❞❡ ❡♥❝♦♥tr❛r ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥✜❣✉r❛❝✐♦♥❡s ♣❛r❛ ❡❧ s♦❧❛♣❛♠✐❡♥t♦✳

❊❧ tr❛s❧❛♣❡ s❡ ♠❛♥t❡♥❞rá ❝♦♥st❛♥t❡ ✭r❡♠❛✐♥ ❝♦♥st❛♥t✮✿ ❊st❛ ♦♣❝✐ó♥ ✐♥❞✐❝❛ q✉❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡
s♦❧❛♣❛♠✐❡♥t♦ ♥♦ ❝❛♠❜✐❛ ❝✉❛♥❞♦ ❡❧ ♣❛r ♣r✐s♠át✐❝♦ s❡ ❞❡s❧✐③❛✳

❊❧ tr❛s❧❛♣❡ ❛✉♠❡♥t❛rá ✭✐♥❝r❡❛s❡✮✿ ❊❧ tr❛s❧❛♣❡ ❛✉♠❡♥t❛ ❝✉❛♥❞♦ ❡❧ ♠❛r❝❛❞♦r i ❞❡ ♠✉❡✈❡ ❡♥
❞✐r❡❝❝✐ó♥ ♣♦s✐t✐✈❛ ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ♠❛r❝❛❞♦r j✱ ✈❡❛ ❧❛ ✜❣✉r❛ ❊✳✼✳

❊❧ tr❛s❧❛♣❡ ❞✐s♠✐♥✉✐rá ✭❞❡❝r❡❛s❡✮✿ ❊st❛ ♦♣❝✐ó♥ ✐♥❞✐❝❛ q✉❡ ❡❧ tr❛s❧❛♣❡ ✐rá ❞✐s♠✐♥✉②❡♥❞♦ ❝♦♥✲
❢♦r♠❡ s❡ ❞❡s♣❧❛③❛ ❧❛ ❥✉♥t❛ ❡♥ ❞✐r❡❝❝✐ó♥ ♣♦s✐t✐✈❛✳ ❈✉❛♥❞♦ ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❡❧ ♠❛r❝❛❞♦r i ② ❡❧
♠❛r❝❛❞♦r j ❞✐s♠✐♥✉②❡✱ ❡st♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ ❧❛ ❝♦rr❡❞❡r❛ ❞❡ ❞❡s❧✐③❛ ❢✉❡r❛ ❞❡ ❧❛ ❥✉♥t❛✱ ✈❡❛ ❧❛
✜❣✉r❛ ❊✳✽✳

❋❛❝t♦r ❞❡ ❛♠♦rt✐❣✉❛♠✐❡♥t♦ [Cm] ✭❉❛♠♣✐♥❣ ❢❛❝t♦r✮✿ ❊s ✉♥ ❢❛❝t♦r q✉❡ s✐r✈❡ ❞❡ ❛♠♦rt✐❣✉❛✲
♠✐❡♥t♦ ♣❛r❛ ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥✳ P❛r❛ ♠ás ✐♥❢♦r♠❛❝✐ó♥ r❡✈✐s❛r ❡❧ ♠❛♥✉❛❧ ❞❡ ♣❛r❡s
❝✐♥❡♠át✐❝♦s ✐❞❡❛❧✐③❛❞♦s ❬✷✾❪✳ ❊❧ ✈❛❧♦r ♣♦r ❞❡❢❡❝t♦ ❡s ❞❡ 1✱ ♣❡r♦ ♣✉❡❞❡ t♦♠❛r ✈❛❧♦r❡s ♠❛②♦r❡s ❛ ❝❡r♦✳
Cm > 0✳
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❋✐❣✉r❛ ❊✳✼✿ ❚r❛s❧❛♣❡✱ ♦✈❡r❧❛♣✱ ❡♥tr❡ ❞♦s ❝✉❡r♣♦s ❡♥ ✉♥ ♣❛r ♣r✐s♠át✐❝♦ ❡♥ ❛✉♠❡♥t♦

❱❡❧♦❝✐❞❛❞ ❞❡ tr❛♥s✐❝✐ó♥ ❞❡ ❧❛ ❢r✐❝❝✐ó♥ ❡stát✐❝❛ ✭❙t✐❝t✐♦♥ tr❛♥s✐t✐♦♥ ✈❡❧♦❝✐t②✮✿ ❉❡✜♥❡ ❡❧
✉♠❜r❛❧ ❞❡ ✈❡❧♦❝✐❞❛❞ ❛❜s♦❧✉t❛ ❞❡ ❧❛ ❥✉♥t❛ ♣❛r❛ ❧❛ tr❛♥s✐❝✐ó♥ ❞❡ ❢r✐❝❝✐ó♥ ❞✐♥á♠✐❝❛ ❛ ❢r✐❝❝✐ó♥ ❡stát✐❝❛✳
❈✉❛♥❞♦ ❧❛ ✈❡❧♦❝✐❞❛❞ r❡❧❛t✐✈❛✲❛❜s♦❧✉t❛ ❞❡❧ ♠❛r❝❛❞♦r ❞❡ ❧❛ ❥✉♥t❛ ❡stá ♣♦r ❞❡❜❛❥♦ ❞❡❧ ✈❛❧♦r✱ ❡♥t♦♥❝❡s
❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡stát✐❝❛ ❛❝tú❛ ♣❛r❛ ❤❛❝❡r q✉❡ ❧❛ ❥✉♥t❛ ♥♦ s✉❢r❛ ❞❡s♣❧❛③❛♠✐❡♥t♦✱ ❞❡ ❧♦ ❝♦♥tr❛r✐♦
❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❞✐♥á♠✐❝❛ ❛❝t✉❛rá✱ ❣❡♥❡r❛♥❞♦ ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❞❡ ❧❛ ❥✉♥t❛✳ ❊❧ ✈❛❧♦r ♣♦r ❞❡❢❡❝t♦
❡st❛ ❞❛❞♦ ♣♦r 0.1✱ ♣❡r♦ ❡❧ r❛♥❣♦ ♣✉❡❞❡ s❡r ♠❛②♦r ❛ ❝❡r♦✳

❉❡❢♦r♠❛❝✐ó♥ ♠á①✐♠❛ ❞❡❜✐❞❛ ❛ ❧❛ ❢r✐❝❝✐ó♥ ❡stát✐❝❛ ✭▼❛① ❙t✐❝t✐♦♥ ❉❡❢♦r♠❛t✐♦♥✮✿ ■♥✲
❣r❡s❛ ❡❧ ✈❛❧♦r ❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ♠á①✐♠♦ q✉❡ ♣✉❡❞❡ ♦❝✉rr✐r ❡♥ ✉♥ ♣❛r ♣r✐s♠át✐❝♦ ✉♥❛ ✈❡③ q✉❡ ❧❛
❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡♥ ❡❧ ♣❛r ❡♥tr❡ ❡♥ ❡❧ ré❣✐♠❡♥ ❞❡ ❞❡❢♦r♠❛❝✐ó♥✳ ❊st♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ ❡①✐st✐rá ✉♥❛
♣❡q✉❡ñ❛ ❞❡❢♦r♠❛❝✐ó♥ ❧♦ q✉❡ ❣❡♥❡r❛r❛ q✉❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡stát✐❝❛ s❡❛ ❞✐❢❡r❡♥t❡
❛ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡stát✐❝❛ ❞❡ ❧❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❢r✐❝❝✐ó♥ ❡stát✐❝♦ ② ❧❛ ❢✉❡r③❛
♥♦r♠❛❧✳

Fstic < Ms ∗ Fn

❊❧ ✈❛❧♦r ♣♦r ❞❡❢❡❝t♦ ❡s ❞❡ 0.01 ✉♥✐❞❛❞❡s ❞❡ ❧♦♥❣✐t✉❞ ② s✉ r❛♥❣♦ ❡s ♠❛②♦r q✉❡ ❝❡r♦✳

❋✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ♣r❡❝❛r❣❛❞❛ ✭❋r✐❝t✐♦♥ ❋♦r❝❡ Pr❡❧♦❛❞✮✿ ■♥❣r❡s❛ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❢✉❡r③❛ ❞❡
❢r✐❝❝✐ó♥ ❞❡ ♣r❡ ❝❛r❣❛✳ ❊st♦ ♣✉❡❞❡ ❝❛✉s❛rs❡ ♣♦r ✐♥t❡r❢❡r❡♥❝✐❛ ♠❡❝á♥✐❝❛ ❡♥ ❡❧ ♠♦♥t❛❥❡ ❞❡ ❧❛ ❥✉♥t❛✳ ❊❧
✈❛❧♦r ♣♦r ❞❡❢❛✉❧t ❡s ✵✱ ♣❡r♦ ❡❧ r❛♥❣♦ ♣✉❡❞❡ s❡r ♠❛②♦r ♦ ✐❣✉❛❧ ❛ ❝❡r♦✳
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❋✐❣✉r❛ ❊✳✽✿ ❚r❛s❧❛♣❡✱ ♦✈❡r❧❛♣✱ ❡♥tr❡ ❞♦s ❝✉❡r♣♦s ❡♥ ✉♥ ♣❛r ♣r✐s♠át✐❝♦ ❞❡❝r❡❝✐❡♥❞♦

❋✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ♠á①✐♠❛ ✭▼❛① ❋r✐❝t✐♦♥ ❋♦r❝❡✮✿ ■♥❣r❡s❛ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥
♠á①✐♠❛ q✉❡ t❡♥❞rá ❧❛ ❥✉♥t❛✳ ❊st❡ ✈❛❧♦r ✜❥❛ ✉♥ ❧í♠✐t❡ s✉♣❡r✐♦r ❡♥ ❝✉❛♥t♦ ❛ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ q✉❡
s❡ ❛♣❧✐❝❛rá ❡♥ ❧❛ ❥✉♥t❛✱ ✐♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡ ❞❡❧ ✈❛❧♦r ❞❡ ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ r❡❛❧ ❝❛❧❝✉❧❛❞♦ ❛ ♣❛rt✐r
❞❡ ❧❛ ❝❛r❣❛ ❛♣❧✐❝❛❞❛ ② ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❢r✐❝❝✐ó♥✳ ❙✐ ❡❧ ✉s✉❛r✐♦ ❞❡❥❛ ❡❧ ❝❛♠♣♦ ❡♥ ❜❧❛♥❝♦✱ ❆❞❛♠s ❝©

t♦♠❛rá ♣♦r ❞❡❢❡❝t♦ ❡❧ ✈❛❧♦r ❞❡ 1.0× 1025✳

❊❢❡❝t♦ ✭❊✛❡❝t✮✿ ❊st❡ ❝❛♠♣♦ ❞❡s❝r✐❜❡ q✉❡ t✐♣♦ ❞❡ ❡❢❡❝t♦ ❣❡♥❡r❛rá ❧❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❝r❡❛❞❛✳
P♦❞❡♠♦s ❡♥❝♦♥tr❛r ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥✜❣✉r❛❝✐♦♥❡s✳

❋r✐❝❝✐ó♥ ❡stát✐❝❛ ② ❞✐♥á♠✐❝♦✱ ❙t✐❝t✐♦♥ ❛♥❞ ❙❧✐❞✐♥❣✳

Ú♥✐❝❛♠❡♥t❡ ❧❛ ❢r✐❝❝✐ó♥ ❡stát✐❝❛✱ ❙t✐❝t✐♦♥ ❖♥❧②✳

Ú♥✐❝❛♠❡♥t❡ ❧❛ ❢r✐❝❝✐ó♥ ❞✐♥á♠✐❝❛✱ ❙❧✐❞✐♥❣ ❖♥❧②✳

❋✉❡r③❛ ❞❡ ❡♥tr❛❞❛ ♣❛r❛ ❧❛ ❢r✐❝❝✐ó♥✿ ❙♦♥ ❧❛s r❡❛❝❝✐♦♥❡s q✉❡ ❡st❛rá♥ ✐♥✈♦❧✉❝r❛❞❛s ❞✐r❡❝t❛♠❡♥t❡
❝♦♥ ❧❛ ❢r✐❝❝✐ó♥ ❝r❡❛❞❛ ❡♥ ❡❧ ♣❛r ♣r✐s♠át✐❝♦✳

Pr❡❝❛r❣❛✱ Pr❡❧♦❛❞✳
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❋✉❡r③❛ ❞❡ r❡❛❝❝✐ó♥✱ ❘❡❛❝t✐♦♥ ❢♦r❝❡✳

▼♦♠❡♥t♦ ❞❡ ✢❡①✐ó♥✱ ❇❡♥❞✐♥❣ ▼♦♠❡♥t✳

▼♦♠❡♥t♦ t♦rs✐♦♥❛❧✱ ❚♦rs✐♦♥❛❧ ▼♦♠❡♥t✳

❋r✐❝❝✐ó♥ ✐♥❛❝t✐✈❛ ❞✉r❛♥t❡ ✭❋r✐❝t✐♦♥ ■♥❛❝t✐✈❡ ❉✉r✐♥❣✮✿ ❍❛② q✉❡ ❡s♣❡❝✐✜❝❛r s✐ s❡ ❝❛❧❝✉❧❛♥
♦ ♥♦ ❧❛s ❢✉❡r③❛s ❞❡ ❢r✐❝❝✐ó♥ ❞✉r❛♥t❡ ❡❧ ❡q✉✐❧✐❜r✐♦ ❡stát✐❝♦✳
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